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�k�X�R�X�R�X �h�?�2 �J���D�Q�` �_�2�;�B�Q�M�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�3
�k�X�k�X �6�`�B�+�i�B�Q�M �_�B�/�;�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�R

�k�X�k�X�R�X �h�?�2 �h�`�B�@�_���/�B���i�2 �_�2�;�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�R
�k�X�k�X�k�X �h�?�2 �>�v�T�Q�i�?�2�M���` �_�2�;�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�k
�k�X�k�X�j�X �h�?�2 �h�?�2�M���` �_�2�;�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�9

�k�X�j�X �G�2�p�2�H �A �.�2�i���B�H�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�8
�k�X�j�X�R�X �.�2�H�i���b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�8
�k�X�j�X�k�X �G�Q�Q�T�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�3
�k�X�j�X�j�X �q�?�Q�`�H�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�N
�k�X�j�X�9�X �o�2�b�i�B�;�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�N
�k�X�j�X�8�X �G�2�p�2�H �A�A �.�2�i���B�H�, �J�B�M�m�i�B���2 �S�Q�B�M�i�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�R
�k�X�j�X�e�X �G�2�p�2�H �A�A�A �.�2�i���B�H�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�k

�k�X�j�X�e�X�R�X �S�Q�`�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�k
�k�X�j�X�e�X�k�X �1�/�;�2�Q�b�+�Q�T�v ���M�/ �A�M�i�2�` �_�B�/�;�2 �.�2�i���B�H�X �X �X �X �X �X �X �X �X �X�k�k
�k�X�j�X�e�X�j�X �a�2�+�Q�M�/���`�v�f�J�B�M�Q�` �*�`�2���b�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�j

�k�X�9�X �a�m�K�K���`�v�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�d
�k�X�8�X �*�Q�M�+�H�m�b�B�Q�M�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�N

���� �"�1�*�4 ����
�j�X�R�X �P�p�2�`�p�B�2�r �Q�7 �*�m�`�`�2�M�i ���S�A�a �S�`�Q�+�2�b�b�B�M�;�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�j�R
�j�X�k�X �1�M�?���M�+�2�K�2�M�i�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�j�k

�j�X�k�X�R�X �S�`�2�@�T�`�Q�+�2�b�b�B�M�;�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�j�k
�j�X�k�X�k�X �6�`�B�+�i�B�Q�M �_�B�/�;�2 �P�`�B�2�M�i���i�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�j�k

�j�X�k�X�k�X�R�X �a�H�B�i �"���b�2�/ �J�2�i�?�Q�/�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�j�j
�j�X�k�X�k�X�k�X �6�`�2�[�m�2�M�+�v �.�Q�K���B�M �"���b�2�/ �J�2�i�?�Q�/�X �X �X �X �X �X �X �X �X �X �X�j�j
�j�X�k�X�k�X�j�X �:�`���/�B�2�M�i �"���b�2�/ �J�2�i�?�Q�/�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�j�9

�j�X�k�X�j�X �6�`�B�+�i�B�Q�M �_�B�/�;�2 �.�2�M�b�B�i�v �1�b�i�B�K���i�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�j�8
�j�X�k�X�9�X �*�Q�M�i�2�t�i�m���H �6�B�H�i�2�`�B�M�;�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�j�e

�j�X�j�X �6�2���i�m�`�2 �1�t�i�`���+�i�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�j�N
�j�X�j�X�R�X �h�?�B�M�M�B�M�; �"�B�M���`�v �A�K���;�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�9�y
�j�X�j�X�k�X �J�B�M�m�i�B���2 �1�t�i�`���+�i�B�Q�M ���M�/ �S�Q�b�i �S�`�Q�+�2�b�b�B�M�;�X �X �X �X �X �X �X �X �X �X �X �X �X�9�k
�j�X�j�X�j�X �J�B�M�m�i�B���2 �6�B�H�i�2�`�B�M�;�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�9�9

�j�X�9�X �J�B�M�m�i�B���2 �J���i�+�?�B�M�;�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�9�8
�j�X�8�X �a�m�K�K���`�v�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�9�8
�j�X�e�X �h�?�2 �S�Q�i�2�M�i�B���H �l�b�2 �Q�7 �G�2�p�2�H �A ���M�/ �A�A�A �.�2�i���B�H �B�M �*�m�`�`�2�M�i ���S�A�a�X �X �X �X �X �X�9�d

�j�X�e�X�R�X �G�2�p�2�H �A �/�2�i���B�H�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�9�d
�j�X�e�X�k�X �h�?�2 �l�b�2 �Q�7 �G�2�p�2�H �A �a�i�`�m�+�i�m�`�2�b �B�M �6�B�M�;�2�` �S�`�B�M�i �J���i�+�?�B�M�;�X �X �X �X �X�9�d

�j�X�d�X �*�Q�M�+�H�m�b�B�Q�M�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�9�3
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���� �$�J�S�D�V�M�B�S �4�U�B�U�J�T�U�J�D�T�� �3�F�W�J�F�X �B�O�E �'�S�B�N�F�X�P�S�L����
�9�X�R�X �*�B�`�+�m�H���` �a�i���i�B�b�i�B�+�b�, �J�2�i�?�Q�/�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�8�R

�9�X�R�X�R�X �*�B�`�+�m�H���` �a�i���i�B�b�i�B�+�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�8�k
�9�X�R�X�R�X�R�X �h�`�B�;�Q�M�Q�K�2�i�`�B�+ �J�Q�K�2�M�i�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�8�j
�9�X�R�X�R�X�k�X �:�`���T�?�B�+���H �_�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �*�B�`�+�m�H���` �a�i���i�B�b�i�B�+�b�X �X �X �X�8�8
�9�X�R�X�R�X�j�X ���t�B���H �/���i���X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�8�8

�9�X�R�X�k�X �*�Q�K�T���`�B�b�Q�M �Q�7 �6�B�M�;�2�`�T�`�B�M�i ���M�/ ���t�B���H �*�B�`�+�m�H���` �a�i���i�B�b�i�B�+�b �J�2�i�?�Q�/�b�8�d
�9�X�R�X�j�X �*�Q�M�+�H�m�b�B�Q�M�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�8�3

���� �0�S�J�F�O�U�B�U�J�P�O �&�T�U�J�N�B�U�J�P�O ����
�8�X�R�X �a�v�M�i�?�2�i�B�+ �h�2�b�i �A�K���;�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�e�y

�8�X�R�X�R�X �6�`�B�+�i�B�Q�M �_�B�/�;�2 �6�H�Q�r �J�Q�/�2�H�H�2�/ ���b �a�B�M�m�b�Q�B�/���H �*�B�`�+�m�H���` �q���p�2�b�X �X�e�R
�8�X�k�X �j �"�v �j �E�2�`�M�2�H�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�e�j

�8�X�k�X�R�X �1�`�`�Q�`�b �Q�7 �i�?�2 �P�`�B�2�M�i���i�B�Q�M �}�2�H�/�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�e�j
�8�X�k�X�k�X �_�2�K�Q�p�B�M�; �1�`�`�Q�`�b �7�`�Q�K �i�?�2 �P�`�B�2�M�i���i�B�Q�M �6�B�2�H�/ �1�b�i�B�K���i�2�X �X �X �X �X�e�8
�8�X�k�X�j�X �P�T�i�B�K���H �`���i�B�Q �7�Q�` �i�?�2 �b�T�2�+�B�}�+ �r���p�2�H�2�M�;�i�? �Q�7 �7�2���i�m�`�2�b�X �X �X �X �X �X �X�e�3
�8�X�k�X�9�X �� �*�Q�K�T���`�B�b�Q�M �Q�7 �1�`�`�Q�` �r�B�i�? �Q�i�?�2�` �A�b�Q�K�Q�`�T�?�B�+ �E�2�`�M�2�H�b�X �X �X �X �X�d�y
�8�X�k�X�8�X �a�m�K�K���`�v�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�d�R

�8�X�j�X �a�T�?�2�`�B�+���H �Z�m���/�`���i�m�`�2 �6�B�H�i�2�`�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�d�k
�8�X�j�X�R�X �� �6���K�B�H�v �Q�7 �a�T�?�2�`�B�+���H �Z�m���/�`���i�m�`�2 �6�B�H�i�2�`�b�X �X �X �X �X �X �X �X �X �X �X �X�d�k
�8�X�j�X�k�X �L�Q�`�K���H�B�b�B�M�; �a�Z�6�ö�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�d�9
�8�X�j�X�j�X ���+�+�m�`���+�v �Q�7 �a�Z�6�ö�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�d�d
�8�X�j�X�9�X �G�Q�r �J���;�M�B�i�m�/�2 �_�2�K�Q�p���H�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�3�y

�8�X�9�X �a�m�K�K���`�v�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�3�R
�8�X�9�X�R�X �G�Q�: �P�`�B�2�M�i���i�B�Q�M �1�b�i�B�K���i�2 �Q�7 �� �S���H�K�T�`�B�M�i�X �X �X �X �X �X �X �X �X �X �X �X�3�j

�8�X�8�X �*�Q�M�+�H�m�b�B�Q�M�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�3�9

���� �0�S�J�F�O�U�B�U�J�P�O �&�T�U�J�N�B�U�F �'�J�M�U�F�S�J�O�H ����
�e�X�R�X �A�M�i�`�Q�/�m�+�i�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�3�d
�e�X�k�X �G�Q�+���H �A�K���;�2 ���M���H�v�b�B�b �m�b�B�M�; �*�B�`�+�m�H���` �a�i���i�B�b�i�B�+�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X�3�d

�e�X�k�X�R�X �A�M�i�`�Q�/�m�+�i�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�3�d
�e�X�k�X�k�X �J�2�i�?�Q�/�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�3�3
�e�X�k�X�j�X �1�t���K�T�H�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�3�N

�e�X�j�X ���/���T�i�B�p�2 �G�Q�+���H �L�2�B�;�?�#�Q�m�`�?�Q�Q�/ �6�B�H�i�2�`�B�M�;�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�N�j
�e�X�j�X�R�X �P�p�2�`�p�B�2�r�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�N�j
�e�X�j�X�k�X �.�2�i���B�H�2�/ �P�p�2�`�p�B�2�r ���M�/ �1�t���K�T�H�2 �Q�M �G�2�p�2�H �A �a�i�`�m�+�i�m�`�2�b�X �X �X �X �X�N�9

�e�X�9�X �*�Q�K�T���`�B�b�Q�M �"�2�i�r�2�2�M ���G�L�6 ���M�/ �� �*�m�`�`�2�M�i �h�2�+�?�M�B�[�m�2�X �X �X �X �X �X �X �X �X �X�R�y�R
�e�X�9�X�R�X �J�B�M�m�i�B���2 �*�Q�K�T���`�B�b�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�y�k

���� �'�F�B�U�V�S�F �&�Y�U�S�B�D�U�J�P�O ������
�d�X�R�X �A�M�i�`�Q�/�m�+�i�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�y�d
�d�X�k�X �G�2�p�2�H �A �.�2�i���B�H�, �a�i�`�m�+�i�m�`�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�y�d

�d�X�k�X�R�X �P�p�2�`�p�B�2�r �Q�7 �i�?�2 �J�2�i�?�Q�/�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�y�d
�d�X�k�X�k�X �h�`���+�B�M�; �i�?�2 �6�H�Q�r �Q�7 ���M �P�`�B�2�M�i���i�B�Q�M �6�B�2�H�/�X �X �X �X �X �X �X �X �X �X �X �X �X�R�y�3
�d�X�k�X�j�X �*�B�`�+�m�H���` �o���`�B���M�+�2 �Q�7 �i�?�2 �P�`�B�2�M�i���i�B�Q�M �6�B�2�H�/�X �X �X �X �X �X �X �X �X �X �X �X�R�R�y
�d�X�k�X�9�X �G�Q�+���i�B�M�; �i�?�2 �S�Q�b�B�i�B�Q�M �Q�7 �G�2�p�2�H �A �a�i�`�m�+�i�m�`�2�b�X �X �X �X �X �X �X �X �X �X �X �X�R�R�R

�d�X�k�X�9�X�R�X �A�K�T�`�Q�p�B�M�; �i�?�2 �S�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �*�2�M�i�`�2 �Q�7 �� �a�i�`�m�+�i�m�`�2�X �R�R�k
�d�X�k�X�9�X�k�X �a�m�K�K���`�v�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�R�k

�d�X�k�X�8�X �*�H���b�b�B�7�v�B�M�; �G�2�p�2�H �A �a�i�`�m�+�i�m�`�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�R�j
�d�X�k�X�8�X�R�X �A�M�i�`�Q�/�m�+�i�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�R�j
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�d�X�k�X�8�X�k�X �J�2�i�?�Q�/ �7�Q�` �*�H���b�b�B�7�v�B�M�; �G�2�p�2�H �A �a�i�`�m�+�i�m�`�2�b�X �X �X �X �X �X �X�R�R�j
�d�X�k�X�8�X�j�X �.�2�H�i���b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�R�9
�d�X�k�X�8�X�9�X �G�Q�Q�T�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�R�d
�d�X�k�X�8�X�8�X �q�?�Q�`�H�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�R�N
�d�X�k�X�8�X�e�X �J�B�b�b�2�/ �*�H���b�b�B�}�+���i�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�k�y

�d�X�k�X�e�X �a�m�K�K���`�v �Q�7 �J�2�i�?�Q�/�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�k�y
�d�X�j�X �o�2�`�B�}�+���i�B�Q�M �Q�7 �G�2�p�2�H �A �a�i�`�m�+�i�m�`�2 �1�t�i�`���+�i�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�k�R
�d�X�9�X �_�2�;�B�Q�M�b �Q�7 �>�Q�K�Q�;�2�M�2�Q�m�b �o���`�B���M�+�2 �7�`�Q�K �6�`�B�+�i�B�Q�M �_�B�/�;�2 �P�`�B�2�M�i���i�B�Q�M�X �X�R�k�9

�d�X�9�X�R�X �A�M�i�`�Q�/�m�+�i�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�k�9
�d�X�9�X�R�X�R�X �q�?���i �/�Q �b�m�+�? �`�2�;�B�Q�M�b �`�2�T�`�2�b�2�M�i�\�X �X �X �X �X �X �X �X �X �X �X �X�R�k�8

�d�X�9�X�k�X �l�T �G�2�p�2�H �a�2�i�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�k�d
�d�X�9�X�k�X�R�X �"�m�B�H�/�B�M�; �G�2�p�2�H �a�2�i �h�`�2�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�k�3

�d�X�9�X�j�X �.�Q�r�M �G�2�p�2�H �a�2�i�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�y
�d�X�9�X�9�X �*�Q�K�#�B�M�2�/ �l�T ���M�/ �.�Q�r�M �G�2�p�2�H �a�2�i�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�y
�d�X�9�X�8�X �J�2�i�`�B�+�b �7�Q�` �1���+�? �_�2�;�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�k

�d�X�9�X�8�X�R�X �1�t���K�T�H�2 �Q�7 �i�?�2 �_�2�;�B�Q�M �J�2�i�`�B�+�b�X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�j
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�3�X�R�X �A�M�i�`�Q�/�m�+�i�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�d
�3�X�k�X �J���i�+�?�B�M�; �H�2�p�2�H �A �a�i�`�m�+�i�m�`�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�d

�3�X�k�X�R�X �S���i�? �J���i�+�?�B�M�;�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�d
�3�X�k�X�R�X�R�X �A�M�p���`�B���M�i �6�2���i�m�`�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�d

�3�X�k�X�k�X �.�2�H�i�� �J���i�+�?�B�M�;�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�9�y
�3�X�k�X�k�X�R�X �J���i�+�?�B�M�; �� �H���i�2�M�i�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�9�R

�3�X�k�X�j�X �G�Q�Q�T �J���i�+�?�B�M�;�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�9�j
�3�X�k�X�j�X�R�X �J���i�+�?�B�M�; �G�Q�Q�T�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�9�9

�3�X�k�X�9�X �a�m�K�K���`�v �Q�7 �G�2�p�2�H �A �a�i�`�m�+�i�m�`�2 �J���i�+�?�B�M�;�X �X �X �X �X �X �X �X �X �X �X �X �X�R�9�e
�3�X�j�X �*�m�K�m�H���i�B�p�2 �_�2�;�B�Q�M ���/�/�B�M�; ���H�;�Q�`�B�i�?�K�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�9�d

�3�X�j�X�R�X ���M �P�p�2�`�p�B�2�r �Q�7 �*�m�K�m�H���i�B�p�2 �_�2�;�B�Q�M ���/�/�B�M�; ���H�;�Q�`�B�i�?�K�X �X �X �X �X�R�9�d
�3�X�j�X�k�X �_���M�F�B�M�; �A�M�/�B�p�B�/�m���H �_�2�;�B�Q�M �J���i�+�?�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�9�3

�3�X�j�X�k�X�R�X �A�M�/�B�p�B�/�m���H �_�2�;�B�Q�M �J���i�+�?�B�M�;�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�9�N
�3�X�j�X�j�X �a�2�2�/ �:�`�Q�r�i�?�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�8�y
�3�X�j�X�9�X �1�t���K�T�H�2 �Q�7 �P�T�2�`���i�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�8�j
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�N�X�R�X �J���i�+�?�B�M�; �_���M�/�Q�K �S�b�2�m�/�Q�@�G���i�2�M�i�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�8�8
�N�X�k�X �J���i�+�?�B�M�; �_���M�/�Q�K �S�b�2�m�/�Q�@�G���i�2�M�i�b �7�`�Q�K �i�?�2 �J���D�Q�` �_�2�;�B�Q�M�b�X �X �X �X �X �X �X�R�8�3
�N�X�j�X �J���i�+�?�B�M�; �G�2�p�2�H �A �a�i�`�m�+�i�m�`�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�e�k
�N�X�9�X �*�Q�K�#�B�M�B�M�; �*�_���� ���M�/ �G�2�p�2�H �A �a�i�`�m�+�i�m�`�2 �J���i�+�?�B�M�;�X �X �X �X �X �X �X �X �X �X �X�R�e�9

�N�X�9�X�R�X �J���i�+�?�B�M�; �S�b�2�m�/�Q�@�G���i�2�M�i�b �Q�7 �b�B�x�2 �`�4�k�8�y�X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�e�8
�N�X�9�X�k�X �J���i�+�?�B�M�; �S�b�2�m�/�Q�@�G���i�2�M�i�b �Q�7 �b�B�x�2 �`�4�j�d�8�X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�e�e
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�k�X�R�X �h�?�2 ���i�i�`�B�#�m�i�2�b �Q�7 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�3
�k�X�k�X �h�?�2 �`�2�;�B�Q�M�b ���M�/ �K���D�Q�` �~�2�t�B�Q�M �+�`�2���b�2�b �Q�7 �i�?�2 �T���H�K�X �X �X �X �X �X �X �X �X �X �X �X�N
�k�X�j�X �*�Q�K�K�Q�M �p���`�B���i�B�Q�M�b �Q�7 �i�?�2 �/�B�b�i���H �i�`���M�b�p�2�`�b�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�y
�k�X�9�X �*�Q�K�K�Q�M �7�`�B�+�i�B�Q�M �`�B�/�;�2 �~�Q�r �B�M �i�?�2 �i�`�B�@�`���/�B���i�2 �`�2�;�B�Q�M�X �X �X �X �X �X �X �X �X �X �X�R�k
�k�X�8�X �6�m�M�M�2�H �B�M �i�?�2 �+�2�M�i�`�2 �Q�7 �i�?�2 �?�v�T�Q�i�?�2�M���` �`�2�;�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j
�k�X�e�X �6�`�B�+�i�B�Q�M �`�B�/�;�2 �~�Q�r �B�M �i�?�2 �?�v�T�Q�i�?�2�M���`�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�9
�k�X�d�X �a�m�B�+�B�/�2 �`�B�/�;�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�9
�k�X�3�X �_�B�/�;�2 �~�Q�r �B�M �i�?�2 �i�?�2�M���` �`�2�;�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�8
�k�X�N�X �a�i�`�m�+�i�m�`�2�b �r�B�i�?�B�M �i�?�2 �i�`�B�@�`���/�B���i�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�e
�k�X�R�y�X �.�2�H�i���b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�e
�k�X�R�R�X �*�H���b�b�B�7�v�B�M�; �i�v�T�B�+���H �/�2�H�i���b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�d
�k�X�R�k�X �a�i�`�m�+�i�m�`�2�b ���M�/ �`�B�/�;�2 �~�Q�r �B�M �i�?�2 �?�v�T�Q�i�?�2�M���`�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�3
�k�X�R�j�X �G�Q�Q�T�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�3
�k�X�R�9�X �.�B�z�2�`�2�M�i �i�v�T�2�b �Q�7 �r�?�Q�`�H�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�N
�k�X�R�8�X �.�B�z�2�`�2�M�i �7�Q�`�K�b �Q�7 �p�2�b�i�B�;�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�y
�k�X�R�e�X �S���`�i�B���H �p�2�b�i�B�;�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�R
�k�X�R�d�X �J�B�M�m�i�B���2 �T�Q�B�M�i�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�k
�k�X�R�3�X �G�2�p�2�H �A�A�A �/�2�i���B�H�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�j
�k�X�R�N�X �J�B�M�Q�` �}�M�;�2�` �+�`�2���b�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�9
�k�X�k�y�X ���+�+�2�b�b�Q�`�v �/�B�b�i���H �i�`���M�b�p�2�`�b�2 �+�`�2���b�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�9
�k�X�k�R�X �>�v�T�Q�i�?�2�M���` �2�/�;�2 �+�`�2���b�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�8
�k�X�k�k�X �a�2�+�Q�M�/���`�v �~�2�t�B�Q�M �+�`�2���b�2�b �B�M �i�?�2 �i�?�2�M���` �`�2�;�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�e
�k�X�k�j�X �h�r�Q �T�`�B�M�i�b �Q�7 �a�B�` �q�B�H�H�B���K �>�2�`�b�+�?�2�H�ö�b �H�2�7�i �T���H�K�X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�d
�k�X�k�9�X �a�+���`�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�d
�k�X�k�8�X �� �;�`���T�?�B�+���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �/�2�i���B�H �Q�7 �� �T���H�K�T�`�B�M�i�X �X �X �X �X �X �X �X �X�k�3
�k�X�k�e�X �*�H���b�b�B�7�v�B�M�; �i�?�2 �i�`�B�@�`���/�B���i�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�N

�j�X�R�X �a�2�;�K�2�M�i�B�M�; �� �T���H�K�T�`�B�M�i �B�K���;�2 �B�M�i�Q �#�H�Q�+�F�b�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�j�k
�j�X�k�X �a�H�B�i �#���b�2�/ �K�2�i�?�Q�/�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�j�j
�j�X�j�X �6�`�2�[�m�2�M�+�v �/�Q�K���B�M �#���b�2�/ �K�2�i�?�Q�/�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�j�9
�j�X�9�X �6�`�B�+�i�B�Q�M �`�B�/�;�2 �/�2�M�b�B�i�v�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�j�8
�j�X�8�X �1�t�i�`���+�i�B�M�; �i�?�2 �`�B�/�;�2 �/�2�M�b�B�i�v �m�b�B�M�; �i�?�2 �b�T���i�B���H �/�Q�K���B�M �K�2�i�?�Q�/�X�X �X �X �X �X�j�e
�j�X�e�X ���M �2�p�2�M�@�b�v�K�K�2�i�`�B�+ �:���#�Q�` �}�H�i�2�`�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�j�d
�j�X�d�X �� �}�H�i�2�` �#���M�F �Q�7 �:���#�Q�` �}�H�i�2�`�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�j�3
�j�X�3�X �*�Q�M�i�2�t�i�m���H �}�H�i�2�`�B�M�;�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�j�N
�j�X�N�X �S���`�i �Q�7 ���M �2�M�?���M�+�2�/ �#�B�M���`�v �T���H�K�T�`�B�M�i�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�9�y
�j�X�R�y�X �h�?�B�M�M�B�M�; ���M �2�M�?���M�+�2�/ �#�B�M���`�v �T���H�K�T�`�B�M�i�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�9�R
�j�X�R�R�X �S�`�2�@�T�`�Q�+�2�b�b�B�M�; �i�?�2 �a�F�2�H�2�i�Q�M �B�K���;�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�9�R
�j�X�R�k�X �.�2�H�2�i�B�M�; �`�m�H�2�b �7�Q�` �i�?�B�M�M�B�M�; �b�F�2�H�2�i�Q�M�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�9�k
�j�X�R�j�X �_�m�i�Q�p�B�i�x �+�`�Q�b�b�B�M�; �M�m�K�#�2�`�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�9�j
�j�X�R�9�X �h�?�2 �/�B�`�2�+�i�B�Q�M �Q�7 �K�B�M�m�i�B���2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�9�j
�j�X�R�8�X �1�t���K�T�H�2�b �Q�7 �b�T�m�`�B�Q�m�b �K�B�M�m�i�B���2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�9�9
�j�X�R�e�X �J�B�M�m�i�B���2 �2�t�i�`���+�i�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�9�9
�j�X�R�d�X �6���m�H�i �H�B�M�2�b �Q�7 �� �}�M�;�2�`�T�`�B�M�i�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�9�3
�j�X�R�3�X �h���t�Q�M�Q�K�v �Q�7 �i�?�2 �7�2���i�m�`�2�b �Q�7 �� �T���H�K�T�`�B�M�i�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�9�N

�9�X�R�X �P�T�T�Q�b�B�M�; �Q�`�B�2�M�i���i�B�Q�M �T�`�Q�#�H�2�K�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�8�R
�9�X�k�X �.�B�b�i���M�+�2 �#�2�i�r�2�2�M �i�r�Q ���M�;�H�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�8�k
�9�X�j�X �h�?�2 �+�2�M�i�`�2 �Q�7 �K���b�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�8�j

�o



�G�B�b�i �Q�7 �6�B�;�m�`�2�b

�9�X�9�X �*�B�`�+�m�H���` �?�B�b�i�Q�;�`���K�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�8�8
�9�X�8�X �h�?�2 �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �+�B�`�+�m�H���` ���M�/ ���t�B���H �/���i���X �X �X �X �X �X �X �X �X �X �X �X �X�8�e
�9�X�e�X �P�T�T�Q�b�B�M�; �Q�`�B�2�M�i���i�B�Q�M �T�`�Q�#�H�2�K�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�8�d
�9�X�d�X �1�t�2�+�m�i�B�Q�M �i�B�K�2 �7�Q�` �K�2���M ���M�/ �/�B�b�T�2�`�b�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�8�3

�8�X�R�X �l�M�`�2�H�B���#�H�2 �2�b�i�B�K���i�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�e�y
�8�X�k�X �.�B�`�2�+�i�B�Q�M���H ���M�;�m�H���` �/�B�b�i���M�+�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�e�R
�8�X�j�X �q���p�2�H�2�M�;�i�? ���M�/ �7�`�2�[�m�2�M�+�v�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�e�R
�8�X�9�X �h�?�2 �i�2�b�i �B�K���;�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�e�k
�8�X�8�X �h�?�2 �`�2���H �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�e�j
�8�X�e�X �j �#�v �j �F�2�`�M�2�H�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�e�j
�8�X�d�X �a�Q�#�2�H �Q�T�2�`���i�Q�`�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�e�9
�8�X�3�X �1�`�`�Q�`�b �Q�7 �i�?�2 �a�Q�#�2�H �Q�T�2�`���i�Q�`�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�e�8
�8�X�N�X �:�2�M�2�`���H �T�`�Q�#�H�2�K�b �r�B�i�? �;�`���/�B�2�M�i �#���b�2�/ �K�2�i�?�Q�/�b�X �X �X �X �X �X �X �X �X �X �X �X �X�e�e
�8�X�R�y�X �h�2�b�i �B�K���;�2 ���M�/ �i�?�2 �Q�`�B�2�M�i���i�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�e�d
�8�X�R�R�X �a�Q�#�2�H�ö�b �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�e�d
�8�X�R�k�X �G�Q�r �K���;�M�B�i�m�/�2 �`�2�K�Q�p���H�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�e�3
�8�X�R�j�X �h�?�2 ���p�2�`���;�2 �2�`�`�Q�` �;�B�p�2�M �p���`�v�B�M�;b�@�p���H�m�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�e�N
�8�X�R�9�X ���p�2�`���;�2 �1�`�`�Q�` �7�Q�` �p���`�v�B�M�;b�@�p���H�m�2 �Q�M �T���`�i�B�+�m�H���` �r���p�2�H�2�M�;�i�?�b� �X �X �X �X �X�e�N
�8�X�R�8�Xb�@�p���H�m�2 �i�?���i �K�B�M�B�K�B�b�2�b �i�?�2 �2�`�`�Q�` �7�Q�` �� �;�B�p�2�M� �X �X �X �X �X �X �X �X �X �X �X �X �X �X�d�y
�8�X�R�e�X �j �#�v �j �F�2�`�M�2�H�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�d�y
�8�X�R�d�X ���p�2�`���;�2 �2�`�`�Q�`d �7�Q�` �2���+�? �F�2�`�M�2�H ���i �;�B�p�2�M �Q�`�B�2�M�i���i�B�Q�M�b�X �X �X �X �X �X �X �X �X �X �X�d�R
�8�X�R�3�X �.�2�`�B�p���i�B�p�2 �Q�7 �:���m�b�b�B���M �}�H�i�2�`�b �+�Q�M�b�i�`�m�+�i�2�/ �B�M �i�?�2 �7�`�2�[�m�2�M�+�v �/�Q�K���B�M�X �X �X�d�9
�8�X�R�N�X �*�`�Q�b�b �b�2�+�i�B�Q�M �Q�7 �i�?�2u �/�B�`�2�+�i�B�Q�M �7�Q�` �2���+�? �a�Z�6�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�d�8
�8�X�k�y�X �*�`�Q�b�b �b�2�+�i�B�Q�M �Q�7 �i�?�2 �M�Q�`�K���H�B�b�2�/ �a�Z�6�ö�b�� = 3 �r�?�2�`�2v = 0 �X �X �X �X �X �X �X �X�d�e
�8�X�k�R�X �S���B�`�b �Q�7 �a�T�?�2�`�B�+���H �Z�m���/�`���i�m�`�2 �6�B�H�i�2�`�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�d�d
�8�X�k�k�X ���p�2�`���;�2 �2�`�`�Q�`�d �7�Q�` �a�Z�6�ö�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�d�3
�8�X�k�j�X ���p�2�`���;�2 �2�`�`�Q�`�d 2 [0; 10� 14] �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�d�N
�8�X�k�9�X �G�Q�r �K���;�M�B�i�m�/�2 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b �Q�M �� �S���H�K�T�`�B�M�i�X �X �X �X �X �X �X �X �X �X�3�y
�8�X�k�8�X �L�Q�p�2�H �Q�`�B�2�M�i���i�B�Q�M �2�t�i�`���+�i�B�Q�M �i�2�+�?�M�B�[�m�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�3�k
�8�X�k�e�X �h�?�2 �T�`�Q�+�2�b�b �Q�7 �2�t�i�`���+�i�B�M�; �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �7�`�Q�K �� �S���H�K�T�`�B�M�i�X �X �X �X �X �X �X�3�9

�e�X�R�X �S�B�t�2�H �#�Q�m�M�/���`�B�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�3�3
�e�X�k�X �G�Q�+���H �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�N�y
�e�X�j�X �G�Q�+���H �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b�- �r�?�2�`�2n = 4 ���M�/r = 5 �X �X �X �X �X �X �X �X �X �X �X �X �X�N�k
�e�X�9�X �S���`�i�b �Q�7 �T���H�K�T�`�B�M�i �B�H�H�m�b�i�`���i�B�M�; ���G�L�6�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�N�9
�e�X�8�X �G�*�a �7�Q�` �T���`�i�b �Q�7 �S���H�K�T�`�B�M�i�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�N�8
�e�X�e�X �_�2�K�Q�p�B�M�; �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�N�e
�e�X�d�X �_�2�K�Q�p�B�M�; �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�N�d
�e�X�3�X �:�`�Q�r�B�M�; �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�N�N
�e�X�N�X ���/���T�i�B�p�2 �G�Q�+���H �L�2�B�;�?�#�Q�m�`�?�Q�Q�/ �}�H�i�2�`�B�M�; �Q�M �T���`�i�b �Q�7 �� �T���H�K�T�`�B�M�i�X �X �X �X�R�y�y
�e�X�R�y�X �*�Q�K�T���`�B�b�Q�M �Q�7 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b �Q�7 ���G�L�6 ���M�/�6���� �X �X �X �X �X �X �X �X �X�R�y�R
�e�X�R�R�X �*�Q�K�T���`�B�b�Q�M �Q�7 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b �Q�7 ���G�L�6 ���M�/�6���� �X �X �X �X �X �X �X �X �X�R�y�k
�e�X�R�k�X �*�Q�K�T���`�B�b�Q�M �Q�7 �K�B�M�m�i�B���2 �2�t�i�`���+�i�B�Q�M �i�2�+�?�M�B�[�m�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�y�9

�d�X�R�X �P�p�2�`�p�B�2�r �Q�7 �i�?�2 �b�i���;�2�b �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2 �2�t�i�`���+�i�B�Q�M�X �X �X �X �X �X �X �X �X �X �X�R�y�d
�d�X�k�X �h�r�Q �T�Q�b�b�B�#�H�2 �/�B�`�2�+�i�B�Q�M�b �Q�7 �� �T���i�? �r�?�B�+�? �7�Q�H�H�Q�r �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/�X �X �X�R�y�3
�d�X�j�X �h�`���+�B�M�; �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �B�M �Q�T�T�Q�b�B�i�2 �/�B�`�2�+�i�B�Q�M�b�X �X �X �X �X �X �X �X �X �X �X �X�R�R�y
�d�X�9�X �*���H�+�m�H���i�B�M�; �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2� � 2 (i; j ) �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�R�R
�d�X�8�X ���T�T�`�Q�t�B�K���i�2 �T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �+�2�M�i�`�2 �Q�7 �G�2�p�2�H �R �b�i�`�m�+�i�m�`�2�b�X �X �X �X �X �X �X �X�R�R�k

�o�A



�G�B�b�i �Q�7 �6�B�;�m�`�2�b

�d�X�e�X �A�K�T�`�Q�p�2�/ �a�i�`�m�+�i�m�`�2 �T�Q�b�B�i�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�R�k
�d�X�d�X �h�?�2 �m�M�B�[�m�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �~�Q�r �r�?�B�+�? �B�/�2�M�i�B�}�2�b �2���+�? �b�i�`�m�+�i�m�`�2�b�X �X �X �X �X�R�R�j
�d�X�3�X �*�B�`�+�m�H���` �b�r�2�2�T ���`�Q�m�M�/ �i�?�2 �+�2�M�i�`�2 �Q�7 �� �T�Q�i�2�M�i�B���H �b�i�`�m�+�i�m�`�2�X �X �X �X �X �X �X �X�R�R�9
�d�X�N�X �*�H���b�b�B�7�v�B�M�; �/�2�H�i���b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�R�8
�d�X�R�y�X �w�2�`�Q �+�`�Q�b�b�B�M�;�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�R�e
�d�X�R�R�X �h�?�2 �T���i�?�b �Q�7 �/�2�H�i���X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�R�d
�d�X�R�k�X �*�H���b�b�B�7�v�B�M�; �H�Q�Q�T�b�- �i�?�2 �x�2�`�Q �+�`�Q�b�b�B�M�; �B�b �i�?�2�T�`�B�K���`�v ���M�;�H�2�Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2�R�R�3
�d�X�R�j�X �h�?�2 �T���i�?�b �Q�7 �H�Q�Q�T�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�R�N
�d�X�R�9�X �h�?�2 �T���i�?�b �Q�7 �� �r�?�Q�`�H�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�k�y
�d�X�R�8�X �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2 �2�t�i�`���+�i�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�k�j
�d�X�R�e�X �� �T���H�K�T�`�B�M�i ���M�/ �B�i�b �H�Q�+���H �+�B�`�+�m�H���` �p���`�B���M�+�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�k�9
�d�X�R�d�X �.�B�z�2�`�2�M�i �p�B�b�m���H �`�2�T�`�2�b�2�M�i���i�B�Q�M�b �Q�71 � �R (i; j ) 2 [0; 1] �X �X �X �X �X �X �X �X �X �X�R�k�8
�d�X�R�3�X �G�2�p�2�H �b�2�i�b �Q�7 �� �T���H�K�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�k�e
�d�X�R�N�X �G�2�p�2�H �b�2�i�b �Q�7 �� �T���H�K�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�k�d
�d�X�k�y�X �*�Q�M�i�Q�m�`�b �Q�7 �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�k�3
�d�X�k�R�X �*�Q�M�i�Q�m�`�b �Q�7 �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2 ���M�/ �*�Q�`�`�2�b�T�Q�M�/�B�M�; �h�`�2�2�X �X �X �X �X �X �X �X�R�k�N
�d�X�k�k�X �*�Q�M�i�Q�m�`�b �Q�7 �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�y
�d�X�k�j�X �l�T ���M�/ �.�Q�r�M �H�2�p�2�H �b�2�i�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�R
�d�X�k�9�X �q�?�Q�H�2 �T���H�K�- �l�T ���M�/ �.�Q�r�M �H�2�p�2�H �b�2�i�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�R
�d�X�k�8�X �h�?�2582nd �`�2�;�B�Q�M �7�`�Q�K �i�?�2 �m�T �H�2�p�2�H �b�2�i�b �B�MU (i; j; n = 20) �X �X �X �X �X �X �X�R�j�9
�d�X�k�e�X �*���H�+�m�H���i�B�M�;� r (i; j ) �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�8

�3�X�R�X �h�?�`�2�2 �T���i�?�b �Q�7 �� �/�2�H�i�� �U�`�2�/�V�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�3
�3�X�k�X �h�?�2 ���M�;�H�2�-� (Tn )�- �b�m�#�i�2�M�/�2�/ �#�2�i�r�2�2�M �i�?�2 �T�Q�B�M�i�bTn ���M�/Tn+1 �X �X �X �X �X�R�j�3
�3�X�j�X �� �T���i�? �7�`�Q�K �i�?�2 �/�2�H�i�� ���M�/ �B�i�b �B�M�p���`�B���M�i �7�2���i�m�`�2 �b�T���+�2�X �X �X �X �X �X �X �X �X �X�R�j�N
�3�X�9�X �� �T���i�? �7�`�Q�K �i�?�2 �/�2�H�i�� ���M�/ �B�i�b �B�M�p���`�B���M�i �7�2���i�m�`�2 �b�T���+�2�X �X �X �X �X �X �X �X �X �X�R�9�y
�3�X�8�X �h�?�2 �i�?�`�2�2 �T�Q�b�b�B�#�H�2 �b�2�i�b �Q�7 �T���i�?�b �7�`�Q�K �i�?�2 �/�2�H�i���X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�9�k
�3�X�e�X �h�?�2 �i�?�`�2�2 �T�Q�b�b�B�#�H�2 �K���i�+�?�2�b �Q�7�� 3; n (E � ) ���M�/�� 3; n; j (L � ) �X �X �X �X �X �X �X �X �X�R�9�j
�3�X�d�X �� �H�Q�Q�T ���M�/ �B�i�b �B�M�p���`�B���M�i �7�2���i�m�`�2 �b�T���+�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�9�9
�3�X�3�X �� �H�Q�Q�T ���M�/ �B�i�b �B�M�p���`�B���M�i �7�2���i�m�`�2 �b�T���+�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�9�8
�3�X�N�X �J���i�+�?�B�M�; �H�Q�Q�T�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�9�8
�3�X�R�y�X �J���i�+�?�B�M�; �?�Q�K�Q�;�2�M�2�Q�m�b �`�2�;�B�Q�M�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�8�R
�3�X�R�R�X �A�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �*�_�����X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�8�9

�N�X�R�X �h�?�2 �7�2���i�m�`�2�b �Q�7 �T�b�2�m�/�Q�@�H���i�2�M�i�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�8�e
�N�X�k�X �*�m�K�m�H���i�B�p�2 �`���M�F�2�/ �b�+�Q�`�2 �Q�7 �*�_�����X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�8�d
�N�X�j�X �h�?�2 �7�`�2�[�m�2�M�+�v �Q�7 �i�?�2 �`�2�;�B�Q�M�b �+�Q�M�i���B�M�2�/ �B�M �i�?�2 �R�e�y�y �H���i�2�M�i�b�X �X �X �X �X �X �X�R�8�d
�N�X�9�X �*�m�K�m�H���i�B�p�2 �`���M�F�2�/ �b�+�Q�`�2 �Q�7 �*�_�����X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�8�3
�N�X�8�X �J���M�m���H�H�v �b�T�H�B�i�i�B�M�; �� �T���H�K �B�M�i�Q �B�i�b �K���D�Q�` �`�2�;�B�Q�M�b�X �X �X �X �X �X �X �X �X �X �X �X �X�R�8�3
�N�X�e�X �J���i�+�?�B�M�; �`�2�b�m�H�i�b �Q�7 �*�_���� �Q�M �j�3�K�K �H���i�2�M�i�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�e�y
�N�X�d�X �J���i�+�?�B�M�; �`�2�b�m�H�i�b �Q�7 �*�_���� �Q�M �k�8�K�K �H���i�2�M�i�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�e�R
�N�X�3�X �J���i�+�?�B�M�; �`�2�b�m�H�i�b �Q�7 �G�A�a�J �Q�M �j�3�K�K �H���i�2�M�i�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�e�j
�N�X�N�X �J���i�+�?�B�M�; �`�2�b�m�H�i�b �Q�7 �G�A�a�J �Q�M �k�8�K�K �H���i�2�M�i�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�e�9
�N�X�R�y�X �J���i�+�?�B�M�; �`�2�b�m�H�i�b �Q�7 �*�_���� �� �G�A�a�J �Q�M �k�8�K�K �H���i�2�M�i�b�X �X �X �X �X �X �X �X �X �X�R�e�8
�N�X�R�R�X �J���i�+�?�B�M�; �`�2�b�m�H�i�b �Q�7 �*�_���� �� �G�A�a�J �Q�M �j�3�K�K �H���i�2�M�i�b�X �X �X �X �X �X �X �X �X �X�R�e�e

�R�y�X�R�X �>�Q�K�Q�;�2�M�2�Q�m�b �`�2�;�B�Q�M�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�d�y

�o�A�A





�G�B�b�i �Q�7 ���H�;�Q�`�B�i�?�K�b
�e�X�R�X �G�*�a �@ �G�Q�+���H �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b �Q�7 ���M �B�K���;�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�3�N
�e�X�k�X ���G�L�6 �@ ���/���T�i�B�p�2 �H�Q�+���H �M�2�B�;�?�#�Q�m�`�?�Q�Q�/ �}�H�i�2�`�B�M�;�X �X �X �X �X �X �X �X �X �X �X �X �X�N�9
�e�X�j�X �:�9�* �@ �:�`�Q�r�B�M�; �9 �+�Q�M�M�2�+�i�2�/�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�N�3
�e�X�9�X �:�G�*�a �@ �:�`�Q�r�B�M�; �7�`�Q�K �H�Q�+���H �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X�N�3

�d�X�R�X �h�`���+�2�`�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�R�y

�3�X�R�X �_�A�_�J �@ �_���M�F�B�M�; �A�M�/�B�p�B�/�m���H �_�2�;�B�Q�M �J���i�+�?�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�9�N
�3�X�k�X �*�_���� �@ �*�m�K���H�i�B�p�2 �`�2�;�B�Q�M ���/�/�B�M�; ���H�;�Q�`�B�i�?�K�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�8�k

�A�s





�G�B�b�i �Q�7 �h���#�H�2�b
�k�X�R�X �A�M�i�`�B�M�b�B�+ �G�2�p�2�H �R�6�2���i�m�`�2�b �Q�7 �i�?�2 �J���D�Q�` �_�2�;�B�Q�M�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�3

�j�X�R�X �_�m�i�Q�p�B�i�x �+�`�Q�b�b�B�M�; �M�m�K�#�2�`�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�9�j
�j�X�k�X �a�m�K�K���`�v �Q�7 �i�?�2 �`�2�p�B�2�r�2�/ ���S�A�a�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�9�e

�8�X�R�X ���p�2�`���;�2 �2�`�`�Q�` �Q�7 �j �#�v �j �F�2�`�M�2�H ���i �b�T�2�+�B�}�+� �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�d�R
�8�X�k�X �h�?�2 �b�K���H�H�2�b�i ���p�2�`���;�2 �2�`�`�Q�` �7�Q�` �i�?�2 �;�B�p�2�M �a�Z�6 �7�Q�`� = f 6; 9; 12; 15g �X �X�d�N

�d�X�R�X �a�m�K�K���`�v �Q�7 �b�i�`�m�+�i�m�`�2 ���i�i�`�B�#�m�i�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�k�R
�d�X�k�X �A�/�2�M�i�B�}�2�/ �- �K�B�b�b�2�/ ���M�/ �7���H�b�2 �T�Q�b�B�i�B�p�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�k�R
�d�X�j�X �6�`�2�[�m�2�M�+�v �Q�7 �b�i�`�m�+�i�m�`�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�k�k

�3�X�R�X �h�?�2 �i�`���+�2�- �Q�`�B�2�M�i���i�B�Q�M ���M�/ �T���i�?�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�N
�3�X�k�X �_�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 ���M �B�M�p���`�B���M�i �/�2�H�i���X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�9�R
�3�X�j�X �h�?�2 �i�?�`�2�2 �T�Q�b�b�B�#�H�2 �`�Q�i���i�B�Q�M�b �Q�7 �� �H���i�2�M�i �/�2�H�i���X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�9�R

�N�X�R�X �6�`�2�[�m�2�M�+�v �Q�7 �`���M�F�2�/ �H���i�2�M�i �b�+�Q�`�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�8�e

�s�A





�*�?���T�i�2�` �R

�A�M�i�`�Q�/�m�+�i�B�Q�M
�A�M �2�p�2�`�v �/���v �H�B�7�2�- �2���+�? �?�m�K���M �#�2�B�M�; �H�2���p�2�b �#�2�?�B�M�/ �i�`���+�2�b �Q�7 �2�p�B�/�2�M�+�2 �Q�7 �i�?�2�B�` ���+�i�B�p�B�i�B�2�b�X
�q�?�2�M �/�B�b�+�Q�p�2�`�2�/�- ���M�/ �T�`�Q�T�2�`�H�v �2�t���K�B�M�2�/�- �i�?�2�b�2 �i�`���+�2�b �+���M �H�2���/ �i�Q �T�`�Q�Q�7 �Q�7 �� �T�2�`�b�Q�M�ö�b
�T���b�i �H�Q�+���i�B�Q�M�X �� �b�m�#�b�2�i �Q�7 �b�m�+�? �i�`���+�2�b ���`�2 �B�K�T�`�2�b�b�B�Q�M�b �H�2�7�i �Q�M �Q�#�D�2�+�i�b �#�v �i�?�2 �T�?�v�b�B�+���H
�B�M�i�2�`���+�i�B�Q�M �Q�7 �i�?�2 �T���H�K ���M�/ �}�M�;�2�`�b�X �a�m�+�? �B�K�T�`�2�b�b�B�Q�M�b �+�Q�M�b�B�b�i �Q�7 �T�2�`�b�T�B�`���i�B�Q�M ���M�/ �Q�B�H�b�-
�/�m�2 �i�Q �i�?�2 �2�t�+�`�2�i�B�Q�M �Q�7 �T�2�`�b�T�B�`���i�B�Q�M �i�?�`�Q�m�;�? �T�Q�`�2�b �Q�M �i�?�2 �T���H�K ���M�/ �}�M�;�2�`�b�X �� �p���`�B�2�i�v
�Q�7 �7�Q�`�2�M�b�B�+ �i�2�+�?�M�B�[�m�2�b �2�t�B�b�i �i�Q �`�2�+�Q�p�2�` �i�?�2�b�2 �B�K�T�`�2�b�b�B�Q�M�b �7�`�Q�K �/�B�z�2�`�2�M�i �i�v�T�2�b �Q�7 �Q�#�D�2�+�i�b�X
�h�?�2�b�2 �`�2�+�Q�p�2�`�2�/ �B�K�T�`�2�b�b�B�Q�M�b ���`�2 �F�M�Q�r�M ���b�H���i�2�M�i �T�`�B�M�i�b�X ���T�T�`�Q�t�B�K���i�2�H�v �j�y�W �Q�7 �+�`�B�K�2
�b�+�2�M�2�b �+�Q�M�i���B�M �b�Q�K�2 �7�Q�`�K �Q�7 �H���i�2�M�i �T���H�K�T�`�B�M�i �(�R�)�X

�� �H���i�2�M�i �T�`�B�M�i �r�?�B�+�? �+�Q�M�i���B�M�b �b�m�{�+�B�2�M�i �/�B�b�+�`�B�K�B�M���i�B�M�; �T�?�v�b�B�+���H �+�?���`���+�i�2�`�B�b�i�B�+�b �+���M �#�2
�K���i�+�?�2�/ �i�Q ���M �B�M�/�B�p�B�/�m���H�- �?�2�M�+�2 �T�`�Q�p�B�M�; �i�?���i �� �T�2�`�b�Q�M �?�2�H�/ �Q�` �i�Q�m�+�?�2�/ ���M �Q�#�D�2�+�i�X �h�Q
�K���i�+�? �� �H���i�2�M�i �T�`�B�M�i�- �� �T�`�B�M�i �Q�7 �i�?�2 �Q�`�B�;�B�M���H �T���H�K �Q�` �}�M�;�2�`�b �B�b �`�2�[�m�B�`�2�/�X �h�?�2�b�2 �Q�`�B�;�B�M���H
�T�`�B�M�i�b ���`�2 �F�M�Q�r�M ���b�2�t�2�K�T�H���` �T�`�B�M�i�b���M�/ ���`�2 �b�i�Q�`�2�/ �B�M �� �/���i���#���b�2�X �h�?�2 �T�`�Q�+�2�b�b �Q�7
�K���i�+�?�B�M�; �� �H���i�2�M�i �T�`�B�M�i �i�Q ���M �2�t�2�K�T�H���` �T�`�B�M�i �U�F�M�Q�r�M ���b�H���i�2�M�i �i�Q �7�m�H�H�K���i�+�?�B�M�;�V �B�M�p�Q�H�p�2�b
�B�M�/�B�p�B�/�m���H�H�v �+�Q�K�T���`�B�M�; �i�?�2 �H���i�2�M�i �T�`�B�M�i �r�B�i�? �2���+�? �Q�7 �i�?�2 �T�`�B�M�i�b �b�i�Q�`�2�/ �B�M �i�?�2 �/���i���#���b�2�-
�m�M�i�B�H �� �K���i�+�? �B�b �Q�#�i���B�M�2�/�X �6�Q�`�2�M�b�B�+ �B�M�p�2�b�i�B�;���i�Q�`�b �?���p�2 �#�2�2�M �K���M�m���H�H�v ���T�T�H�v�B�M�; �i�?�B�b
�T�`�Q�+�2�b�b �i�Q �H���i�2�M�i ���M�/ �2�t�2�K�T�H���` �T�`�B�M�i�b�- �B�M �Q�`�/�2�` �i�Q �T�`�Q�p�2 �i�?���i �� �T�2�`�b�Q�M �?�2�H�/ �Q�` �i�Q�m�+�?�2�/
���M �Q�#�D�2�+�i�X

�h�?�2 �m�b�2 �Q�7 ���6�A�a �U���m�i�Q�K���i�B�+ �6�B�M�;�2�`�T�`�B�M�i �A�/�2�M�i�B�}�+���i�B�Q�M �a�v�b�i�2�K�b�V �?���b ���B�/�2�/ �7�Q�`�2�M�b�B�+
�B�M�p�2�b�i�B�;���i�Q�`�b �7�Q�` �K�Q�`�2 �i�?���M �i�?�B�`�i�v �}�p�2 �v�2���`�b �(�k�)�X ���6�A�a ���`�2 �m�b�2�/ �i�Q ���m�i�Q�K���i�B�+���H�H�v �}�M�/
�� �b�2�i �Q�7 �2�t�2�K�T�H���` �T�`�B�M�i�b �r�?�B�+�? �#�2�b�i �K���i�+�? �i�?�2 �H���i�2�M�i �T�`�B�M�i�- �`�2�b�m�H�i�B�M�; �B�M �� �`���M�F�2�/ �H�B�b�i
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�U�+�V�L�Q�M�@�b�v�K�K�2�i�`�B�+ �/�2�H�2�i�B�M�; �`�m�H�2�b �r�?�2�`�2 � �/�2�M�Q�i�2�b �� �y �Q�` �� �R�X

�6�B�;�m�`�2 �j�X�R�k�X�,�.�2�H�2�i�B�M�; �`�m�H�2�b �7�Q�` �i�?�B�M�M�B�M�; �b�F�2�H�2�i�Q�M�b�- �r�?�2�`�2 �i�?�2 �y�ö�b ���M�/ �R�ö�b �/�2�M�Q�i�2 �r�?�B�i�2
���M�/ �#�H���+�F �T�B�t�2�H�b�- �`�2�b�T�2�+�i�B�p�2�H�v�c �i�?�2 �#�Q�H�/ �R�ö�b �B�M�/�B�+���i�2 �i�?�2 �T�B�t�2�H �i�Q �#�2 �/�2�H�2�i�2�/
�U�+�?���M�;�2�/ �i�Q �y�V

�A�7 �i�?�2 �M�2�B�;�?�#�Q�m�`�?�Q�Q�/�b �Q�7 �i�?�2 �b�F�2�H�2�i�Q�M �K���i�+�? �i�?�2 �K���b�F�b �b�?�Q�r�M �B�M �}�;�m�`�2�j�X�R�k�U���V �i�?�2�M
�i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �+�2�M�i�`���H �T�B�t�2�H �B�b �b�2�i �i�Q �y�X �A�7 �i�?�2 �M�2�B�;�?�#�Q�m�`�?�Q�Q�/�b �K���i�+�? ���M�v �Q�7 �i�?�2
�K���b�F�b �B�M �}�;�m�`�2�j�X�R�k�U�#�V �Q�` �U�+�V �m�T�Q�M �`�Q�i���i�B�Q�M�- �i�?�2�M �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �+�2�M�i�`���H �T�B�t�2�H �B�b
�b�2�i �i�Q �y�X �h�?�2 �b�v�K�#�Q�H � �B�M �}�;�m�`�2�j�X�R�k�U�+�V �/�2�M�Q�i�2�b �ö�/�Q�M�ö�i �+���`�2�ö ���M�/ �i�?�m�b �`�2�b�m�H�i �B�M �� �K���i�+�?
�r�?���i�2�p�2�` �i�?�2 �p���H�m�2�X

�������������.�J�O�V�U�J�B�F �&�Y�U�S�B�D�U�J�P�O �B�O�E �1�P�T�U �1�S�P�D�F�T�T�J�O�H
�J�B�M�m�i�B���2 �2�t�i�`���+�i�B�Q�M �B�b �r�B�/�2�H�v �T�2�`�7�Q�`�K�2�/ �m�b�B�M�; �i�?�2 �+�Q�M�+�2�T�i �Q�7 �i�?�2�+� �̀Q�b�b�B�M�; �M�m�K�#�2�`�U�*�L�V�X
�h�?�2 �+�`�Q�b�b�B�M�; �M�m�K�#�2�` �B�b �/�2�}�M�2�/ �#�v �_�m�i�Q�p�B�i�x �(�k�8�) ���b�,

P4 P3 P2

P5 P P1

P6 P7 P8

CN =
1
2

8X

i =1

jPi � Pi +1 j �U�j�X�9�V

�q�?�2�`�2Pi �+�Q�`�`�2�b�T�Q�M�/ �i�Q �i�?�2 �3�@�+�Q�M�M�2�+�i�2�/ �T�B�t�2�H�b ���#�Q�m�iP�-Pi = f 0; 1g ���M�/P1 = P9 �X

�h�?�2 �+�`�Q�b�b�B�M�; �M�m�K�#�2�` �Q�7 �2�p�2�`�v �T�B�t�2�H �r�?�B�+�? �B�b �T���`�i �Q�7 �i�?�2 �b�F�2�H�2�i�Q�M �B�b �+���H�+�m�H���i�2�/�- �`�2�b�m�H�i�B�M�;
�B�M �i�?�2 �+�H���b�b�B�}�+���i�B�Q�M �7�Q�` �2���+�? �T�B�t�2�HP ���b �T�`�2�b�2�M�i�2�/ �B�M �i���#�H�2�j�X�R�X

�h�?�2�`�2 ���`�2 �8 �+���i�2�;�Q�`�B�2�b �7�Q�` �i�?�2 �+�`�Q�b�b�B�M�; �M�m�K�#�2�`�- �2���+�? �Q�7 �r�?�B�+�? �B�b �B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2
�j�X�R�j�X ���b�b�m�K�B�M�; �i�?�2 �b�F�2�H�2�i�Q�M �`�2�T�`�2�b�2�M�i�b �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �i�?�2 �+�H���b�b�B�}�+���i�B�Q�M �B�b ���b �7�Q�H�H�Q�r�b�X �A�7
�i�?�2 �+�`�Q�b�b�B�M�; �M�m�K�#�2�` �B�b �y�- �i�?�2�M �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �B�b ���M �B�b�Q�H���i�2�/ �T�Q�B�M�i�c �i�?�B�b �B�b �B�H�H�m�b�i�`���i�2�/
�B�M �}�;�m�`�2�j�X�R�j�U���V�X �A�7 �i�?�2 �+�`�Q�b�b�B�M�; �M�m�K�#�2�` �B�b �R �i�?�2�M �i�?�2 �T�B�t�2�H �H�B�2�b �Q�M �i�?�2 �2�M�/ �T�Q�B�M�i �Q�7 ��
�7�`�B�+�i�B�Q�M �`�B�/�;�2�c �i�?�B�b �B�b �B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2�j�X�R�j�U�#�V�X �A�7 �i�?�2 �+�`�Q�b�b�B�M�; �M�m�K�#�2�` �B�b �k �i�?�2�M �i�?�2
�T�B�t�2�H �B�b �T���`�i �Q�7 �� �+�Q�M�M�2�+�i�2�/ �7�`�B�+�i�B�Q�M �`�B�/�;�2�c �i�?�B�b �B�b �B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2�j�X�R�j�U�+�V�X �A�7 �i�?�2
�+�`�Q�b�b�B�M�; �M�m�K�#�2�` �B�b �j �i�?�2�M �i�?�2 �T�B�t�2�H �H�B�2�b �Q�M �� �T�Q�B�M�i �r�?�2�`�2 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �#�B�7�m�`�+���i�2�b�c
�i�?�B�b �B�b �B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2�j�X�R�j�U�/�V�X �A�7 �i�?�2 �+�`�Q�b�b�B�M�; �M�m�K�#�2�` �B�b �9 �i�?�2�M �i�?�2 �T�B�t�2�H �H�B�2�b �Q�M



�j�X�j�X �6�2���i�m�`�2 �1�t�i�`���+�i�B�Q�M �9�j

CN �S�`�Q�T�2�`�i�v
�y �A�b�Q�H���i�2�/ �T�Q�B�M�i
�R �1�M�/�B�M�; �U�J�B�M�m�i�B���2�V
�k �*�Q�M�M�2�+�i�2�/ �`�B�/�;�2
�j �"�B�7�m�`�+���i�B�Q�M �U�J�B�M�m�i�B���2�V
�9 �*�`�Q�b�b�B�M�; �T�Q�B�M�i

�h���#�H�2 �j�X�R�X�,�_�m�i�Q�p�B�i�x �+�`�Q�b�b�B�M�; �M�m�K�#�2�`

�� �T�Q�B�M�i �r�?�2�`�2 �i�r�Q �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �+�`�Q�b�b�c �i�?�B�b �B�b �B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2�j�X�R�j�U�2�V�X

�h�Q �b�m�K�K���`�B�b�2�- ���M�v �T�B�t�2�H �i�?���i �?���b �� �+�`�Q�b�b�B�M�; �M�m�K�#�2�` �p���H�m�2 �Q�7 �R �Q�` �j �B�b �/�2�}�M�2�/ ���b ��
�K�B�M�m�i�B���2�- �2�B�i�?�2�` ���M �2�M�/ �T�Q�B�M�i �Q�` �� �#�B�7�m�`�+���i�B�Q�M�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�y �y �y
�y �R �y
�y �y �y

�U���VCN = 0
�A�b�Q�H���i�2�/
�T�Q�B�M�i

�y �y �R
�y �R �y
�y �y �y

�U�#�VCN = 1
�1�M�/�B�M�;
�J�B�M�m�i�B���2

�y �y �y
�R �R �R
�y �y �y

�U�+�VCN = 2
�*�Q�M�M�2�+�i�2�/
�`�B�/�;�2

�y �R �y
�y �R �R
�R �y �y

�U�/�VCN = 3
�"�B�7�m�`�+���B�Q�M
�K�B�M�m�i�B���2

�y �R �y
�R �R �R
�y �R �y

�U�2�VCN = 4
�*�`�Q�b�b�B�M�;
�T�Q�B�M�i

�6�B�;�m�`�2 �j�X�R�j�X�,�h�?�2 �+�Q�M�+�2�T�i �Q�7 �i�?�2 �_�m�i�Q�p�B�i�x �+�`�Q�b�b�B�M�; �M�m�K�#�2�`

�6�Q�` �2�p�2�`�v �K�B�M�m�i�B���2 �2�M�/ �T�Q�B�M�i �UCN = 1�V �B�M �i�?�2 �i�?�B�M�M�2�/ �b�F�2�H�2�i�Q�M�- ���M �2�b�i�B�K���i�B�Q�M �Q�7 �B�i�b
�/�B�`�2�+�i�B�Q�M �B�b �+���H�+�m�H���i�2�/�X �:�B�p�2�M �� �K�B�M�m�i�B���2 �2�M�/�B�M�;�- �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �B�b �i�`���+�2�/ ���r���v �7�`�Q�K
�i�?�2 �K�B�M�m�i�B���2 �2�M�/ �T�Q�B�M�i ���H�Q�M�; �B�i�b �i�?�B�M�M�2�/ �b�F�2�H�2�i�Q�M �(�8�9�-�8�8�)�X �h�?�B�b �B�b �B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2
�j�X�R�9�#�v �i�?�2 �`�2�/ ���`�`�Q�r �r�?�B�+�? �;�B�p�2�b �i�?�2 �K�B�M�m�i�B���2 ���M ���M�;�H�2 �Q�7� �X �h�?�2 �i�`���+�2 �K�Q�p�2�b �� �b�2�i
�M�m�K�#�2�` �Q�7 �T�B�t�2�H�b �U�;�2�M�2�`���H�H�v �e �T�B�t�2�H�b�V ���r���v �7�`�Q�K �i�?�2 �K�B�M�m�i�B���2 �2�M�/ �T�Q�B�M�i�- �i�?�2�M �+���H�+�m�H���i�2�b
�i�?�2 ���M�;�H�2 �Q�7 �i�?�2 �K�B�M�m�i�B���2 �#�v �R�V �i�?�2 �T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �K�B�M�m�i�B���2 �2�M�/ �T�Q�B�M�i ���M�/ �k�V �i�?�2 �}�M���H
�T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �i�`���+�2�X

�

�U���V�1�M�/ �T�Q�B�M�i

CN = 3
�"�B�7�m�`�+���i�B�Q�M

CN = 1
�1�M�/ �T�Q�B�M�i

�U�#�V�a�T�m�`

�6�B�;�m�`�2 �j�X�R�9�X�,�1�b�i�B�K���i�B�M�; �i�?�2 �/�B�`�2�+�i�B�Q�M �Q�7 �i�?�2 �K�B�M�m�i�B���2�- �#�v �K�Q�p�B�M�; �e �T�B�t�2�H�b ���H�Q�M�; �i�?�2
�b�F�2�H�2�i�Q�M

�h�v�T�B�+���H�H�v�- �i�?�2 �T�Q�b�B�i�B�Q�M ���M�/ ���M�;�H�2 �Q�7 �2���+�? �K�B�M�m�i�B���2 ���`�2 �i�?�2�M �m�b�2�/ �B�M �i�?�2 �K���i�+�?�B�M�;
�T�`�Q�+�2�/�m�`�2 �Q�7 ���M ���S�A�a�X



�9�9 �j�X ���S�A�a

�������������.�J�O�V�U�J�B�F �'�J�M�U�F�S�J�O�H
�A�M �b�Q�K�2 �+�B�`�+�m�K�b�i���M�+�2�b �� �K�B�M�m�i�B���2 �2�M�/ �T�Q�B�M�i �r�B�H�H �H�B�2 �`�2�H���i�B�p�2�H�v �+�H�Q�b�2 �i�Q �� �#�B�7�m�`�+���i�B�Q�M�X
�h�?�2�b�2 �7�2���i�m�`�2�b�- �`�2�7�2�`�`�2�/ �i�Q ���b�b�T�m�`�b�- �Q�+�+�m�` �/�m�2 �i�Q ���`�i�2�7���+�i�b �B�M �i�?�2 �T���H�K �Q�` �}�M�;�2�` �T�`�B�M�i�-
���M �2�t���K�T�H�2 �B�b �B�H�H�m�b�i�`���i�2�/ �#�v �i�?�2 �`�2�/ ���`�`�Q�r�b �B�M �}�;�m�`�2�j�X�R�9�U�#�V�X �a�T�m�`�b �B�M�i�`�Q�/�m�+�2 �K�B�M�m�i�B���2
�i�?���i �/�Q �M�Q�i �2�t�B�b�i �B�M �i�?�2 �T���H�K�T�`�B�M�i �B�K���;�2�- �?�2�M�+�2 �i�?�2�b�2 �K�B�M�m�i�B���2 ���`�2 �`�2�K�Q�p�2�/�X

�6�B�;�m�`�2�j�X�R�8�B�H�H�m�b�i�`���i�2�b �b�B�t �i�v�T�2�b �Q�7 �b�T�m�`�B�Q�m�b �K�B�M�m�i�B���2�X �1�t�i�2�M�b�B�Q�M�b �i�Q �i�?�2 �Q�`�B�;�B�M���H �`�m�H�2�b
�m�b�2�/ �#�v �K�2�i�?�Q�/ �(�8�9�) �U�b�?�Q�r�M �B�M �}�;�m�`�2�j�X�R�k�V�- ���`�2 �m�b�2�/ �i�Q �`�2�K�Q�p�2�b�T�m�`�B�Q�m�b �K�B�M�m�i�B���2�-
�r�?�B�+�? ���`�2 ���/�Q�T�i�2�/ �7�`�Q�K ���6�A�a�X

�U���V�a�T�m�` �U�#�V�"�`�2���F �U�+�V�"�`�B�/�;�2 �U�/�V�A�b�H���M�/�U�2�V�"�`�Q�F�2�M �a�T�m�`�U�7�V�G���F�2

�6�B�;�m�`�2 �j�X�R�8�X�,�1�t���K�T�H�2�b �Q�7 �b�T�m�`�B�Q�m�b �K�B�M�m�i�B���2

�1�t���K�T�H�2�b �Q�7 �i�?�2 �`�2�b�m�H�i�b �Q�7 ���m�i�Q�K���i�B�+ �K�B�M�m�i�B���2 �2�t�i�`���+�i�B�Q�M �m�b�B�M�; �i�?�B�b �K�2�i�?�Q�/ ���`�2 �Q�p�2�`�H���B�/
�m�T�Q�M �#�Q�i�? �i�?�2 �i�?�B�M�M�2�/ �b�F�2�H�2�i�Q�M �B�K���;�2 ���M�/ �i�?�2 �Q�`�B�;�B�M���H �T���H�K�T�`�B�M�i �B�M �B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2
�j�X�R�e�U���V ���M�/ �U�#�V�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�U���V�J�B�M�m�i�B���2 �Q�p�2�`�H���B�/ �m�T�Q�M �i�?�2 �b�F�2�H�2�i�Q�M�U�#�V�J�B�M�m�i�B���2 �Q�p�2�`�H���B�/ �m�T�Q�M �i�?�2 �T���H�K

�6�B�;�m�`�2 �j�X�R�e�X�,�J�B�M�m�i�B���2 �2�t�i�`���+�i�B�Q�M�- �r�?�2�`�2 �i�?�2 �+�B�`�+�H�2 ���M�/ �B�i�b �H�B�M�2 �B�H�H�m�b�i�`���i�2 �K�B�M�m�i�B���2 �2�M�/
�T�Q�B�M�i�b ���M�/ �i�?�2�B�` �/�B�`�2�+�i�B�Q�M ���M�/ �i�?�2 �i�`�B���M�;�H�2�b �B�H�H�m�b�i�`���i�2 �#�B�7�m�`�+���i�B�Q�M �T�Q�B�M�i�b�X

�1���+�? �K�B�M�m�i�B���2m �B�b �� �i�`�B�T�H�2 �+�Q�M�i���B�M�B�M�; �T�Q�b�B�i�B�Q�M���H ���M�/ �/�B�`�2�+�i�B�Q�M���H �B�M�7�Q�`�K���i�B�Q�M�- �b�m�+�?
m = f x; y; � g �r�?�2�`�2x; y 2 Z ���M�/� 2 (0; 2� ]�X �h�?�2 �i�`�B�T�H�2 �r�?�B�+�? �`�2�T�`�2�b�2�M�i�b �2���+�?
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�+�B�`�+�m�K�7�2�`�2�M�+�2 �Q�7 �i�?�2 �m�M�B�i �+�B�`�+�H�2�- �F�M�Q�r�M ���b �+�B�`�+�m�H���` �/���i���X

�*�B�`�+�m�H���` �/���i�� �B�b �r�`���T�T�2�/ ���`�Q�m�M�/ �i�?�2 �m�M�B�i �+�B�`�+�H�2 ���M�/ �?���b �� �T�2�`�B�Q�/ �Q�72� �X �h�?�B�b �/�B�z�2�`�b
�7�`�Q�K�H�B�M�2���`�/���i�� ���b �H�B�M�2���` �/���i�� �B�b �M�Q�i �T�2�`�B�Q�/�B�+�X �J�Q�`�2 �7�Q�`�K���H�H�v�- �i�?�2 �b�m�T�T�Q�`�i �7�Q�` �+�B�`�+�m�H���`
�/���i�� �B�b �i�?�2�m�M�B�i �+�B� �̀+�H�2�- �r�?�2�`�2 ���b �b�m�T�T�Q�`�i �7�Q�` �H�B�M�2���` �b�i���i�B�b�i�B�+�b �B�b �i�?�2�M�m�K�#�2�` �H�B�M�2�(�d�R�)�X

�h�?�2 �}�2�H�/ �Q�7 �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b �B�b �r�2�H�H �2�b�i���#�H�B�b�?�2�/ �(�d�k�)�- �B�i �B�b �m�b�2�/ �7�Q�` �K�m�+�? �i�?�2 �b���K�2
�T�m�`�T�Q�b�2 ���b �H�B�M�2���` �b�i���i�B�b�i�B�+�b�X �*�B�`�+�m�H���` �K�2���M�b�- �K�2�/�B���M�b�- �p���`�B���M�+�2�b�- �K�2���b�m�`�2�b �Q�7 �/�B�b�T�2�`�b�B�Q�M�-

�8�R



�8�k �9�X �*�B�`�+�m�H���` �a�i���i�B�b�i�B�+�b�, �_�2�p�B�2�r ���M�/ �6�`���K�2�r�Q�`�F

�2�i�+�X ���`�2 �2�t���K�T�H�2�b �Q�7 �H�Q�r�2�` �Q�`�/�2�` �b�i���i�B�b�i�B�+�b �7�Q�m�M�/ �#�v �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+���H �K�2�i�?�Q�/�b�- �?�B�;�?�2�`
�Q�`�/�2�` �b�i���i�B�b�i�B�+�b ���M�/ �i�2�b�i�b �i�Q �}�i �K�Q�/�2�H�b �i�Q �i�?�2 �/���i�� ���`�2 ���H�b�Q �T�Q�b�b�B�#�H�2�X

�h�?�2 �7�Q�H�H�Q�r�B�M�; �b�2�+�i�B�Q�M �/�2�b�+�`�B�#�2�b �i�?�2 �M�2�+�2�b�b���`�v �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b �`�2�[�m�B�`�2�/ �7�Q�` �i�?�2 �/�2�p�2�H�@
�Q�T�K�2�M�i �Q�7 �M�2�r �B�K�T�`�Q�p�2�/ �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b �U�+�?���T�i�2�`�8�V�- �}�H�i�2�`�B�M�; �U�+�?���T�i�2�`�e�V�- �7�2���i�m�`�2
�2�t�i�`���+�i�B�Q�M �U�+�?���T�i�2�`�d�V ���M�/ �K���i�+�?�B�M�; �U�+�?���T�i�2�`�3�V�X

�������������$�J�S�D�V�M�B�S �4�U�B�U�J�T�U�J�D�T
�h�?�2 �/�2�}�M�B�i�B�Q�M�b �Q�7 �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b �(�d�k�-�d�R�) ���`�2 �M�Q�r �B�M�i�`�Q�/�m�+�2�/ �r�?�B�+�? ���`�2 �+���H�+�m�H���i�2�/
�m�T�Q�M �b�2�i�b �Q�7 �+�B�`�+�m�H���` �/���i���- �r�?�B�+�? ���`�2 �m�b�2�/ �B�M �H���i�2�` �+�?���T�i�2�`�b�X

�:�B�p�2�M �i�r�Q ���M�;�H�2�b� 1 ���M�/� 2 �-d �i�?�2�/�B�b�i���M�+�2�#�2�i�r�2�2�M ���M�;�H�2�b�B�b �/�2�}�M�2�/ ���b�,

d = � � j � � j � 1 � � 2jj �U�9�X�R�V

x

y

� 1

� 2d

�m�M�B�i �+�B�`�+�H�2

�6�B�;�m�`�2 �9�X�k�X�,�.�B�b�i���M�+�2 �#�2�i�r�2�2�M �i�r�Q ���M�;�H�2�b�-� 1 ���M�/� 2

�a�m�T�T�Q�b�2 �r�2 �?���p�2 �� �b�2�i �Q�7 �+�B�`�+�m�H���` �/���i��� j = � 1; � 2; � 3; :::; � n �Q�7�+��� �̀/�B�M���H�B�i�vn �U�r�?�B�+�?
�`�2�T�`�2�b�2�M�i �p�2�+�i�Q�`�b �Q�7 �H�2�M�;�i�? �R �7�`�Q�K �i�?�2 �Q�`�B�;�B�M �i�Q �i�?�2 �m�M�B�i �+�B�`�+�H�2�V�- �i�?�2�+�2�M�i� �̀2 �Q�7 �K���b�b
�B�M �*���`�i�2�b�B���M �+�Q�Q�`�/�B�M���i�2�b �B�b �;�B�p�2�M �#�v�,

a =
1
n

nX

j =1

�+�Q�b� j b=
1
n

nX

j =1

�b�B�M� j �U�9�X�k�V

�"�Q�i�?a ���M�/b �7�Q�`�K �i�?�2 �#���b�B�b �7�`�Q�K �r�?�B�+�? �7�m�`�i�?�2�` �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b ���`�2 �+���H�+�m�H���i�2�/�X �h�?�2
�+�2�M�i�`�2 �Q�7 �K���b�b�- �r�?�B�+�? �+���M �#�2 �+�Q�M�b�B�/�2�`�2�/ ���b �� �T�Q�B�M�i(a; b) �B�b �B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2�9�X�j�X



�9�X�R�X �*�B�`�+�m�H���` �a�i���i�B�b�i�B�+�b�, �J�2�i�?�Q�/�b �8�j

x

y

� 1

� 2(a; b)

�6�B�;�m�`�2 �9�X�j�X�,�h�?�2 �+�2�M�i�`�2 �Q�7 �K���b�b(a; b) �b�?�Q�r�M �B�M �`�2�/�- �Q�7 �i�?�2 �i�r�Q ���M�;�H�2�b� 1 ���M�/� 2

�h�?�2�M �T�`�Q�p�B�/�2�/ �i�?���ia > 0 �Q�b̀ > 0�-R �B�b �i�?�2�K�2���M � �̀2�b�m�H�i���M�i �p�2�+�i�Q�`�,

R =
p

a2 + b2 2 [0; 1] �U�9�X�j�V

�A�7a > 0 �Q�b̀ > 0�- �B�i �7�Q�H�H�Q�r�b �i�?���iR > 0�X

�A�7 �i�?�2 �/���i��� j �B�b �+�H�m�b�i�2�`�2�/ �+�H�Q�b�2�H�v�- �i�?�2�M �i�?�2 �p���H�m�2 �Q�7R �B�b �+�H�Q�b�2 �i�Q �R�- ���M�/ �B�7� j �B�b �r�B�/�2�H�v
�/�B�b�T�2�`�b�2�/�- �i�?�2 �p���H�m�2 �Q�7R �B�b �+�H�Q�b�2 �i�Q �y�XR �B�b �B�M�p���`�B���M�i �m�M�/�2�` �`�Q�i���i�B�Q�M�- ���M�/ �B�b �i�?�2 �K�Q�b�i
�+�Q�K�K�Q�M�H�v �m�b�2�/ �/�B�b�T�2�`�b�B�Q�M �b�i���i�B�b�i�B�+�X

�A�7R > 0�- �i�?�2�M �i�?�2�+�B� �̀+�m�H���` �K�2���M� �B�b �7�Q�m�M�/ �#�v�,

� = ���i���M�k(b; a) �U�9�X�9�V

�h�?�2�M�- �i�?�2�+�B� �̀+�m�H���` �p���`�B���M�+�2�Q�7� j �B�b �;�B�p�2�M �#�v�,

V = 1 � R 2 [0; 1] �U�9�X�8�V

�>�2�`�2�-V �+���M �#�2 �i�?�Q�m�;�?�i �Q�7 ���b ���M���H�Q�;�Q�m�b �i�Q �i�?�2 �p���`�B���M�+�2 �B�M �H�B�M�2���` �b�i���i�B�b�i�B�+�b�X

�A�i �7�Q�H�H�Q�r�b �7�`�Q�K �2�[�m���i�B�Q�M�9�X�k�- �r�?�2�M �i�?�2 �+�B�`�+�m�H���` �K�2���M� �B�b �b�m�#�i�`���+�i�2�/ �7�`�Q�K �i�?�2 �b�2�i �Q�7
�/���i�� � j �U���M�/ �r�?�2�M�R > 0�V�,

1
n

nX

j =1

�+�Q�b
�
� j � �

�
= 0

1
n

nX

j =1

�b�B�M
�
� j � �

�
= �R �U�9�X�e�V

�h�?�B�b �K���v �b�2�2�K �i�`�B�p�B���H �� �`�2�b�m�H�i�- �#�m�i �i�?�B�b �T�`�Q�T�2�`�i�v �B�b �m�b�2�7�m�H �B�M �i�?�2 �+���H�+�m�H���i�B�Q�M �7�Q�` �?�B�;�?�2�`
�Q�`�/�2�` �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b�- �m�b�2�/ �B�M �i�?�2 �i�?�2�b�B�b�X

�����������������5�S�J�H�P�O�P�N�F�U�S�J�D �.�P�N�F�O�U�T
�>�B�;�?�2�` �Q�`�/�2�` �b�i���i�B�b�i�B�+�b �+���M �#�2 �+���H�+�m�H���i�2�/ �m�b�B�M�; �i�`�B�;�Q�M�Q�K�2�i�`�B�+ �K�Q�K�2�M�i�b�X �h�?�2 �2�[�m���i�B�Q�M�b
�9�X�k���`�2 �F�2�v �i�Q �+���H�+�m�H���i�B�M�; �i�?�2 �+�B�`�+�m�H���` �K�2���M �U�2�[�m���i�B�Q�M�9�X�9�V ���M�/ �i�?�2 �K�2���M �`�2�b�m�H�i���M�i
�p�2�+�i�Q�` �U�2�[�m���i�B�Q�M�9�X�j�V�X

�A�i �B�b �m�b�2�7�m�H �i�Q �+�Q�K�#�B�M�2 �2�[�m���i�B�Q�M�b�9�X�k�B�M�i�Q �r�?���i �B�b �F�M�Q�r�M ���b �i�?�2�}�`�b�i �i�`�B�;�Q�M�Q�K�2�i�`�B�+
�K�Q�K�2�M�i ���#�Q�m�i �i�?�2 �x�2� �̀Q �/�B� �̀2�+�i�B�Q�Mt1;0 �U�r�?�2�`�2 �i�?�2 �b�m�#�b�+�`�B�T�i1 ���M�/0 �/�2�M�Q�i�2�b �i�?�2 �}�`�b�i
�i�`�B�;�Q�M�Q�K�2�i�`�B�+ �K�Q�K�2�M�i ���M�/ �i�?�2 �x�2�`�Q �/�2�M�Q�i�2�b �x�2�`�Q �/�B�`�2�+�i�B�Q�M�- �`�2�b�T�2�+�i�B�p�2�H�v�V�,



�8�9 �9�X �*�B�`�+�m�H���` �a�i���i�B�b�i�B�+�b�, �_�2�p�B�2�r ���M�/ �6�`���K�2�r�Q�`�F

t1;0 = a + bi �U�9�X�d�V

�h�?�2�M �B�i�b �T�Q�H���` �`�2�T�`�2�b�2�M�i���i�B�Q�M �B�b �;�B�p�2�M ���b�,

t1;0 = Rei �� �U�9�X�3�V

�h�?�B�b �M�Q�i���i�B�Q�M �B�b �2�t�i�2�M�/�2�/ �i�Q �/�2�}�M�2 �i�?�2pth �i�`�B�;�Q�M�Q�K�2�i�`�B�+ �K�Q�K�2�M�i ���#�Q�m�i �i�?�2 �x�2� �̀Q �/�B�`�@
�2�+�i�B�Q�Mtp;0�-�7�Q�`p = 0 � 1 � 2 � 3; :::

tp;0 =
1
n

nX

j =1

(�+�Q�bp� j + i �b�B�Mp� j ) = ap + bpi �U�9�X�N�V

�q�?�2�`�2�,

ap =
1
n

nX

j =1

�+�Q�bp� j bp =
1
n

nX

j =1

�b�B�Mp� j �U�9�X�R�y�V

�h�?�2�M �B�i�b �T�Q�H���` �`�2�T�`�2�b�2�M�i���i�B�Q�M �B�b �;�B�p�2�M ���b�,

tp;0 = Rpei �� p �U�9�X�R�R�V

�L�Q�rtp;0 �/�2�}�M�2�b �i�?�2�K�2���M � �̀2�b�m�H�i���M�i �p�2�+�i�Q�`�Q�7 �H�2�M�;�i�?�,

Rp =
q

a2
p + b2

p 2 [0; 1] �U�9�X�R�k�V

�r�B�i�? �/�B�`�2�+�i�B�Q�M�,

�� p = ���i���M�k(bp; ap) �U�9�X�R�j�V

�L�Q�r�- �i�?�2 �i�`�B�;�Q�M�Q�K�2�i�`�B�+ �K�Q�K�2�M�i ���#�Q�m�i �i�?�2 �+�B�`�+�m�H���` �K�2���Mtp;�� �U�r�?�2�`�2 �i�?�2 �b�m�#�b�+�`�B�T�ip; ��
�/�2�M�Q�i�2�b �i�?�2pth �i�`�B�;�Q�M�Q�K�2�i�`�B�+ �K�Q�K�2�M�i ���M�/ �i�?�2 �+�B�`�+�m�H���` �K�2���M �/�B�`�2�+�i�B�Q�M�- �`�2�b�T�2�+�i�B�p�2�H�v�V
�B�b�,

tp;�� =
1
n

nX

j =1

�
�+�Q�bp

�
� j � ��

�
+ i �b�B�Mp

�
� j � ��

��
= �ap + �bpi �U�9�X�R�9�V

�q�?�2�`�2�,

�ap =
1
n

nX

j =1

�+�Q�bp
�
� j � ��

� �bp =
1
n

nX

j =1

�b�B�Mp
�
� j � ��

�
�U�9�X�R�8�V

�6�`�Q�K �2�[�m���i�B�Q�M�9�X�R�8�- �r�?�2�Mp = 1 �i�?�2�M�a1 = �R ���M�/�b1 = 0�X �>�Q�r�2�p�2�`�- �r�?�2�Mp = 2�-�b2

���M�/�a2 �v�B�2�H�/ �� �K�2���b�m�`�2 �Q�7�b�F�2�r���M�/�F�m�`�i�Q�b�B�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X �A�7�b2 �B�b �+�H�Q�b�2 �i�Q �x�2�`�Q�-� j �B�b
�b�v�K�K�2�i�`�B�+ ���#�Q�m�i �i�?�2 �K�2���M�� �- ���M�/ �B�7�b2 �B�b �M�2�;���i�B�p�2 �Q�` �T�Q�b�B�i�B�p�2�-� j �B�b �b�F�2�r�2�/ ���M�i�B�+�H�Q�+�F�r�B�b�2
�Q�` �+�H�Q�+�F�r�B�b�2 �`�2�b�T�2�+�i�B�p�2�H�v�X �A�7�ap = 1 �i�?�2�M ���H�H� j ���`�2 �2�[�m���H�- �U�B�X�2�X �i�?�2 �?�B�;�?�2�b�i �F�m�`�i�Q�b�B�b�V�X
�h�?�2�b�i���M�/��� �̀/�B�b�2�/�K�2���b�m�`�2�b �7�Q�`�+�B� �̀+�m�H���` �b�F�2�rŝ ���M�/�+�B� �̀+�m�H���` �F�m�`�i�Q�b�B�bk̂ ���`�2�,



�9�X�R�X �*�B�`�+�m�H���` �a�i���i�B�b�i�B�+�b�, �J�2�i�?�Q�/�b �8�8

ŝ =
�b2

�
1 � �R

� 3
2

�U�9�X�R�e�V

k̂ =
�a2 � �R4

�
1 � �R

� 2 �U�9�X�R�d�V

�h�?�2 �B�M�i�2�`�T�`�2�i���i�B�Q�M �Q�7ŝ �B�b �b�B�K�B�H���` �i�Q�b2�- �B�7ŝ �B�b �+�H�Q�b�2 �i�Q �x�2�`�Q�-� j �B�b �b�v�K�K�2�i�`�B�+ ���#�Q�m�i
�i�?�2 �K�2���M�� �- ���M�/ �B�7ŝ �B�b �M�2�;���i�B�p�2 �Q�` �T�Q�b�B�i�B�p�2�-� j �B�b �b�F�2�r�2�/ ���M�i�B�+�H�Q�+�F�r�B�b�2 �Q�` �+�H�Q�+�F�r�B�b�2
�`�2�b�T�2�+�i�B�p�2�H�v�X �>�Q�r�2�p�2�`�- �B�7� j �B�b �+�H�Q�b�2 �i�Q �i�?�2 �M�Q�`�K���H �/�B�b�i�`�B�#�m�i�B�Q�Mk̂ �r�B�H�H �#�2 �+�H�Q�b�2 �i�Q �x�2�`�Q�-
�i�?�B�b �B�b �#�2�+���m�b�2�a2 � �R4 �U�B�X�2�X �r�?�2�M�a2 ' 1 �b�Q �B�b�R4 ' 1�V�X

�����������������(�S�B�Q�I�J�D�B�M �3�F�Q�S�F�T�F�O�U�B�U�J�P�O �P�G �$�J�S�D�V�M�B�S �4�U�B�U�J�T�U�J�D�T
�*�B�`�+�m�H���` �/���i�� �B�b �M�Q�`�K���H�H�v �/�B�b�T�H���v�2�/ �Q�M �r�?���i �B�b �F�M�Q�r�M ���b ���+�B� �̀+�m�H���` �?�B�b�i�Q�;� �̀��K�X
�6�B�;�m�`�2�9�X�9�B�H�H�m�b�i�`���i�2�b �i�r�Q �b�2�i�b �Q�7 �/���i�� �Q�M �+�B�`�+�m�H���` �?�B�b�i�Q�;�`���K�b�- �r�?�2�`�2 �� �`���B�M�#�Q�r �+�Q�H�Q�m�`
�K���T �?���b �#�2�2�M �m�b�2�/ �i�Q �/�B�b�T�H���v �i�?�2 �/���i���X �1���+�? �T���`�i�B�+�m�H���` �+�Q�K�T�Q�M�2�M�i �7�`�Q�K �� �b�2�i �Q�7 �/���i��
� j �B�b �`�2�T�`�2�b�2�M�i�2�/ �#�v �� �/�Q�i �Q�M �i�?�2 �Q�m�i�b�B�/�2 �Q�7 �i�?�2 �+�Q�H�Q�m�` �K���T�X �h�?�2 �H�2�M�;�i�? �Q�7 �i�?�2 ���`�`�Q�r
�B�M�/�B�+���i�2�b �i�?�2 �p���H�m�2 �Q�7R ���M�/ �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �Q�7 �i�?�2 ���`�`�Q�r �B�b �i�?�2 �+�B�`�+�m�H���` �K�2���M� �X

1
2 �

3
2 �

0�

1
4 �3

4 �

5
4 � 7

4 �

�U���Vn = 3 �-R = 0 :2365���M�/� = 0 :7032

1
2 �

3
2 �

0�

1
4 �3

4 �

5
4 � 7

4 �

�U�#�Vn = 1500�-R = 0 :9977���M�/� = 1 :2099

�6�B�;�m�`�2 �9�X�9�X�,�*�B�`�+�m�H���` �?�B�b�i�Q�;�`���K�- �r�?�2�`�2 �2���+�? �/�Q�i �Q�M �i�?�2 �Q�m�i�b�B�/�2 �Q�7 �i�?�2 �`���B�M�#�Q�r �+�Q�H�Q�m�`
�K���T �`�2�T�`�2�b�2�M�i�b �i�?�2 �p���H�m�2 �Q�7 ���M �B�M�/�B�p�B�/�m���H �2�H�2�K�2�M�i

�6�B�;�m�`�2�9�X�9�U���V �B�H�H�m�b�i�`���i�2�b �� �b�2�i �Q�7 �/���i�� �Q�7�+��� �̀/�B�M���H�B�i�v�i�?�`�2�2�- �r�?�2�`�2 ���H�H �Q�7 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M�b
���`�2 �r�B�/�2�H�v �/�B�b�T�2�`�b�2�/�X �6�B�;�m�`�2�9�X�9�U�#�V �B�H�H�m�b�i�`���i�2�b �� �b�2�i �Q�7�+��� �̀/�B�M���H�B�i�v�R�8�y�y�- �r�?�2�`�2 ���H�H �Q�7 �i�?�2
�Q�`�B�2�M�i���i�B�Q�M�b �}�i �� �T�m�`�T�Q�b�2�H�v �b�F�2�r�2�/ �M�Q�`�K���H �/�B�b�i�`�B�#�m�i�B�Q�M�c �i�?�2 �b�F�2�r �B�b� 0:9027�U�b�F�2�r�2�/
�B�M �i�?�2 ���M�i�B�+�H�Q�+�F�r�B�b�2 �/�B�`�2�+�i�B�Q�M�V ���M�/ �i�?�2 �F�m�`�i�Q�b�B�b �B�b� 0:8153�X

�����������������"�Y�J�B�M �E�B�U�B
���t�B���H �/���i�� �B�b �r�2�H�H �F�M�Q�r�M �B�M �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+���H �K�2�i�?�Q�/�b ���M�/ �B�b �i�?�2 �b�i�m�/�v �Q�7 �+�B�`�+�m�H���`
���t�2�b �(�d�R�)�X �a�B�M�+�2 �i�?�2 ���M�;�H�2 �Q�7 �Q�T�T�Q�b�B�M�; �p�2�+�i�Q�`�b �U�b�2�2 �}�;�m�`�2�9�X�8�V�b�?��� �̀2 �i�?�2 �b���K�2 ���t�B�b�U�B�X�2�X
� = � + � �V�X �A�i �7�Q�H�H�Q�r�b �i�?���i �7�Q�` ���M�v ���t�2�b�- �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �+���M �#�2 �2�t�T�`�2�b�b�2�/ ���b� = � �K�Q�/� �X
�h�?�2�`�2�7�Q�`�2�- ���t�B���H �/���i�� �b�T���M�b �i�?�2 �`���M�;�2� = [0; � )�X �� �b�B�M�;�H�2���t�B�b�+���M �#�2 �B�M�i�2�`�T�`�2�i�2�/ ���b



�8�e �9�X �*�B�`�+�m�H���` �a�i���i�B�b�i�B�+�b�, �_�2�p�B�2�r ���M�/ �6�`���K�2�r�Q�`�F

�i�r�Q �Q�T�T�Q�b�B�M�; �p�2�+�i�Q�`�b �#�2�+���m�b�2 �#�v �i�?�2 �/�2�}�M�B�i�B�Q�M�-� = � + � �X �h�?�B�b �B�b �B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2
�9�X�8�U�#�V�X

0

� 1

3�
2

�
2

�

� 2

�U���V�*�B�`�+�m�H���` �/���i���,� 1 ���M�/� 2

0

� 1 = � 2�K�Q�/�

�
2

�
2

�

�U�#�V���t�B���H �*�B�`�+�m�H���` �/���i���,� 1 ���M�/ � 2 ���`�2
�2�[�m�B�p�2�H�2�M�i

�6�B�;�m�`�2 �9�X�8�X�,�h�?�2 �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �+�B�`�+�m�H���` ���M�/ ���t�B���H �/���i��

�h�?�B�b �B�b �i�?�2 �Q�T�T�Q�b�B�M�; �Q�`�B�2�M�i���i�B�Q�M �T�`�Q�#�H�2�K�- �/�B�b�+�m�b�b�2�/ �B�M �i�?�2 �B�M�i�`�Q�/�m�+�i�B�Q�M �i�Q �i�?�B�b �+�?���T�i�2�`�X

�h�?�2 �K�2�i�?�Q�/ �7�Q�` �+���H�+�m�H���i�B�M�; �i�?�2 �K�2���M �Q�7 ���t�B���H �/���i�� �B�b �b�B�K�T�H�v�/�Q�m�#�H�B�M�;���H�H �Q�7 �i�?�2 ���M�;�H�2�b
�B�M �� �b�2�i�- �i�`�2���i�B�M�; �B�i ���b �+�B�`�+�m�H���` �/���i���- �+���H�+�m�H���i�B�M�; �i�?�2 �K�2���M�- �#�v �2�[�m���i�B�Q�M�9�X�9�- �i�?�2�M�?���H�p�B�M�;
�i�?�2 �`�2�b�m�H�i�X �h�?�B�b �T�`�Q�+�2�b�b �B�b �B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2�9�X�e�X

�:�B�p�2�M �i�r�Q ���M�;�H�2�b�-d�- �i�?�2�/�B� �̀2�+�i�B�Q�M ���M�/ �/�B�b�i���M�+�2�#�2�i�r�2�2�M �i�?�2�b�2 ���M�;�H�2�b �B�b �/�2�}�M�2�/ ���b �,

d =
1
2

(� � j � � j 2� 1 � 2� 2jj ) �U�9�X�R�3�V

�a�Q�- �7�Q�` �� �b�2�i �Q�7 ���t�B���H �/���i��� j �- �i�?�2���t�B���H �+�B� �̀+�m�H���` �K�2���M�/�B�`�2�+�i�B�Q�M�-� �B�b �7�Q�m�M�/ �#�v�,

� =
���i���M�k(b; a)

2
�U�9�X�R�N�V

�r�?�2�`�2

a =
1
n

nX

j =1

�+�Q�b2� j

b =
1
n

nX

j =1

�b�B�M2� j

�U�9�X�k�y�V



�9�X�R�X �*�B�`�+�m�H���` �a�i���i�B�b�i�B�+�b�, �J�2�i�?�Q�/�b �8�d

x

y

� 1

� 2

�U���V� 1 ���M�/� 2

x

y

2� 1�-2� 2

�U�#�V2� 1 ���M�/2� 2

x

y

(a; b)

��

�U�+�V�*�2�M�i�`�2 �Q�7 �K���b�b �Q�72� 1 ���M�/
2� 2 �U�`�2�/�V ���M�/ �}�M���H �2�b�i�B�K���i�2
��

�6�B�;�m�`�2 �9�X�e�X�,�P�T�T�Q�b�B�M�; �Q�`�B�2�M�i���i�B�Q�M �T�`�Q�#�H�2�K�,� i =
�

�
8

;
9�
8

�

���H�H �Q�i�?�2�` �b�i���i�B�b�i�B�+�b �/�2�}�M�2�/ �7�Q�` �+�B�`�+�m�H���` �/���i�� ���T�T�H�v �2�[�m���H�H�v �i�Q ���t�B���H �/���i���- �r�B�i�?�Q�m�i �i�?�2
�M�2�2�/ �7�Q�` �7�m�`�i�?�2�` �K�Q�/�B�}�+���i�B�Q�M�b �(�d�k�)�X

�������������$�P�N�Q�B�S�J�T�P�O �P�G �U�I�F �'�J�O�H�F�S�Q�S�J�O�U �B�O�E �"�Y�J�B�M �$�J�S�D�V�M�B�S �4�U�B�U�J�T�U�J�D�T
�.�F�U�I�P�E �G�P�S �V�T�F �J�O �0�S�J�F�O�U�B�U�J�P�O �&�T�U�J�N�B�U�J�P�O

�h�?�2 �+�Q�M�+�2�T�i �Q�7 �ö�/�Q�m�#�H�B�M�; �i�?�2 ���M�;�H�2�b�ö �(�d�j�) �B�b �M�Q�r �r�B�/�2�H�v �m�b�2�/ �B�M �7�`�B�+�i�B�Q�M �`�B�/�;�2 ���M���H�v�b�B�b�-
���b ���M ���i�i�2�K�T�i �i�Q �b�Q�H�p�2 �i�?�2 �ö�Q�T�T�Q�b�B�M�; �Q�`�B�2�M�i���i�B�Q�M �T�`�Q�#�H�2�K�ö �U�/�2�b�+�`�B�#�2�/ ���i �i�?�2 �b�i���`�i �Q�7
�+�?���T�i�2�`�9�V�X �h�?�2 �B�/�2�� �B�b �i�Q �/�Q�m�#�H�2 �i�?�2 ���M�;�H�2�b �Q�7 �2���+�? �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2 �b�Q �i�?���i
�Q�T�T�Q�b�B�M�; �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b ���`�2 �M�Q�r �B�M�@�H�B�M�2 �r�B�i�? �2���+�? �Q�i�?�2�`�X �h�?�2 �/���i�� �r�B�H�H �M�Q�r �H�B�2
�B�M �i�?�2 �`���M�;�20 � � < 4� �- �i�?�B�b �B�b �2�[�m�B�p���H�2�M�i�- �B�M ���t�B���H �/���i�� �i�2�`�K�b�- �i�Q �r�`���T�T�B�M�; �i�?�2 �/���i��
�i�r�B�+�2 ���#�Q�m�i �i�?�2 �+�B�`�+�m�H���` ���t�B�b�X �h�?�2 �K�2�i�?�Q�/ �+���H�+�m�H���i�2�b �i�?�2 ���p�2�`���;�2 �Q�`�B�2�M�i���i�B�Q�M� �7�`�Q�K
�i�?�2 �b�2�i �Q�7 �Q�`�B�2�M�i���i�B�Q�M �/���i��� i �U�b�B�K�B�H���` �i�Q �i�?���i �b�?�Q�r�M �B�M �}�;�m�`�2�9�X�j�V �m�b�B�M�; �2�[�m���i�B�Q�M�9�X�k�R
�#�2�H�Q�r�X

� =
�
4

+
1
2

���i���M�k(2Gxy ; Gxx � Gyy) �U�9�X�k�R�V

�q�?�2�`�2�,

Gxy =
P

�+�Q�b� i �b�B�M� i

Gxx =
P

�+�Q�b2 � i

Gyy =
P

�b�B�M2 � i

�h�?�B�b �?���b �H�2�/ �i�Q �r�?���i �B�b �F�M�Q�r�M ���b �i�?�2�+�Q�?�2� �̀2�M�+�2�(�8�e�)�- �r�?�B�+�? �B�b �b���B�/ �i�Q �#�2�K�2���b�m� �̀2 �Q�7
�/�B�b�T�2�`�b�B�Q�M�- �/�2�M�Q�i�2�/ ���br �,

r =

q
(Gxx � Gyy)2 + 4G2

xy

Gxx + Gyy
�U�9�X�k�k�V

���b �r���b �b�?�Q�r�M �B�M �b�2�+�i�B�Q�M�9�X�R�X�R�X�j�- �i�?�2�Q�T�T�Q�b�B�M�; �Q�`�B�2�M�i���i�B�Q�M �T� �̀Q�#�H�2�K�B�b �b�Q�H�p�2�/ �7�Q�`�K���H�H�v
�#�v �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7 �i�?�2�+�B� �̀+�m�H���` �K�2���M �r�?�2�M �m�b�B�M�; ���t�B���H �/���i���- �2�[�m���i�B�Q�M�9�X�R�N�X �>�2�M�+�2 �i�?�2



�8�3 �9�X �*�B�`�+�m�H���` �a�i���i�B�b�i�B�+�b�, �_�2�p�B�2�r ���M�/ �6�`���K�2�r�Q�`�F

�`�2�b�m�H�i �Q�7 �#�Q�i�? �2�[�m���i�B�Q�M�b�9�X�k�R���M�/�9�X�R�N���`�2 �B�/�2�M�i�B�+���H�- �;�B�p�2�M �i�?�2 �b���K�2 �b�2�i �Q�7 �/���i��� i �X �A�M
���/�/�B�i�B�Q�M�- �i�?�2�K�2���M � �̀2�b�m�H�i���M�i �H�2�M�;�i�?�Q�7 �/���i��� i �T�`�Q�/�m�+�2�b �B�/�2�M�i�B�+���H �`�2�b�m�H�i�b �i�Q �i�?���i �Q�7 �i�?�2
�+�Q�?�2� �̀2�M�+�2�Q�7 �/���i��� i �X

�h�Q �+�Q�K�T���`�2 �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �2�{�+�B�2�M�+�v �Q�7 �i�?�2 �i�r�Q �i�2�+�?�M�B�[�m�2�b �� �b�K���H�H �b�+���H�2 �2�t�T�2�`�B�K�2�M�i
�?���b �#�2�2�M �T�2�`�7�Q�`�K�2�/�X �6�Q�` �i�?�2 �T�m�`�T�Q�b�2 �Q�7 �i�?�B�b �+�Q�K�T���`�B�b�Q�M�- �i�?�2 �K�2�i�?�Q�/�b ���`�2 �`�2�7�2�`�`�2�/ �i�Q
���b �i�?�2�6�B�M�;�2�`�T�`�B�M�i �K�2�i�?�Q�/���M�/ �i�?�2���t�B���H �+�B� �̀+�m�H���` �b�i���i�B�b�i�B�+�b �K�2�i�?�Q�/�X�a�B�t �2�t�T�2�`�B�K�2�M�i�b
�r�2�`�2 �T�2�`�7�Q�`�K�2�/�- �Q�M�2 �i�?�Q�m�b���M�/ �i�B�K�2�b �7�Q�` �i�?�2 �b���K�2 �b�2�i �Q�7 �`���M�/�Q�K �/���i���- �7�Q�` �2���+�? �K�2�i�?�Q�/�X
�6�B�;�m�`�2�9�X�d�B�H�H�m�b�i�`���i�2�b �i�?�2 �`�2�b�m�H�i�b �Q�7 �i�?�2 �2�t�T�2�`�B�K�2�M�i �Q�M �� �H�Q�;�@�H�Q�; �b�+���H�2�- �r�?�2�`�2 �B�i �+���M
�#�2 �b�2�2�M �i�?���i �i�?�2 ���t�B���H �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b �K�2�i�?�Q�/ �B�b �i�?�2 �K�Q�`�2 �2�{�+�B�2�M�i�X �h�?�B�b �K���v �#�2
�i�?�2 �`�2�b�m�H�i �Q�7 �i�?�2 ���/�/�B�i�B�Q�M���H �+�Q�K�T�m�i���i�B�Q�M �`�2�[�m�B�`�2�/ �i�Q �+���H�+�m�H���i�2 �i�?�2 ���/�/�B�i�B�Q�M���H �i�?�B�`�/
�T���`���K�2�i�2�` �B�M �i�?�2 �}�M�;�2�` �T�`�B�M�i �K�2�i�?�Q�/�X

101 102 103 104 105 106

10� 2

10� 1

100

101

102

�G�2�M�;�i�? �Q�7� �Un�V

�h
�B

�K
�2

�U
�b

�2
�+

�Q
�M

�/�
b�

V

�6�B�M�;�2�`�T�`�B�M�i �J�2�i�?�Q�/
���t�B���H �*�B�`�+�m�H���` �a�i���i�B�b�i�B�+�b

�6�B�;�m�`�2 �9�X�d�X�,�1�t�2�+�m�i�B�Q�M �i�B�K�2 �7�Q�` �K�2���M ���M�/ �/�B�b�T�2�`�b�B�Q�M

�������������$�P�O�D�M�V�T�J�P�O�T
�h�?�2 �+�?���T�i�2�` �?���b �B�M�i�`�Q�/�m�+�2�/ �i�?�2 �+�Q�M�+�2�T�i �Q�7 �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b�X �h�?�2 �m�b�2 �Q�7 �i�?�2 ���T�T�`�Q�T�`�B���i�2
�+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b �?���b �#�2�2�M �b�?�Q�r�M �i�Q �T�`�Q�/�m�+�2 �2�[�m�B�p���H�2�M�i �`�2�b�m�H�i�b �i�Q ���M ���/�@�?�Q�+ �K�2�i�?�Q�/
�7�Q�` �+���H�+�m�H���i�B�Q�M �Q�7 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M�- �r�?�B�H�b�i �`�2�/�m�+�B�M�; �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v�X �>�Q�r�2�p�2�`�-
�m�M�H�B�F�2 ���/�@�?�Q�+ ���T�T�`�Q���+�?�2�b�- �i�?�2 �7�Q�`�K���H �7�`���K�2 �r�Q�`�F �Q�7 �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b �?���b �2�t�i�2�M�b�B�Q�M�b
�7�Q�` �?�B�;�?�2�` �Q�`�/�2�` �b�i���i�B�b�i�B�+�b�X

�A�i �r�B�H�H �#�2 �b�?�Q�r�M �B�M �+�?���T�i�2�`�d�i�?���i �?�B�;�?�2�` �Q�`�/�2�` �b�i���i�B�b�i�B�+�b �+���M �#�2 �m�b�2�/ �B�M �i�?�2 �B�/�2�M�i�B�}�+���i�B�Q�M
�Q�7 �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2�b�X



�*�?���T�i�2�` �8

�P�`�B�2�M�i���i�B�Q�M �1�b�i�B�K���i�B�Q�M
�a�B�M�+�2 �i�?�2 �7�2���i�m�`�2�b �B�M �#�Q�i�? ���S�A�a ���M�/ ���6�A�a ���`�2 �/�2�`�B�p�2�/ �7�`�Q�K �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/�- �i�?�2 �2�7�@
�}�+���+�v ���M�/ ���+�+�m�`���+�v �Q�7 �`�2�H�B���#�H�2 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b �B�b �� �r�2�H�H �b�i�m�/�B�2�/ �i�Q�T�B�+ �(�e�)�X �a�2�+�i�B�Q�M
�j �b�?�Q�r�b �i�?���i �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �Q�T�2�`���i�Q�`�b �#�`�Q���/�H�v �}�i �B�M�i�Q �i�?�`�2�2 �+���i�2�;�Q�`�B�2�b �Q�7 �K�2�i�?�Q�/�Q�@
�H�Q�;�v �M���K�2�H�v�c�7� �̀2�[�m�2�M�+�v�#���b�2�/�-�b�H�B�i�#���b�2�/ ���M�/�;� �̀��/�B�2�M�i�#���b�2�/�X �"�Q�i�? �7�`�2�[�m�2�M�+�v ���M�/ �b�H�B�i
�#���b�2 �K�2�i�?�Q�/�b �`�2�b�m�H�i �B�M �� �/�B�b�+�`�2�i�2 �b�2�i �Q�7 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b ���M�/ �i�?�m�b ���`�2 �B�M�?�2�`�2�M�i�H�v
�H�2�b�b ���+�+�m�`���i�2 �i�?���M �i�?�2 �+�Q�M�i�B�M�m�Q�m�b �2�b�i�B�K���i�2 �T�`�Q�/�m�+�2�/ �#�v �i�?�2 �;�`���/�B�2�M�i �#���b�2�/ �K�2�i�?�Q�/�X
�h�?�2�`�2�7�Q�`�2�- �i�?�B�b �+�?���T�i�2�` �r�B�H�H �Q�M�H�v �#�2 �+�Q�M�+�2�`�M�2�/ �r�B�i�?�;� �̀��/�B�2�M�i �#���b�2�/ �K�2�i�?�Q�/�b�X

�h�?�2�b�2 �K�2�i�?�Q�/�b �2�b�i�B�K���i�2 �i�?�2 �;�`���/�B�2�M�i �B�M �i�?�2x ���M�/y �/�B�`�2�+�i�B�Q�M�b �Q�7 �i�?�2 �B�K���;�2 �7�Q�` �2���+�?
�T�B�t�2�H ���M�/ �i�?�2�M �m�b�2 �;�`���/�B�2�M�i�b �i�Q �+���H�+�m�H���i�2 ���M �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2 �7�Q�`�2���+�? �T�B�t�2�H�B�M �i�?�2
�B�K���;�2 �T�H���M�2�X

�h�?�B�b �+�?���T�i�2�` �B�M�p�2�b�i�B�;���i�2�b �i�r�Q �/�B�z�2�`�2�M�i �7�Q�`�K�b �Q�7 �;�`���/�B�2�M�i �#���b�2�/ �Q�T�2�`���i�Q�`�X �6�B�`�b�i�H�v�- �� �j �#�v
�j �B�b�Q�K�Q�`�T�?�B�+ �F�2�`�M�2�H ���b �m�b�2�/ �B�M �(�d�9�)�X �A�i �B�b �b�?�Q�r�M �i�?���i �i�?�2 �/�2�b�B�;�M �Q�7 �T�`�2�p�B�Q�m�b �F�2�`�M�2�H�b �r�2�`�2
�M�Q�i �Q�T�i�B�K���H �7�Q�` �}�+�i�B�Q�M �`�B�/�;�2 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�B�Q�M ���M�/ �� �K�2�i�?�Q�/ �7�Q�` �i�?�2 �/�2�`�B�p���i�B�Q�M �Q�7
�Q�T�i�B�K���H �F�2�`�M�2�H�b �B�b �T�`�Q�p�B�/�2�/�X

�a�2�+�Q�M�/�H�v�- �� �a�T�?�2�`�B�+���H �[�m���/�`���i�m�`�2 �}�H�i�2�` �U�a�Z�6�ö�b�V �B�b �B�M�i�`�Q�/�m�+�2�/ �r�?�B�+�? �T�`�Q�p�B�/�2�b �� �#�2�i�i�2�`
�Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b �i�?���M �+���M �#�2 �T�`�Q�p�B�/�2�/ �#�v �i�?�2 �Q�T�i�B�K���H �j �#�v �j �B�b�Q�K�Q�`�T�?�B�+ �F�2�`�M�2�H�X

�A�i �r�B�H�H �b�?�Q�r�M �i�?���i �#�Q�i�? �j �#�v �j �F�2�`�M�2�H�b ���M�/ �a�Z�6�ö�b �?���p�2 �b�+���H�B�M�; �7���+�i�Q�`�b �r�?�B�+�? ���z�2�+�i
�i�?�2 ���+�+�m�`���+�v �Q�7 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b�X �J���M�B�T�m�H���i�B�M�; �i�?�2 �b�+���H�2 �7���+�i�Q�` �B�b �m�b�2�/ �i�Q �K���i�+�?
�i�?�2 �}�H�i�2�` �i�Q �i�?�2 �r���p�2�H�2�M�;�i�? �Q�7 �7�2���i�m�`�2�b ���M�/ �B�M �b�Q �/�Q�B�M�;�- �B�K�T�`�Q�p�2 �i�?�2 ���+�+�m�`���+�v �Q�7 �i�?�2
�2�b�i�B�K���i�2�X

�>�Q�r�2�p�2�`�- �;�`���/�B�2�M�i �#���b�2�/ �K�2�i�?�Q�/�b �/�Q �b�m�z�2�` �H�Q�b�b �Q�7 ���+�+�m�`���+�v �B�M ���`�2���b �Q�7�b�K���H�H �+�?���M�;�2�b �B�M
�B�M�i�2�M�b�B�i�v���M�/ ���i �K���t�B�K�� ���M�/ �K�B�M�B�K�� �U�B�X�2�X�T�2���F�b���M�/�p���H�H�2�v�b�V �(�9�d�)�X ���i �i�?�2�b�2 �T�Q�B�M�i�b �i�?�2
�`�2�b�m�H�i�B�M�; �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b ���`�2 �m�M�`�2�H�B���#�H�2�X ���`�2���b �Q�7 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �T�`�Q�p�B�/�2 �`�2�H���i�B�p�2�H�v
�?�B�;�? �+�?���M�;�2�b �B�M �B�M�i�2�M�b�B�i�v�- �2�t�+�2�T�i ���i �i�?�2 �K���t�B�K�� ���M�/ �K�B�M�B�K���X �A�M �}�;�m�`�2�8�X�R�- ���M �B�K���;�2
�`�2�T�`�2�b�2�M�i�B�M�; �� �b�2�i �Q�7 �j �7�`�B�+�i�B�Q�M �`�B�/�;�2�b ���M�/ �� �;�`���T�? �`�2�T�`�2�b�2�M�i�B�M�; �i�?�2 �;�`�2�v�b�+���H�2 �p���H�m�2�b �Uz
�/�B�`�2�+�i�B�Q�M �B�M �i�?�2 �;�`���T�?�V ���b �� �?�Q�`�B�x�Q�M�i���H �b�H�B�+�2 �i�?�`�Q�m�;�? �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �B�b �B�H�H�m�b�i�`���i�2�/�X
�h�?�2 �T�2���F�b �U�B�X�2�X �K���t�B�K���V ���`�2 �B�H�H�m�b�i�`���i�2�/ �#�v �i�?�2 �#�H�m�2 ���`�`�Q�r�b�- �i�?�2 �p���H�H�2�v�b �U�B�X�2�X �K�B�M�B�K���V
���`�2 �`�2�T�`�2�b�2�M�i�2�/ �#�v �i�?�2 �`�2�/ ���`�`�Q�r�b ���M�/ �i�?�2 �b�K���H�H �+�?���M�;�2�b �B�M �B�M�i�2�M�b�B�i�v ���`�2 �B�H�H�m�b�i�`���i�2�/
�#�v �i�?�2 �;�`�2�2�M ���`�`�Q�r�b�X �h�?�2 �?�B�;�? �+�?���M�;�2 �B�M �B�M�i�2�M�b�B�i�v �+�Q�`�`�2�b�T�Q�M�/�b �i�Q ���`�2���b �r�?�B�+�? �/�Q �M�Q�i
�+�Q�M�i���B�M ���`�`�Q�r�b�- �r�?�B�+�? ���`�2 ���`�2���b �r�?�2�`�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �Q�+�+�m�`�X

�8�N



�e�y �8�X �P�`�B�2�M�i���i�B�Q�M �1�b�i�B�K���i�B�Q�M

�8 �R�y �R�8 �k�y �k�8 �j�y �j�8 �9�y

�y�X�k�8

�y�X�8

�y�X�d�8

�R

x

z

�6�B�;�m�`�2 �8�X�R�X�,�� �7�`�B�+�i�B�Q�M �`�B�/�;�2 �B�H�H�m�b�i�`���i�B�M�; �m�M�`�2�H�B���#�H�2 �2�b�i�B�K���i�2�b �, �J�B�M�B�K�� �U�`�2�/�V�- �K���t�B�K��
�U�#�H�m�2�V ���M�/ �H�Q�r �+�?���M�;�2 �B�M �B�M�i�2�M�b�B�i�v �U�;�`�2�2�M�V�X

�A�i �r�B�H�H �#�2 �b�?�Q�r�M �H���i�2�` �B�M �i�?�2 �+�?���T�i�2�` �i�?���i �i�?�2 �K���;�M�B�i�m�/�2 �Q�7 �i�?�2 �;�`���/�B�2�M�i �+���M �#�2 �m�b�2�/
�i�Q �B�/�2�M�i�B�7�v �i�?�2�b�2 �m�M�`�2�H�B���#�H�2 �2�b�i�B�K���i�2�b ���M�/ �i�?�2�v �+���M �#�2 �`�2�K�Q�p�2�/�X

�h�?�2 �+�?���T�i�2�` �B�b �b�i�`�m�+�i�m�`�2�/ ���b �7�Q�H�H�Q�r�b�,

�Ç �a�2�+�i�B�Q�M�8�X�R�B�M�i�`�Q�/�m�+�2�b �i�?�2 �i�2�b�i �B�K���;�2�b �i�?���i �b�?���H�H �#�2 �m�b�2�/ �B�M �H���i�2�` �b�2�+�i�B�Q�M�b�- �i�Q
�p�2�`�B�7�v �i�?�2 ���+�+�m�`���+�v �Q�7 �;�`���/�B�2�M�i �#���b�2�/ �K�2�i�?�Q�/�b�X

�Ç �a�2�+�i�B�Q�M�8�X�k�/�2�}�M�2�b �� �b�+���H�2 �7���+�i�Q�` �7�Q�` �j �#�v �j �F�2�`�M�2�H ���M�/ �/�2�`�B�p�2�b ���M �Q�T�i�B�K���H �p���H�m�2 �7�Q�`
�7�`�B�+�i�B�Q�M �`�B�/�;�2 �Q�`�B�2�M�i���i�B�Q�M ���M�/ �i�?�2�M �+�Q�K�T���`�2�b ���M�/ �2�p���H�m���i�2�b �i�?�2 ���+�+�m�`���+�v ���;���B�M�b�i
�Q�7 �`���M�;�2 �Q�7 �b�2�H�2�+�i�2�/ �j �#�v �j �F�2�`�M�2�H�b�X

�Ç �a�2�+�i�B�Q�M�8�X�j�B�M�i�`�Q�/�m�+�2�b �a�Z�6�ö�b ���M�/ �i�?�2�B�` ���b�b�Q�+�B���i�2�/ �b�+���H�2 �7���+�i�Q�`�- �B�i �i�?�2�M �T�`�Q�p�B�/�2�b ��
�M�Q�`�K���H�B�b���i�B�Q�M �K�2�i�?�Q�/�Q�H�Q�;�v �r�?�B�+�? ���H�H�Q�r�b �i�?�2 �+�Q�K�T���`�B�b�Q�M �Q�7 ���H�i�2�`�M���i�B�p�2 �a�Z�6�b ���M�/
�}�M���H�H�v �/�2�`�B�p�2�b ���M �Q�T�i�B�K���H �b�+���H�2 �7�Q�` �i�?�2 �+�?�Q�b�2�M �a�Z�6�X

���������4�Z�O�U�I�F�U�J�D �5�F�T�U �*�N�B�H�F
�h�Q �i�2�b�i �i�?�2 ���+�+�m�`���+�v �Q�7 �;�`���/�B�2�M�i �#���b�2�/ �K�2�i�?�Q�/�b�- �b�v�M�i�?�2�i�B�+ �B�K���;�2�b ���`�2 �+�`�2���i�2�/ �m�b�B�M�;
�� �7�m�M�+�i�B�Q�M �i�?���i ���T�T�`�Q�t�B�K���i�2�b �i�?�2 �T�`�Q�T�2�`�i�B�2�b �Q�7 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b�X �a�B�M�+�2 �i�?�2 �7�m�M�+�i�B�Q�M �B�b
�/�2�}�M�2�/ �2�t�T�H�B�+�B�i�H�v�- �i�?�2 �T���`�i�B���H �/�2�`�B�p���i�B�p�2�b �+���M ���H�b�Q �#�2 �7�Q�m�M�/ �2�t�T�H�B�+�B�i�H�v�X �h�?�m�b�- �i�?�2 �Q�`�B�@
�2�M�i���i�B�Q�M �}�2�H�/ �Q�7 �i�?�2 �7�m�M�+�i�B�Q�M �B�b �F�M�Q�r�M�� �T�`�B�Q�`�B���M�/ �b�Q �B�i �+���M �#�2 �m�b�2�/ �i�Q �/�B�`�2�+�i�H�v �+�Q�K�T���`�2
�i�?�2 ���+�+�m�`���+�v �Q�7 ���H�i�2�`�M���i�B�p�2 �;�`���/�B�2�M�i �#���b�2�/ �K�2�i�?�Q�/�b �7�Q�` �2���+�? �T�B�t�2�H �B�M �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/�X

���M���H�v�b�B�b �b�B�K�B�H���` �i�Q �i�?�2 �K�2�i�?�Q�/ �m�b�2�/ �B�M �i�?�B�b �b�2�+�i�B�Q�M �?���b �#�2�2�M �T�2�`�7�Q�`�K�2�/ �B�M �(�d�8�-�d�e�-�d�9�)�-
�?�Q�r�2�p�2�`�- �B�M �i�?�Q�b�2 �+���b�2�b �� �6�`�2�b�M�2�H �T���i�i�2�`�M �B�b �m�b�2�/ �r�?�B�+�? �+�Q�M�i���B�M�b �p���`�v�B�M�; �r���p�2�H�2�M�;�i�?�b�X
�A�M �Q�`�/�2�` �i�Q �#�2�i�i�2�` ���T�T�`�Q�t�B�K���i�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �~�Q�r�- �i�?�B�b ���M���H�v�b�B�b �m�b�2�b �� �i�2�b�i �B�K���;�2
�+�Q�M�i���B�M�B�M�; ���}�t�2�/ �r���p�2�H�2�M�;�i�?�- �r�?�B�+�? �B�b �i�?�2�M �p���`�B�2�/ �Q�p�2�` �i�?�2 �`���M�;�2 �Q�7 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b
�r���p�2�H�2�M�;�i�?�b�X

�S�`�2�p�B�Q�m�b �b�i�m�/�B�2�b �?���p�2 �m�b�2�/ �� �K�2���b�m�`�2 �Q�7 �i�?�2 �/�B�b�i���M�+�2 �#�2�i�r�2�2�M �i�r�Q ���M�;�H�2�b �U���M���H�Q�;�Q�m�b �i�Q
�2�[�m���i�B�Q�M�9�X�R�V �i�Q �+�Q�K�T���`�2 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �2�`�`�Q�` �Q�7 ���M �Q�T�2�`���i�Q�`�X �>�Q�r�2�p�2�`�- �i�?�2 ���M���H�v�b�B�b �B�M
�i�?�B�b �+�?���T�i�2�` �B�b �T�2�`�7�Q�`�K�2�/ �m�b�B�M�; �i�?�2�/�B� �̀2�+�i�B�Q�M���H ���M�;�m�H���` �/�B�b�i���M�+�2�- �r�?�B�+�? �/�B�z�2�`�b �7�`�Q�K
�2�[�m���i�B�Q�M�9�X�R�- �Q�M�H�v �#�v �� �K�2���b�m�`�2 �Q�7 �/�B�`�2�+�i�B�Q�M�X �h�?�B�b �+�Q�M�+�2�T�i �B�b �B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2�8�X�k�-



�8�X�R�X �a�v�M�i�?�2�i�B�+ �h�2�b�i �A�K���;�2 �e�R

�r�?�2�`�2 �B�i �+���M �#�2 �b�2�2�M �i�?���i �T�Q�b�B�i�B�p�2 �K�2�i�`�B�+�b �/�2�M�Q�i�2 �� �+�H�Q�+�F�r�B�b�2 �/�B�`�2�+�i�B�Q�M ���M�/ �M�2�;���i�B�p�2
�K�2�i�`�B�+�b �/�2�M�Q�i�2 ���M ���M�i�B�+�H�Q�+�F�r�B�b�2 �/�B�`�2�+�i�B�Q�M�X

�h�?�2 �/�B�`�2�+�i�B�Q�M���H ���M�;�m�H���` �/�B�b�i���M�+�2dad �B�b �/�2�}�M�2�/ ���b�-

dad(� 1; � 2) = ���i���M�kf �b�B�M(� 1 � � 2) ; �+�Q�b(� 1 � � 2) g �U�8�X�R�V

�A�i �b�?�Q�m�H�/ �#�2 �M�Q�i�2�/ �i�?���i �i�?�2 �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �2�[�m���i�B�Q�M�9�X�R���M�/ �7�Q�` �i�?�2 ���M�;�m�H���`
�/�B�b�i���M�+�2�- �2�[�m���i�B�Q�M�8�X�R�B�bd = jdadj�X

x

y

� 1

� 2dad

�U���Vdad(� 1; � 2) =
�
2

x

y

� 1

� 2dad

�U�#�Vdad(� 2; � 1) = �
�
2

�6�B�;�m�`�2 �8�X�k�X�,�.�B�`�2�+�i�B�Q�M���H ���M�;�m�H���` �/�B�b�i���M�+�2 �#�2�i�r�2�2�M� 1 ���M�/� 2

�������������'�S�J�D�U�J�P�O �3�J�E�H�F �'�M�P�X �.�P�E�F�M�M�F�E �B�T �4�J�O�V�T�P�J�E�B�M �$�J�S�D�V�M�B�S �8�B�W�F�T
�h�?�2 �i�2�b�i �B�K���;�2�-I (u; v; � )�- �B�b �+�Q�M�b�i�`�m�+�i�2�/ ���+�+�Q�`�/�B�M�; �i�Q �2�[�m���i�B�Q�M�8�X�k�r�?�2�`�2u ���M�/v
(u; v) 2 R2 ���`�2 �7�`�2�[�m�2�M�+�v �/�Q�K���B�M �+�Q�Q�`�/�B�M���i�2�b ���M�/� �B�b �b���B�/ �i�Q �#�2 �i�?�2 �r���p�2�H�2�M�;�i�?�-
�K�2���b�m�`�2�/ ���b �i�?�2 �M�m�K�#�2�` �Q�7 �T�B�t�2�H�b �T�2�` �+�v�+�H�2�X �h�?�2 �`���M�;�2 �Q�7 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �r���p�2�H�2�M�;�i�?�b
���`�2� = f 7; 15g �(�e�)

I (u; v; � ) = �+�Q�b
�

2�
�

p
u2 + v2

�
�U�8�X�k�V

�6�B�;�m�`�2�8�X�j�B�H�H�m�b�i�`���i�2�b �i�?�2 �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �i�?�2 �p���`�B���#�H�2�b�X

�8 �R�y �R�8

�@�R

�@�y�X�8

�y�X�8

�R

� = 10

u

z

�6�B�;�m�`�2 �8�X�j�X�,�q���p�2�H�2�M�;�i�? ���M�/ �7�`�2�[�m�2�M�+�vf =
2�
�



�e�k �8�X �P�`�B�2�M�i���i�B�Q�M �1�b�i�B�K���i�B�Q�M

�h�?�2 �i�2�b�i �B�K���;�2 �;�2�M�2�`���i�2�/ �#�v �2�[�m���i�B�Q�M�8�X�k�B�b �B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2�8�X�9�- �r�?�2�`�2 �B�i �+���M �#�2
�b�2�2�M �i�?���i �i�?�2 �7�m�M�+�i�B�Q�M �`�2�T�`�2�b�2�M�i�b �� �b�2�i �Q�7 �b�B�M�m�b�Q�B�/���H �+�B�`�+�m�H���` �r���p�2�b �2�K���M���i�B�M�; �7�`�Q�K �i�?�2
�+�2�M�i�`�2 �Q�7 �i�?�2 �B�K���;�2�X

�h�?�2 �T���`�i�B���H �/�2�`�B�p���i�B�p�2�b �Q�7 �2�[�m���i�B�Q�M�8�X�k�- �r�?�B�+�? �/�2�}�M�2 �i�?�2 �;�`���/�B�2�M�i�b �Q�7I (u; v; � ) ���`�2
�;�B�p�2�M �B�M �2�[�m���i�B�Q�M�b�8�X�j���M�/�8�X�9�B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2�8�X�8�X

@(I (u; v; � ))
@u

=
� 2�u �b�B�M

�
2�
�

p
u2 + v2

�

�
p

u2 + v2
�U�8�X�j�V

@(I (u; v; � ))
@v

=
� 2�v �b�B�M

�
2�
�

p
u2 + v2

�

�
p

u2 + v2
�U�8�X�9�V

�

�U���VI (u; v; � )
�U�#�V

@(I (u; v; � ))
@u

�U�+�V
@(I (u; v; � ))

@v

�6�B�;�m�`�2 �8�X�9�X�,�h�?�2 �i�2�b�i �B�K���;�2 �2�[�m���i�B�Q�M�8�X�k�- ���M�/ �B�i�b �T���`�i�B���H �/�2�`�B�p���i�B�p�2�b�- �2�[�m���i�B�Q�M�b�8�X�j���M�/
�8�X�9�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�h�?�m�b �i�?�2 ���t�B���H �7�Q�`�K �Q�7 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/�-� (u; v; � )�- �B�b �;�B�p�2�M �#�v �2�[�m���i�B�Q�M�8�X�8�X

� (u; v; � ) =
�

�
2

+
1
2

���i���M�k
�

@(I (u; v; � )))
@v

;
@(I (u; v; � ))

@u

��
�K�Q�/� 2 [0; � ) �U�8�X�8�V

�q�?�2�`�2� (u; v; � ) �B�b �M�Q�r ���t�B���H �/���i�� �i�?���i �`�2�T�`�2�b�2�M�i�b �i�?�2� �̀2���H�/�B�`�2�+�i�B�Q�M �Q�7 �i�?�2 �~�Q�r �Q�7 �i�?�2
�7�`�B�+�i�B�Q�M �`�B�/�;�2�b�X

�6�B�;�m�`�2�8�X�8�U���V �B�H�H�m�b�i�`���i�2�b �2�p�2�`�v �}�7�i�? �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2 ���b �� �p�2�+�i�Q�`�- �Q�p�2�`�H���B�/ �m�T�Q�M �i�?�2
�b�v�M�i�?�2�i�B�+ �B�K���;�2 �m�b�B�M�; �i�?�2 �`���B�M�#�Q�r �+�Q�H�Q�m�` �K���T�X



�8�X�k�X �j �"�v �j �E�2�`�M�2�H�b �e�j

�U���Vf (u; v; f ) �U�#�V� (u; v; f )

1
2 �

3
2 �

0�

1
4 �3

4 �

1
4 � 3

4 �

�6�B�;�m�`�2 �8�X�8�X�,�h�?�2 �7�m�M�+�i�B�Q�Mf (u; v; f ) ���M�/ �B�i�b� �̀2���H�Q�`�B�2�M�i���i�B�Q�M �}�2�H�/

���������� �#�Z �� �,�F�S�O�F�M�T
���H�H �j �#�v �j �;�`���/�B�2�M�i �Q�T�2�`���i�Q�`�b ���`�2 �B�b�Q�K�Q�`�T�?�B�+ ���M�/ ���`�2 �/�2�}�M�2�/ �#�v �i�r�Q �T���`���K�2�i�2�`�ba ���M�/
b�- ���b �b�?�Q�r�M �B�M �}�;�m�`�2�8�X�e�X �h�?�2 �B�M�/�B�p�B�/�m���H �F�2�`�M�2�H�b ���T�T�`�Q�t�B�K���i�2 �i�?�2 �;�`���/�B�2�M�i�b �B�M �i�?�2x ���M�/
y �/�B�`�2�+�i�B�Q�M�b�X �A�i �b�?�Q�m�H�/ �#�2 �M�Q�i�2�/ �B�i �B�b �M�Q�i �i�?�2 �p���H�m�2�b �Q�7a ���M�/b �i�?���i �/�B�+�i���i�2 �i�?�2 ���+�+�m�`���+�v
�Q�7 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/�- �#�m�i �`���i�?�2�` �i�?�2 �`���i�B�Q �Q�7a/ b �r�?�B�+�? �/�2�i�2�`�K�B�M�2�b �i�?�2 ���+�+�m�`���+�v �Q�7 �i�?�2
�2�b�i�B�K���i�2�X

kx =
�@�#�y �#
�@�� �y ��
�@�#�y �#

ky =
�# �� �#
�y �y �y
�@�#�@���@�#

�6�B�;�m�`�2 �8�X�e�X�,�j �#�v �j �F�2�`�M�2�H�bk (a; b)

�*�Q�M�p�Q�H�m�i�B�Q�M�- �/�2�M�Q�i�2�/ �#�v �i�?�2 �b�v�K�#�Q�H� �- �B�b �T�2�`�7�Q�`�K�2�/ �Q�M �i�?�2 �B�K���;�2�-I (x; y)�- �#�v �i�?�2
�B�M�/�B�p�B�/�m���H �F�2�`�M�2�H�bkx ���M�/ky �- �i�Q �7�Q�`�K �i�?�2 �;�`���/�B�2�M�i �2�b�i�B�K���i�2�b�-K x ���M�/K y �- �B�M �i�?�2x ���M�/
y �/�B�`�2�+�i�B�Q�M�b�X

K x (x; y) = I (x; y) � kx

K y (x; y) = I (x; y) � ky �U�8�X�e�V

K x (x; y) ���M�/K y (x; y) ���`�2 �i�?�2�M �m�b�2�/ �B�M �2�[�m���i�B�Q�M�8�X�d�i�Q �+���H�+�m�H���i�2 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �2�b�@
�i�B�K���i�2�-� 3� 3 (x; y)�- �r�?�B�+�? �B�b ���M ���t�B���H �2�b�i�B�K���i�2 �Q�7 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/�X

� 3� 3 (x; y) =
�

�
2

+
1
2

���i���M�k(K y (x; y) ; K x (x; y))
�

�K�Q�/� 2 [0; � ) �U�8�X�d�V

�6�B�;�m�`�2�8�X�d�B�H�H�m�b�i�`���i�2�b �i�?�2 �;�`���/�B�2�M�i�bK x (x; y) ; K y (x; y) ���b �� �`�2�b�m�H�i �Q�7 ���T�T�H�v�B�M�; �i�?�2 �a�Q�#�2�H
�F�2�`�M�2�H�b �i�Q �i�?�2 �i�2�b�i �B�K���;�2�X

�������������&�S�S�P�S�T �P�G �U�I�F �0�S�J�F�O�U�B�U�J�P�O �G�J�F�M�E
�h�?�2 �a�Q�#�2�H �Q�T�2�`���i�Q�` �(�d�d�) �B�b �m�b�2�/ �B�M �i�?�B�b �b�2�+�i�B�Q�M �i�Q �?�B�;�?�H�B�;�?�i �i�?�2 �2�`�`�Q�`�b �r�?�B�+�? ���`�B�b�2 �7�`�Q�K
�j �#�v �j �F�2�`�M�2�H�b�X �h�?�2 �a�Q�#�2�H �Q�T�2�`���i�Q�` �m�b�2�b �i�?�2 �p���H�m�2�ba = 2 ���M�/b= 1�X



�e�9 �8�X �P�`�B�2�M�i���i�B�Q�M �1�b�i�B�K���i�B�Q�M

�6�B�;�m�`�2�8�X�d�B�H�H�m�b�i�`���i�2�b �i�?�2 �b�i���;�2�b �7�Q�` �2�t�i�`���+�i�B�M�; �i�?�2 ���t�B���H �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �Q�7 �i�?�2 �i�2�b�i
�B�K���;�2 �m�b�B�M�; �i�?�2 �a�Q�#�2�H �Q�T�2�`���i�Q�`�X

�U���VK u (x; y) �U�#�VK u (x; y) �U�+�V� 3� 3 (x; y)

�6�B�;�m�`�2 �8�X�d�X�,�h�?�2 �b�i���;�2�b �Q�7 ���T�T�H�v�B�M�; �i�?�2 �a�Q�#�2�H �Q�T�2�`���i�Q�` �i�Q �i�?�2 �i�2�b�i �B�K���;�2 �7�Q�`� = 10�X �U���V
���M�/ �U�#�V ���`�2 �i�?�2 �p�2�`�i�B�+���H ���M�/ �?�Q�`�B�x�Q�M�i���H �+�Q�K�T�Q�M�2�M�i�b �Q�7 �i�?�2 �`���i�2�b �Q�7 �+�?���M�;�2
���M�/ �U�+�V �B�b �i�?�2 �`�2�b�m�H�i�B�M�; �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/�X

�h�?�2 �H�Q�+���H �+�?���M�;�2�b �B�M �+�Q�H�Q�m�` �B�M �}�;�m�`�2�8�X�d�U�+�V �B�H�H�m�b�i�`���i�2 �i�?�2 �2�`�`�Q�`�b �r�?�B�+�? �Q�+�+�m�` �7�`�Q�K �j �#�v
�j �Q�T�2�`���i�Q�`�b�X �h�?�2�b�2 �2�`�`�Q�`�b ���T�T�2���` ���b �T�B�t�2�H�b �r�?�B�+�? ���`�2 �Q�m�i �Q�7 �T�H���+�2�X

�h�?�2 �/�B�`�2�+�i�B�Q�M ���M�/ �i�?�2 �b�B�x�2 �Q�7 �i�?�2 �2�`�`�Q�`�b �+���M �#�2 �+���H�+�m�H���i�2�/ �7�Q�` �2���+�? �T�B�t�2�H �#�v �m�b�B�M�; �i�?�2 �+�B�`�@
�+�m�H���` �/�2�}�M�B�i�B�Q�M �Q�7�/�B� �̀2�+�i�B�Q�M���H ���M�;�m�H���` �/�B�b�i���M�+�2�#�2�i�r�2�2�M �i�r�Q ���M�;�H�2�b �#�2�i�r�2�2�M� 3� 3 (x; y)�-
���M�/ �7�`�Q�K �i�?�2 ���+�i�m���H �Q�`�B�2�M�i���i�B�Q�M� (u; v; � )�X �h�Q �/�Q �b�Q �r�2 �/�2�}�M�2dad(� (u; v; � ) ; � 3� 3)
�i�Q �#�2 �i�?�2�2�`� �̀Q�` �Q�7 �2���+�? �T�B�t�2�H�Q�7� 3� 3�- �;�B�p�2�M� �B�b �i�?�2 ���+�i�m���H �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �U�b�2�2 �b�2�+�i�B�Q�M
�8�X�R�V�X

�dad(� (u; v; � ) ; � 3� 3 (x; y)) =
1
2

���i���M�kf sin (2� (u; v; � ) � 2� 3� 3 (x; y)) ;

�+�Q�b(2� (u; v; � ) � 2� 3� 3 (x; y)) g

�U�8�X�3�V

�h�?�2���p�2� �̀��;�2 ���M�;�m�H���` �/�B�b�i���M�+�2�d (� (u; v; � ) ; � 3� 3 (x; y)) �Q�p�2�` �i�?�2 �2�M�i�B�`�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/
�+���M �M�Q�r �#�2 �+���H�+�m�H���i�2�/ �#�v�-

�d (�; � 3� 3) =
1
n

X �
� �dad(� (u; v; � ) ; � 3� 3 (x; y))

�
� �U�8�X�N�V

�r�?�2�`�2n �B�b �i�?�2 �+���`�/�B�M���H�B�i�v �Q�7 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b�X

�"�v �+�Q�K�T���`�B�M�; �}�;�m�`�2�8�X�3�U���V �r�B�i�? �U�#�V �r�2 �+���M �b�2�2 �i�?���i �i�?�2 �a�Q�#�2�H �2�b�i�B�K���i�2�/ �Q�`�B�2�M�i���i�B�Q�M
�}�2�H�/� 3� 3 (x; y) �/�B�z�2�`�b �7�`�Q�K �i�?�2 ���+�i�m���H �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/� (u; v; � )�X



�8�X�k�X �j �"�v �j �E�2�`�M�2�H�b �e�8

�U���V���+�i�m���H �Q�`�B�2�M�i���i�B�Q�M� (u; v; f ) �U�#�V�a�Q�#�2�H� 3� 3 (x; y)

�U�+�V�dad(� (u; v; � ) ; � 3� 3 (x; y))

�@�y�X�y�k

�@�y�X�y�R

�y

�y�X�y�R

�y�X�y�k

�6�B�;�m�`�2 �8�X�3�X�,�*�Q�K�T���`�B�b�Q�M �Q�7 �i�?�2 ���+�i�m���H �Q�`�B�2�M�i���i�B�Q�M ���M�/ �a�Q�#�2�H �Q�T�2�`���i�Q�`�X �U�+�V �B�b �i�?�2 �2�`�`�Q�`
�Q�7 �2���+�? �T�B�t�2�H �Q�7 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/�-�dad(� (u; v; � ) ; � 3� 3 (x; y)) �X

�6�B�;�m�`�2�8�X�3�U�+�V �B�H�H�m�b�i�`���i�2�b�dad(� (u; v; � ) ; � 3� 3) 2 [� 0:02; 0:02] �m�b�B�M�; �� �;�`�2�v�b�+���H�2 �+�Q�H�Q�m�`
�K���T�c �K�B�/ �;�`�2�v �p���H�m�2�b �`�2�T�`�2�b�2�M�i �M�Q �2�`�`�Q�`�b�- �H�B�;�?�i�2�` �T�B�t�2�H�b �`�2�T�`�2�b�2�M�i �T�Q�b�B�i�B�p�2 �2�`�`�Q�`�b ���M�/
�/���`�F�2�` �T�B�t�2�H�b �`�2�T�`�2�b�2�M�i �M�2�;���i�B�p�2 �2�`�`�Q�`�b�X �h�?�B�b �B�K���;�2 �B�H�H�m�b�i�`���i�2�b �;�2�M�2�`���H �r�2���F�M�2�b�b �Q�7
�;�`���/�B�2�M�i �#���b�2�/ �K�2�i�?�Q�/�b ���M�/ �Q�M�2 �Q�7 �i�?�2 �i�?�2 �T���`�i�B�+�m�H���` �r�2���F�M�2�b�b �Q�7 �j �#�v �j �F�2�`�M�2�H�b�X �"�v
�B�M�b�T�2�+�i�B�M�; �}�;�m�`�2�8�X�d�i�?�2 �2�`�`�Q�`�b ���`�2 �i�Q �#�2 �7�Q�m�M�/�,

�R�X���i �`�2�;�m�H���` �B�M�i�2�`�p���H�b �U�2�p�2�`�v �8 �T�B�t�2�H�b�V �2�K���M���i�B�M�; �`���/�B���H�H�v �7�`�Q�K �i�?�2 �+�2�M�i�`�2 �Q�7 �i�?�2
�B�K���;�2�- �r�?�2�`�2 �i�?�2 �K�B�M�B�K�� ���M�/ �K���t�B�K�� �Q�7 �i�?�2 �i�2�b�i �B�K���;�2 �Q�+�+�m�`�X�h�?�2 �H���`�;�2�b�i �Q�7
�i�?�2�b�2 �2�`�`�Q�`�b ���`�2 ���T�T�`�Q�t�B�K���i�2�H�v�

9 �X

�k�X�q�?�2�`�2 �i�?�2 �p���H�m�2�b �Q�7 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �2�b�i�B�K���i�2 ���T�T�`�Q���+�?� / 8 ���M�/5� / 8 �- �i�?�2�`�2 ���`�2
�M�2�;���i�B�p�2 �2�`�`�Q�`�b �U�B�X�2 �/���`�F�2�` �`�2�;�B�Q�M�b�V ���M�/ �r�?�2�`�2 �i�?�2 �p���H�m�2�b �Q�7 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �2�b�@
�i�B�K���i�2 ���T�T�`�Q���+�?3� / 8 ���M�/7� / 8 �i�?�2�`�2 ���`�2 �T�Q�b�B�i�B�p�2 �2�`�`�Q�`�b �U�B�X�2 �H�B�;�?�i�2�` �`�2�;�B�Q�M�b�V�X �h�?�2�b�2
�2�`�`�Q�`�b ���`�2 �/�m�2 �i�Q �i�?�2 �K�B�b�b �K���i�+�? �#�2�i�r�2�2�M �i�?�2 �+�?�Q�B�+�2 �Q�7a/ b ���M�/� �X

�������������3�F�N�P�W�J�O�H �&�S�S�P�S�T �G�S�P�N �U�I�F �0�S�J�F�O�U�B�U�J�P�O �'�J�F�M�E �&�T�U�J�N�B�U�F
�A�M �Q�`�/�2�` �i�Q �#�2 ���#�H�2 �i�Q �B�/�2�M�i�B�7�v �i�?�2 �2�z�2�+�i�b �Q�7 �/�B�z�2�`�2�M�i �F�2�`�M�2�H �`���i�B�Q�b �U�B�X�2�Xa

b�V ���M�/ �[�m���M�i�B�7�v
�i�?�2�B�` �T�2�`�7�Q�`�K���M�+�2�- �r�2 �}�`�b�i �K�m�b�i �i�Q �`�2�K�Q�p�2 �i�?�2 �2�`�`�Q�`�b �U�Q�` �m�M�`�2�H�B���#�H�2 �2�b�i�B�K���i�2�b�V�X

�"�v �m�b�B�M�; �r�?���i �B�b �F�M�Q�r�M ���b �i�?�2�K���;�M�B�i�m�/�2 �Q�7 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�- � �- �U�;�B�p�2�M �B�M



�e�e �8�X �P�`�B�2�M�i���i�B�Q�M �1�b�i�B�K���i�B�Q�M

�2�[�m���i�B�Q�M�8�X�R�y�V �m�M�`�2�H�B���#�H�2 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b �+���M �B�/�2�M�i�B�}�2�/ ���M�/ �i�?�2�M �2�H�B�K�B�M���i�2�/�X

� (x; y) =
q

K u (x; y)2 + K v (x; y)2 �U�8�X�R�y�V

�h�?�2 �K���;�M�B�i�m�/�2� �+���M �#�2 �+�Q�M�b�B�/�2�`�2�/ ���b �i�?�2 �b�i�`�2�M�;�i�? �Q�7 �i�?�2 �b�B�;�M���H ���i �2���+�? �T�B�t�2�H�X �A�7 �i�?�2
�K���;�M�B�i�m�/�2 �B�b �ö�?�B�;�?�ö �- �i�?�2�M �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b ���`�2 �`�2�H�B���#�H�2 ���M�/ �B�7
�i�?�2 �K���;�M�B�i�m�/�2 �B�b �ö�H�Q�r�ö�- �i�?�2�M �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b ���`�2 �m�M�`�2�H�B���#�H�2�X

�8 �R�y �R�8 �k�y �k�8 �j�y �j�8 �9�y

�y�X�k�8

�y�X�8

�y�X�d�8

�R

x

z

�8 �R�y �R�8 �k�y �k�8 �j�y �j�8 �9�y

�y�X�k�8

�y�X�8

�y�X�d�8

�R

x

�

�6�B�;�m�`�2 �8�X�N�X�,�:�2�M�2�`���H �T�`�Q�#�H�2�K�b �r�B�i�? �;�`���/�B�2�M�i �#���b�2�/ �K�2�i�?�Q�/�b�, �J�B�M�B�K�� �U�`�2�/�V�- �K���t�B�K��
�U�#�H�m�2�V ���M�/ �H�Q�r �+�?���M�;�2 �B�M �B�M�i�2�M�b�B�i�v �U�;�`�2�2�M�V�- ���M�/ �r�?�2�`�2 �i�?�2�v �2�t�B�b�i �B�M �i�?�2
�K���;�M�B�i�m�/�2

�h�?�B�b �B�b �B�H�H�m�b�i�`���i�2�/ �B�M �Q�M�2 �/�B�K�2�M�b�B�Q�M �B�M �}�;�m�`�2�8�X�N�- �r�?�2�`�2 �B�i �+���M �#�2 �b�2�2�M �i�?���i �#�Q�i�? �i�?�2
�K���t�B�K�� �U�K���`�F�2�/ �#�H�m�2�V ���M�/ �K�B�M�B�K���b �U�K���`�F�2�/ �B�M �`�2�/�V �Q�7 �� �b�B�M�m�b�Q�B�/ �+�Q�`�`�2�b�T�Q�M�/ �i�Q �i�?�2
�K�B�M�B�K�� �Q�7 �B�i�b �K���;�M�B�i�m�/�2�X

�h�?�2 �b���K�2 �T�`�B�M�+�B�T���H �B�b �B�H�H�m�b�i�`���i�2�/ �B�M �i�r�Q �/�B�K�2�M�b�B�Q�M�b �m�b�B�M�; �i�?�2 �i�2�b�i �B�K���;�2 �B�M �}�;�m�`�2�8�X�R�y�X
�6�B�;�m�`�2�8�X�R�y�B�H�H�m�b�i�`���i�2�b �i�?���i �i�?�2 �K���;�M�B�i�m�/�2 �B�b �ö�H�Q�r�ö �U�B�X�2�X �i�?�2 �#�H���+�F ���M�/ �r�?�B�i�2 ���`�2���b�V ���i
�B�i�b �K�B�M�B�K�� ���M�/ �K���t�B�K�� ���M�/ �;�`�2�v �2�H�b�2�r�?�2�`�2�X



�8�X�k�X �j �"�v �j �E�2�`�M�2�H�b �e�d

�6�B�;�m�`�2 �8�X�R�y�X�,�h�2�b�i �B�K���;�2 ���M�/ �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �`�2�T�`�2�b�2�M�i�2�/ ���b �b�2�;�K�2�M�i�b�c �r�?�2�`�2 �/�B�`�2�+�i�B�Q�M
���M�/ �+�Q�H�Q�m�` �`�2�T�`�2�b�2�M�i�b �Q�`�B�2�M�i���i�B�Q�M ���M�/ �H�2�M�;�i�? �`�2�T�`�2�b�2�M�i�b �K���;�M�B�i�m�/�2

�:�B�p�2�M �i�?���i �i�?�2 �p���H�m�2�b �Q�7 �i�?�2 �K���;�M�B�i�m�/�2 �/�2�T�2�M�/ �m�T�Q�M �i�?�2 ���#�b�Q�H�m�i�2 �p���H�m�2�b �+�Q�M�i���B�M�2�/ �B�M
�i�?�2 �F�2�`�M�2�H�- �B�M �Q�`�/�2�` �i�Q �#�2 ���#�H�2 �i�Q �B�b�Q�H���i�2 �m�M�`�2�H�B���#�H�2 �2�b�i�B�K���i�2�b �B�i �B�b �M�2�+�2�b�b���`�v �i�Q �M�Q�`�K���H�B�b�2
�i�?�2 �K���;�M�B�i�m�/�2�X �1�[�m���i�B�Q�M�8�X�R�R�T�`�Q�p�B�/�2�b �� �M�Q�`�K���H�B�b�2�/ �2�b�i�B�K���i�2 �-� �- �B�M �i�?�2 �`���M�;�2[0; 1]�X

� (x; y) =
� (x; y) � �K�B�M(� (x; y))

�K���t(� (x; y)) � �K�B�M(� (x; y))
2 [0; 1] �U�8�X�R�R�V

�6�B�;�m�`�2�8�X�R�R�B�H�H�m�b�i�`���i�2�b �� �T�H�Q�i �Q�7�dad�U�i�?�2�2�`� �̀Q�` �T�2�` �T�B�t�2�H�V���;���B�M�b�i� �7�Q�` �i�?�2 �a�Q�#�2�H �Q�T�2�`���i�Q�`�X
�A�M �i�?�2 �B�/�2���H �+���b�2 �r�Q�m�H�/ �#�2 �� �?�Q�`�B�x�Q�M�i���H �H�B�M�2 ���i�dad = 0 �U�B�X�2�X �M�Q �2�`�`�Q�`�b�V�X �>�Q�r�2�p�2�`�- �B�i �+���M
�#�2 �b�2�2�M �B�M �}�;�m�`�2�8�X�R�R�i�?���i �i�?�2�`�2 �B�b �� �b�T�`�2���/ �Q�7�dad �U�B�X�2�X �i�?�2 �m�M�`�2�H�B���#�H�2 �2�b�i�B�K���i�2�b�V ���M�/
�i�?�B�b �b�T�`�2���/ �B�b �+�Q�M�i���B�M�2�/ �r�B�i�?�B�M �i�?�2 �B�M�i�2�`�p���H� 2 [0; 0:5]�- ���b �B�M�/�B�+���i�2�/ �#�v �i�?�2 �`�2�/ ���`�`�Q�r�X
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�y�X�8�y�X�8 �y�X�d�8 �R�y�X�k�8�y

�@�y�X�9

�@�y�X�k

�y

�y�X�k

�y�X�9

�6�B�;�m�`�2 �8�X�R�R�X�,�a�Q�#�2�H�ö�b �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/�c �/�B�`�2�+�i�B�Q�M ���M�/ �/�B�b�i���M�+�2 �U�2�[�m���i�B�Q�M�8�X�3�V ���;���B�M�b�i
�M�Q�`�K���H�B�b�2�/ �K���;�M�B�i�m�/�2 �U�2�[�m���i�B�Q�M�8�X�R�R�V

�h�?�2�`�2�7�Q�`�2�- �r�2 �+���M �B�K�T�`�Q�p�2 �i�?�2 ���p�2�`���;�2 �2�`�`�Q�` �T�2�` �T�B�t�2�H �U�dad�V �#�v �`�2�K�Q�p�B�M�; �i�?�Q�b�2 �Q�`�B�2�M�i�@
���i�B�Q�M �2�b�i�B�K���i�2�b �r�B�i�? �+�Q�`�`�2�b�T�Q�M�/�B�M�;�H�v �H�Q�r �K���;�M�B�i�m�/�2�b�- �m�b�B�M�; �2�[�m���i�B�Q�M�8�X�R�k�X

� 3� 3 (x; y) =

8
><

>:

� 3� 3 (x; y) �B�7� (x; y) >
1
2

NaN �B�7� (x; y) �
1
2

�U�8�X�R�k�V



�e�3 �8�X �P�`�B�2�M�i���i�B�Q�M �1�b�i�B�K���i�B�Q�M

�q�2 �+�?�Q�Q�b�20:5 ���b �i�?�2 �i�?�`�2�b�?�Q�H�/ �B�M �Q�`�/�2�` �i�Q �`�2�K�Q�p�2 �i�?�2 �H���`�;�2�b�i �2�`�`�Q�`�b �B�M �i�?�2 �i�2�b�i �B�K���;�2�X
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�M�B�i�m�/�2 �`�2�K�Q�p���H�- �r�?�B�+�? �b�?�Q�r�b �7�m�`�i�?�2�` �B�K�T�`�Q�p�2�K�2�M�i�b �Q�p�2�` �i�?�2 �+�m�`�`�2�M�i �i�2�+�?�M�B�[�m�2 ���M�/ �i�?�2
� opt �i�2�+�?�M�B�[�m�2�X �h�?�2�b�2 �B�K�T�`�Q�p�2�K�2�M�i�b �+���M �#�2 �b�2�2�M �p�B�b�m���H�H�v �#�v �i�?�2 �+�Q�M�b�B�b�i�2�M�+�v �Q�7 �i�?�2
�Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b �B�M �� �H�Q�+���H ���`�2���X
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�U���V�6����

�U�#�V� opt �r�B�i�? �H�Q�r �K���;�M�B�i�m�/�2 �`�2�K�Q�p���H

�U�+�V�G�Q�: �r�B�i�? �H�Q�r �K���;�M�B�i�m�/�2 �`�2�K�Q�p���H

�6�B�;�m�`�2 �8�X�k�8�X�,�h�?�2 �H�2�7�i �+�Q�H�m�K�M �B�H�H�m�b�i�`���i�2�b �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �Q�T�2�`���i�Q�`�b �Q�M �� �`�2�;�B�Q�M �Q�7 �i�?�2
�T���H�K �+�Q�M�i���B�M�B�M�; �k �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2�b�- �i�?�2 �+�Q�H�m�K�M �Q�M �i�?�2 �`�B�;�?�i �B�H�H�m�b�i�`���i�2�b
�i�?�2 �Q�`�B�2�M�i���i�B�Q�M �Q�T�2�`���i�Q�`�b �Q�M �� �`�2�H���i�B�p�2�H�v �H�Q�r �p���`�B���M�+�2
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�������������&�Y�U�S�B�D�U�J�P�O �P�G �U�I�F �3�B�X �"�Y�J�B�M �-�P�( �0�S�J�F�O�U�B�U�J�P�O �&�T�U�J�N�B�U�F �P�G �B
�1�B�M�N�Q�S�J�O�U

�h�?�B�b �b�2�+�i�B�Q�M �T�`�Q�p�B�/�2�b �� �b�m�K�K���`�v �Q�7 �i�?�2 �b�i�2�T�b �m�b�2�/ �B�M �i�?�B�b �i�?�2�b�B�b�- �i�Q �2�t�i�`���+�i �i�?�2 �Q�`�B�2�M�i�@
���i�B�Q�M �2�b�i�B�K���i�2�b �7�`�Q�K �� �T���H�K�T�`�B�M�i�X �h�?�2 �`�2�b�m�H�i �Q�7 �2���+�? �b�i�2�T ���`�2 �b�?�Q�r�M �p�B�b�m���H�H�v �B�M �}�;�m�`�2
�8�X�k�e�X

�R�V ���M �2�b�i�B�K���i�B�Q�M �Q�7 �i�?�2 �;�`���/�B�2�M�i�b ���`�2 �+���H�+�m�H���i�2�/ �m�b�B�M�; �i�?�2 �M�Q�`�K���H�B�b�2�/ �G�Q�: �}�H�i�2�`�b �r�B�i�?
�� f r = 2:6 ���b �#�2�H�Q�r�- �T�`�Q�/�m�+�B�M�; �i�?�2�;� �̀��/�B�2�M�i�b�-Fx (x; y) ���M�/Fy (x; y)

Fx (x; y) = I (x; y) � LoGu

Fy (x; y) = I (x; y) � LoGv �U�8�X�j�k�V

�k�V �h�?�2 �;�`���/�B�2�M�i�b ���`�2 �i�?�2�M �m�b�2�/ �i�Q �+���H�+�m�H���i�2 �i�?�2� �̀��r �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/� LoG (x; y) ���M�/
�K���;�M�B�i�m�/�2� (x; y)�,

� LoG (x; y) =
�

�
2

+
1
2

���i���M�k(Fy (x; y) ; Fx (x; y))
�

�K�Q�/� 2 [0; � ) �U�8�X�j�j�V

� (x; y) =
q

Fu (x; y)2 + Fv (x; y)2 �U�8�X�j�9�V

�j�V �h�?�2 �K���;�M�B�i�m�/�2� (x; y) �B�b �M�Q�`�K���H�B�b�2�/ �#�2�i�r�2�2�M[� 1; 1]�i�Q �T�`�Q�/�m�+�2� (x; y)�,

� (x; y) =
� (x; y) � �K�B�M(� (x; y))

�K���t(� (x; y)) � �K�B�M(� (x; y))
2 [0; 1] �U�8�X�j�8�V

�9�V �G�Q�r �K���;�M�B�i�m�/�2 �+�Q�K�T�Q�M�2�M�i�b �-� (x; y) < 0:5�- ���`�2 �`�2�K�Q�p�2�/ �7�`�Q�K �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/
� LoG (x; y) �- �`�2�b�m�H�i�B�M�; �B�M�� LoG (x; y)�X

� LoG (x; y) =

8
><

>:

� LoG (x; y) �B�7� (x; y) >
1
2

NaN �B�7� (x; y) �
1
2

�U�8�X�j�e�V



�3�9 �8�X �P�`�B�2�M�i���i�B�Q�M �1�b�i�B�K���i�B�Q�M

�S���H�K�T�`�B�M�i

Fy (x; y)

Fx (x; y)

� (x; y)� (x; y)

�� (x; y)

�6�B�;�m�`�2 �8�X�k�e�X�,�h�?�2 �T�`�Q�+�2�b�b �Q�7 �2�t�i�`���+�i�B�M�; �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �7�`�Q�K �� �S���H�K�T�`�B�M�i
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�A�i �?���b �#�2�2�M �b�?�Q�r�M �i�?���i �i�?�2�`�2 �B�b �� �b�i�`�Q�M�; �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �i�?�2 �b�+���H�2 �Q�7 �i�?�2 �+�Q�M�p�Q�H�m�@
�i�B�Q�M �}�H�i�2�` �U�i�?�2 �p���H�m�2 �Q�7b �7�Q�` �j �#�v �j �B�b�Q�K�2�i�`�B�+ �F�2�`�M�2�H�b ���M�/ �i�?�2 �p���H�m�2 �Q�7�� �7�Q�` �a�Z�6�ö�b�V ���M�/
�i�?�2 �r���p�2�H�2�M�;�i�? �Q�7 �i�?�2 �Q�#�D�2�+�i�b �B�M ���M �B�K���;�2�X�A�i �?���b �#�2�2�M �7�m�`�i�?�2�` �b�?�Q�r�M �i�?���i �i�?�2 �b�+���H�2 �+���M
�#�2 �+�?�Q�b�2�M �i�Q �Q�T�i�B�K�B�b�2 �i�?�2 ���+�+�m�`���+�v �Q�7 �i�?�2 �`�2�b�m�H�i�B�M�; �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b�X

���b �� �`�2�b�m�H�i�- �� �M�2�r �j �#�v �j �F�2�`�M�2�H�-� opt�- �?���b �#�2 �/�2�p�2�H�Q�T�2�/ �- �r�?�B�+�? �?���b �#�2�2�M �b�?�Q�r�M �i�Q
�T�`�Q�p�B�/�2 �H�Q�r�2�` ���p�2�`���;�2 �2�`�`�Q�` �i�?���M �� �b�2�H�2�+�i�B�Q�M �Q�7 �j �#�v �j �B�b�Q�K�2�i�`�B�+ �F�2�`�M�2�H�b�- �+�m�`�`�2�M�i�H�v �m�b�2�/
�B�M ���S�A�a�f���6�A�a�X

���b �`�2�b�m�H�i �Q�7 �i�?�2 �/�2�p�2�H�Q�T�K�2�M�i �Q�7 �i�?�2 �Q�T�i�B�K�B�b�2�/ �a�Z�6�- �B�i �?���b �#�2�2�M �b�?�Q�r�M �i�?���i �i�?�2 �G�Q�:
�}�H�i�2�` �?���b �i�?�2 �H�Q�r�2�b�i ���p�2�`���;�2 �2�`�`�Q�` ���M�/ �i�?���i�- �m�M�H�B�F�2 �i�?�2 �B�b�Q�K�2�i�`�B�+ �F�2�`�M�2�H�b�- �i�?�B�b �Q�+�+�m�`�b
�Q�p�2�` �� �`���M�;�2 �Q�7 �7�`�2�[�m�2�M�+�B�2�b �U�`���i�?�2�` �i�?���M �Q�+�+�m�`�`�B�M�; ���i �� �b�B�M�;�H�2 �K�B�M�B�K���V ���M�/ �i�?���i �i�?�B�b
�`���M�;�2 �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �`���M�;�2 �Q�7 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �r���p�2�H�2�M�;�i�?�b�X

���H�H �2�b�i�B�K���i�2�b �+�Q�M�i���B�M �m�M�`�2�H�B���#�H�2 �p���H�m�2�b�X �*�m�`�`�2�M�i ���S�A�a ���M�/ ���6�A�a �/�Q �M�Q�i �`�2�K�Q�p�2 �m�M�`�2�@
�H�B���#�H�2 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b�- �`���i�?�2�` �i�?�2�v �m�b�2 �b�Q�K�2 �7�Q�`�K �Q�7 ���p�2�`���;�B�M�; �i�2�+�?�M�B�[�m�2 �r�?�B�+�?
�b�K�Q�Q�i�?�b �i�?�2 �m�M�`�2�H�B���#�H�2 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b ���M�/ �b�Q �/�B�b�i�Q�`�i�b �i�?�2 �M�2�B�;�?�#�Q�m�`�B�M�; �Q�`�B�2�M�i���@
�i�B�Q�M �}�2�H�/�X �h�?�2 �`�2�b�m�H�i�B�M�; �/�B�b�i�Q�`�i�B�Q�M�b �H�B�K�B�i�b �i�?�2 �m�b�2 �Q�7 �?�B�;�?�2�` �b�i���i�B�b�i�B�+�b �Q�M �i�?�2 �`�2�b�m�H�i�B�M�;
�B�K���;�2�X

�h�?�B�b �+�?���T�i�2�` �?���b �/�2�p�2�H�Q�T�2�/ �� �M�Q�p�2�H �K�2�i�?�Q�/ �Q�7 �B�/�2�M�i�B�}�+���i�B�Q�M ���M�/ �`�2�K�Q�p���H �Q�7 �i�?�2�b�2 �p���H�m�2�b�X
�h�?�2 �`�2�K�Q�p���H �Q�7 �i�?�2 �m�M�`�2�H�B���#�H�2 �p���H�m�2�b �?���b �#�2�2�M �b�?�Q�r�M �i�Q ���H�b�Q �b�2�;�K�2�M�i �i�?�2 �T���H�K �T�`�B�M�i
�7�`�Q�K �B�i�b �#���+�F�;�`�Q�m�M�/ ���M�/ �r�B�H�H �#�2 �b�?�Q�r�M �i�Q ���/�K�B�i �i�?�2 �+���H�+�m�H���i�B�Q�M �Q�7 �`�2�H�B���#�H�2 �?�B�;�?�2�` �Q�`�/�2�`
�+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b�X

�>�Q�r�2�p�2�`�- �i�?�2 �`�2�K�Q�p���H �Q�7 �i�?�2 �m�M�`�2�H�B���#�H�2 �2�b�i�B�K���i�2�b �H�2���p�2�b �;���T�b �r�B�i�?�B�M �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/�X
�h�?�2 �7�Q�H�H�Q�r�B�M�; �+�?���T�i�2�` �/�2�b�+�`�B�#�2�b �� �`�2�;�B�Q�M �;�`�Q�r�B�M�; �K�2�i�?�Q�/ �r�?�B�+�? �B�b �m�b�2�/ �i�Q �B�M�i�2�`�T�Q�H���i�2
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�P�`�B�2�M�i���i�B�Q�M �1�b�i�B�K���i�2 �6�B�H�i�2�`�B�M�;

���������*�O�U�S�P�E�V�D�U�J�P�O
���b �/�B�b�+�m�b�b�2�/ �B�M �+�?���T�i�2�`�j�- �i�?�2 �T�m�`�T�Q�b�2 �Q�7 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �B�M �+�m�`�`�2�M�i ���S�A�a ���M�/ ���6�A�a
�B�b �i�Q �T�`�Q�p�B�/�2 ���M �2�b�i�B�K���i�2 �Q�7 �i�?�2�Q�`�B�2�M�i���i�B�Q�M �Q�7 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b�B�M ���H�Q�+���H���`�2�� �U�7�Q�` �m�b�2 �B�M
�+�Q�M�i�2�t�i�m���H �}�H�i�2�`�B�M�;�V �r�?�B�H�b�i �b�m�T�T�`�2�b�b�B�M�; �G�2�p�2�H �A�A ���M�/ �A�A�A �/�2�i���B�H�X �h�?�2 �2�b�i�B�K���i�2 �B�b �`�2�;���`�/�2�/
���b �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �Q�7 �G�2�p�2�H �A �/�2�i���B�H�X �h�?�2 �Q�`�B�2�M�i���i�B�Q�M �p���H�m�2�b�- �+�`�2���i�2�/ �#�v �+�m�`�`�2�M�i ���S�A�a�-
�/�Q �M�Q�i �`�2�T�`�2�b�2�M�i �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �Q�7 �� �T���`�i�B�+�m�H���` �T�B�t�2�H�- �#�m�i �Q�7 �i�?�2���p�2� �̀��;�2 �Q�`�B�2�M�i���i�B�Q�M�Q�7
�i�?�2 �T�B�t�2�H�b �+�Q�M�i���B�M�2�/ �r�B�i�?�B�M �� �b�[�m���`�2 �`�2�;�B�Q�M�X �h�?�B�b ���p�2�`���;�B�M�; �T�`�Q�+�2�b�b �`�2�/�m�+�2�b �i�?�2 ���z�2�+�i
�Q�7 �i�?�2 �m�M�`�2�H�B���#�H�2 �2�b�i�B�K���i�2�b �U�B�X�2�X �G�2�p�2�H �A�A ���M�/ �G�2�p�2�H �A�A�A �7�2���i�m�`�2�b�V�- �?�Q�r�2�p�2�` �B�i ���H�b�Q �/�B�b�i�Q�`�i�b
�i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/�- �T���`�i�B�+�m�H���`�H�v ���`�Q�m�M�/ ���`�2���b �Q�7 �?�B�;�? �+�m�`�p���i�m�`�2�X

�h�?�2 �T�`�Q�+�2�b�b �Q�7 �2�M�?���M�+�2�K�2�M�i �/�2�b�+�`�B�#�2�/ �B�M �i�?�2 �T�`�2�p�B�Q�m�b �+�?���T�i�2�`�- �i���F�2�b ���M ���H�i�2�`�M���i�B�p�2
���T�T�`�Q���+�?�- �#�v �`�2�K�Q�p�B�M�; �m�M�`�2�H�B���#�H�2 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b�- �`���i�?�2�` �i�?���M �`�2�i���B�M�B�M�; �i�?�2�K�X
�h�?�2 �`�2�K�Q�p���H �Q�7 �m�M�`�2�H�B���#�H�2 �2�b�i�B�K���i�2�b �B�M�i�`�Q�/�m�+�2�b �;���T�b �B�M �i�Q �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/�- �r�?�B�+�?
�K�m�b�i �#�2 �`�2�T�H���+�2�/�X

�h�?�B�b �+�?���T�i�2�` �/�2�b�+�`�B�#�2�b �� �B�i�2�`���i�B�p�2 �`�2�;�B�Q�M �#���b�2�/ ���H�;�Q�`�B�i�?�K�- �r�?�B�+�? �`�2�T�H���+�2�b �i�?�2 �;���T�b
�r�B�i�?�B�M �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b �m�b�B�M�; �� �r�2�B�;�?�i�2�/ �M�2�B�;�?�#�Q�m�`�?�Q�Q�/ �2�b�i�B�K���i�2�X �h�?�2 �r�2�B�;�?�i�b
���`�2 �/�2�`�B�p�2�/ �7�`�Q�K �#�Q�i�? �i�?�2 �K���;�M�B�i�m�/�2 ���M�/ �+�B�`�+�m�H���` �K�2���M �Q�7 �i�?�2 �M�2�B�;�?�#�Q�m�`�?�Q�Q�/�X �h�?�2
���H�;�Q�`�B�i�?�K �?���b �i�?�2 ���/�/�B�i�B�Q�M���H ���/�p���M�i���;�2 �Q�7 �b�m�T�T�`�2�b�b�B�M�; �G�2�p�2�H �A�A ���M�/ �A�A�A �/�2�i���B�H�X

�h�?�2 �}�M���H �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2 �B�b �+�Q�K�T���`�2�/ �r�B�i�? �� �+�m�`�`�2�M�i ���S�A�a �i�2�+�?�M�B�[�m�2�- �r�?�2�`�2 �B�i �B�b
�b�?�Q�r�M �i�?���i �H�2�b�b �Q�7 �i�?�2 �H�2�p�2�H �A�A ���M�/ �A�A�A �/�2�i���B�H �`�2�K���B�M�b�X �h�?�2 �2�z�2�+�i �Q�7 �i�?�2 �B�K�T�`�Q�p�2�K�2�M�i
�B�M �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2 �B�b �/�2�K�Q�M�b�i�`���i�2�/�- �#�v �`�2�T�H���+�B�M�; �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�B�Q�M
�K�2�i�?�Q�/ �B�M ���M ���S�A�a �i�2�+�?�M�B�[�m�2 ���M�/ �b�?�Q�r�B�M�; ���M �B�K�T�`�Q�p�2�K�2�M�i �B�M �K�B�M�m�i�B���2 �B�/�2�M�i�B�}�+���i�B�Q�M
�U�b�2�+�i�B�Q�M�e�X�9�V�X

�h�?�2 �b�i�`�m�+�i�m�`�2 �Q�7 �i�?�2 �+�?���T�i�2�` �B�b ���b �7�Q�H�H�Q�r�b�, �a�2�+�i�B�Q�M�e�X�k�B�M�i�`�Q�/�m�+�2�b �K�2�i�?�Q�/�b �7�Q�` �i�?�2 �+���H�@
�+�m�H���i�B�Q�M �Q�7 �+�B�`�+�m�H���` �K�2���M �Q�`�B�2�M�i���i�B�Q�M�- �p���`�B���M�+�2�- �b�F�2�r ���M�/ �F�m�`�i�Q�b�B�b �r�B�i�?�B�M �H�Q�+���H �+�B�`�+�m�H���`
�`�2�;�B�Q�M�b �Q�7 �i�?�2 �B�K���;�2�X �h�?�2 �b�2�+�i�B�Q�M �2�M�/�b �r�B�i�? �2�t���K�T�H�2�b �Q�7 �i�?�2 �b�i���i�B�b�i�B�+�b ���T�T�H�B�2�/ �i�Q �i�?�2
�Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ ���M�/ �B�M�/�B�+���i�2�b �?�Q�r �#�Q�i�? �`�2�;�B�Q�M�b �Q�7 �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2�b ���M�/ �/�2�i���B�H �r�B�H�H �#�2
�B�b�Q�H���i�2�/ �B�M �*�?���T�i�2�`�e�X�j�X �a�2�+�i�B�Q�M�e�X�k�B�b �� �M�2�+�2�b�b���`�v �T�`�2�+�m�`�b�Q�` �T�`�B�Q�` �i�Q �i�?�2 �/�2�b�+�`�B�T�i�B�Q�M
�Q�7 �i�?�2 ���/���T�i�B�p�2 �}�H�i�2�`�B�M�; ���H�;�Q�`�B�i�?�K �B�M �b�2�+�i�B�Q�M�e�X�j�X �a�2�+�i�B�Q�M�e�X�9�+�Q�M�i���B�M�b �� �+�Q�K�T���`�B�b�Q�M
�Q�7 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2 �r�B�i�? �Q�i�?�2�` ���S�A�a �i�2�+�?�M�B�[�m�2�b�X �h�?�2 �+�?���T�i�2�` �+�Q�M�+�H�m�/�2�b �r�B�i�?
�� �/�2�K�Q�M�b�i�`���i�B�Q�M �Q�7 �?�Q�r �i�?�2 �}�H�i�2�`�2�/ �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �+���M �#�2 �m�b�2�/ �i�Q �B�K�T�`�Q�p�2 �+�m�`�`�2�M�i
���S�A�a �i�2�+�?�M�B�[�m�2�b�X

���������-�P�D�B�M �*�N�B�H�F �"�O�B�M�Z�T�J�T �V�T�J�O�H �$�J�S�D�V�M�B�S �4�U�B�U�J�T�U�J�D�T
�������������*�O�U�S�P�E�V�D�U�J�P�O
�h�?�B�b �b�2�+�i�B�Q�M �B�H�H�m�b�i�`���i�2�b�- �?�Q�r�H�Q�+���H�+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b �+���M �#�2 �+���H�+�m�H���i�2�/ �Q�p�2�` �`�2�H���i�B�p�2�H�v
�b�K���H�H �+�B�`�+�m�H���` �`�2�;�B�Q�M�b�- �B�M �Q�`�/�2�` �i�Q ���M���H�v�b�2 �i�?�2 �H�Q�+���H �+�B�`�+�m�H���` �T�`�Q�T�2�`�i�B�2�b �Q�7 ���M �B�K���;�2�X
�h�?�2 �+�B�`�+�m�H���` �`�2�;�B�Q�M�b ���`�2 �+�2�M�i�`�2�/ ���i �T�Q�B�M�i�b �b�T�2�+�B�}�2�/ �#�v �i�?�2�B�` �b�2�T���`���i�B�Q�M�-n�- ���M�/ �� �;�B�p�2�M
�`���/�B�m�b�-r �X �A�7n �B�b �Q�/�/�- �i�?�2 �+�2�M�i�`�2 �Q�7 �i�?�2 �H�Q�+���H �`�2�;�B�Q�M �H�B�2�b ���i �i�?�2�+�2�M�i� �̀2 �Q�7 �� �T�B�t�2�H���M�/ �B�7n
�B�b �2�p�2�M�- �i�?�2 �+�2�M�i�`�2 �Q�7 �i�?�2 �H�Q�+���H �`�2�;�B�Q�M �H�B�2�b ���i �i�?�2�+�2�M�i� �̀2 �Q�7 �7�Q�m�` �9�@�+�Q�M�M�2�+�i�2�/�T�B�t�2�H�b�X �h�?�2
�+�2�M�i�`�2 �Q�7 �H�Q�+���H �`�2�;�B�Q�M�b ���`�2 �B�H�H�m�b�i�`���i�2�/ �#�v �i�?�2 �`�2�/ �/�Q�i�b �B�M �}�;�m�`�2�e�X�R�- �7�Q�` �/�B�z�2�`�2�M�i �p���H�m�2�b
�Q�7n�X

�h�?�2 ���H�;�Q�`�B�i�?�K�e�X�R�U�G�a�*�V �+���M �#�2 �m�b�2�/ �i�Q �+���H�+�m�H���i�2 �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b �7�Q�` �2���+�? �T�B�t�2�H�X
�>�Q�r�2�p�2�`�- �B�7 �B�i �B�b �`�2�[�m�B�`�2�/ �i�?���i �i�?�2 �`�2�b�m�H�i���M�i �B�K���;�2 �#�2 �Q�7 �� �H�Q�r�2�` �`�2�b�Q�H�m�i�B�Q�M �i�?���M �i�?�2

�3�d



�3�3 �e�X �P�`�B�2�M�i���i�B�Q�M �1�b�i�B�K���i�2 �6�B�H�i�2�`�B�M�;

�U���Vn = 1 �U�#�Vn = 2 �U�+�Vn = 3

�6�B�;�m�`�2 �e�X�R�X�,�"�Q�t�2�b �`�2�T�`�2�b�2�M�i �i�?�2 �T�B�t�2�H �#�Q�m�M�/���`�B�2�b�- �i�?�2 �`�2�/ �/�Q�i �`�2�T�`�2�b�2�M�i�b �i�?�2 �+�2�M�i�`���H
�T�Q�B�M�i �Q�7 �2���+�? �H�Q�+���H �`�2�;�B�Q�M

�Q�`�B�;�B�M���H �U�B�X�2�X �/�2�@�b�+���H�2�/�V�- �i�?�B�b �+���M �#�2 ���+�?�B�2�p�2�/ �#�v �+�?�Q�Q�b�B�M�;n > �R�X �>�2�M�+�2�-n �+�Q�M�i�`�Q�H�b �i�?�2
�b�+���H�B�M�; �7���+�i�Q�` �Q�7 �i�?�2 �}�M���H�B�K���;�2�X

�������������.�F�U�I�P�E
���H�;�Q�`�B�i�?�K�e�X�R�/�2�b�+�`�B�#�2�b �?�Q�r�- ���H�Q�+���H�r�2�B�;�?�i�2�/ �+�B�`�+�m�H���` �K�2���M�� n;r �- �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2
�Rn;r �- �b�F�2�r�sn;r ���M�/ �F�m�`�i�Q�b�B�b�kn;r �- �Q�7 ���M �B�K���;�2I (x; y)�- �+���M �#�2 �+���H�+�m�H���i�2�/�- �;�B�p�2�M �i�?�2���t�B���H
�Q�`�B�2�M�i���i�B�Q�M� (x; y) ���M�/ �i�?�2 ���b�b�Q�+�B���i�2�/ �K���;�M�B�i�m�/�2� (x; y)�X �h�?�2 �+�B�`�+�m�H���` �`�2�;�B�Q�M�b ���`�2
�+�`�2���i�2�/ �#�v �K�m�H�i�B�T�H�v�B�M�; �� �b�[�m���`�2 �M�2�B�;�?�#�Q�m�`�?�Q�Q�/ �U�H�B�M�2�b �R�@�k�V �#�v �� �K���b�F�- �r�?�B�+�? �2�t�+�H�m�/�2�b
���M�v �T�B�t�2�H �r�?�B�+�? �B�b �7�m�`�i�?�2�` �i�?���Mr �7�`�Q�K �i�?�2 �+�2�M�i�`�2 �M�2�B�;�?�#�Q�m�`�?�Q�Q�/�X �h�r�Q �/�B�b�i�B�M�+�i �K���b�F�b
���`�2 �`�2�[�m�B�`�2�/ �7�Q�` �i�?�2 �+���b�2�b�- �r�?�2�Mn �B�b �Q�/�/ ���M�/ �r�?�2�Mn �B�b �2�p�2�M�X �h�?�2 �K���b�F�b ���`�2 �B�H�H�m�b�i�`���i�2�/
�B�M �}�;�m�`�2�\�\ ���M�/ �+���H�+�m�H���i�2�/ �B�M �H�B�M�2�b �9�@�8�X �h�?�2 �T�B�t�2�H�b �r�B�i�?�B�M �� �H�Q�+���H �`�2�;�B�Q�M �K���v ���H�b�Q �#�2
�r�2�B�;�?�i�2�/ �m�b�B�M�; �� �K���b�F �U�H�B�M�2 �N�V�X

�h�?�2 �+���H�+�m�H���i�B�Q�M �Q�7 �i�?�2 �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b �i���F�2�b �T�H���+�2 �B�M �H�B�M�2�b �R�R�@�R�3�- �r�?�2�`�2 �B�i �b�?�Q�m�H�/ �#�2
�M�Q�i�2�/ �i�?���i �2���+�? �T�B�t�2�H �B�b�B�K�T�H�B�+�B�i�H�v �r�2�B�;�?�i�2�/���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �p���H�m�2 �Q�7 �B�i�b �K���;�M�B�i�m�/�2 �U�B�X�2
�B�i�b �`�2�H�B���#�B�H�B�i�v�V �B�M ���H�H �+���H�+�m�H���i�B�Q�M�b�X



�e�X�k�X �G�Q�+���H �A�K���;�2 ���M���H�v�b�B�b �m�b�B�M�; �*�B�`�+�m�H���` �a�i���i�B�b�i�B�+�b �3�N

���H�;�Q�`�B�i�?�K �e�X�R�G�*�a �@ �G�Q�+���H �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b �Q�7 ���M �B�K���;�2
�_�2�[�m�B�`�2�,� (x; y)�-� (x; y)�-n ���M�/r
�1�M�b�m�`�2�,�� n;r (xd; yd)�- �Rn;r (xd; yd)�-�sn;r (xd; yd) ���M�/�kn;r (xd; yd)�-

�R�,xd = 1 : ( x � x�K�Q�/n)/ n�-yd = 1 : ( y � y�K�Q�/n)/ n
�k�, �*�`�2���i�2 �2�K�T�i�v ���`�`���v�b�,�� n;r (xd; yd)�- �� n;r (xd; yd)�-�sn;r (xd; yd) ���M�/�kn;r (xd; yd)
�j�, �B�7n �B�b �2�p�2�M�i�?�2�M
�9�, �*�`�2���i�2 ���`�`���v�b �b�m�+�?[u; v] 2 R2 �Q�7 �/�B�K�2�M�b�B�Q�M �U�kr �-�kr �V
�8�, �2�H�b�2�*�`�2���i�2 ���`�`���v�b �b�m�+�?[u; v] 2 R2 �Q�7 �/�B�K�2�M�b�B�Q�M �U�kr �Y�R�-�kr �Y�R�V
�e�,�2�M�/�B�7
�d�,�7�Q�`i �B�M1 : xd �/�Q
�3�, �7�Q�`j �B�M1 : yd �/�Q
�N�, �*�`�2���i�2 ���`�`���v�b� tmp = � (u + in; v + jn )�-� tmp = � (u + in; v + jn )� �K���b�F

�R�y�, �B�7�H�2�M�;�i�?� n > lim �i�?�2�M
�R�R�, �� =

P
� p

�R�k�, â = 1
��

P
� p �+�Q�b2� p

�R�j�, b̂ = 1
��

P
� p �b�B�M2� p

�R�9�, �̂ = ���i���M2(̂b;â)
�R�8�, �� n;r (i; j ) = ( �

2 + �̂ )�K�Q�/�

�R�e�, �Rn;r (i; j ) = 1
��

p
â2 + b̂2

�R�d�, �sn;r (i; j ) = 1
��

P
2� tmp �+�Q�b(� tmp � �̂ ) �b�B�M(� tmp � �̂ )

�R�3�, �kn;r (i; j ) = 1
��

P
� tmp (�+�Q�b2 (� tmp � �̂ ) � �b�B�M2 (� tmp � �̂ ))

�R�N�, �2�M�/�B�7
�k�y�, �2�M�/�7�Q�`
�k�R�,�2�M�/�7�Q�`

�������������&�Y�B�N�Q�M�F�T �P�G �-�P�D�B�M �*�N�B�H�F �"�O�B�M�Z�T�J�T �V�T�J�O�H �$�J�S�D�V�M�B�S �4�U�B�U�J�T�U�J�D�T
�6�B�;�m�`�2�e�X�k�B�H�H�m�b�i�`���i�2�b �i�?�2 �i�?�2 ���T�T�H�B�+���i�B�Q�M �Q�7 �i�?�2 ���H�;�Q�`�B�i�?�K �i�Q �T���`�i �Q�7 �� �T���H�K�T�`�B�M�i�X �6�B�;�m�`�2
�e�X�k�U���V �B�H�H�m�b�i�`���i�2�b �i�?�2 �`���r �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/� (x; y) �Q�p�2�`�H���B�/ �m�T�Q�M �� �T���H�K�T�`�B�M�i�- �r�?�2�`�2 �i�?�2
�K���;�M�B�i�m�/�2� (x; y) �B�b �`�2�T�`�2�b�2�M�i�2�/ �#�v �i�?�2 �H�2�M�;�i�? �Q�7 �i�?�2 �b�2�;�K�2�M�i�b ���M�/ �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �#�v
�i�?�2 �+�Q�H�Q�m�` ���M�/ �/�B�`�2�+�i�B�Q�M �Q�7 �i�?�2 �b�2�;�K�2�M�i�X �6�B�;�m�`�2 �U�+�V ���M�/ �U�/�V �B�H�H�m�b�i�`���i�2�b �i�?�2 �Q�`�B�2�M�i���i�B�Q�M
�/���i�� ���b �+�B�`�+�m�H���` �?�B�b�i�Q�;�`���K�b �7�Q�` �2���+�? �Q�7 �i�?�2 �`�2�;�B�Q�M�b �B�M �}�;�m�`�2 �U���V�X �6�B�;�m�`�2 �U�+�V �B�H�H�m�b�i�`���i�2�b
�i�?�2 �`���r �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �Q�M �� �`�B�/�;�2 ���M�/ �}�;�m�`�2 �U�/�V �B�H�H�m�b�i�`���i�2�b �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ ���#�Q�m�i
�� �K�B�M�m�i�B���2�X

�6�B�;�m�`�2�e�X�k�U�#�V �B�H�H�m�b�i�`���i�2�b �`�2�b�m�H�i�b �Q�7 �i�?�2 ���H�;�Q�`�B�i�?�K �r�?�2�`�2 �i�?�2�H�Q�+���H�+�B�`�+�m�H���` �K�2���M�� n;r �B�b
�Q�p�2�`�H���B�/ �m�T�Q�M �i�?�2 �Q�`�B�;�B�M���H �T���H�K�T�`�B�M�i ���M�/ �r�?�2�`�2 �i�?�2 �H�2�M�;�i�? �Q�7 �i�?�2 �b�2�;�K�2�M�i �`�2�T�`�2�b�2�M�i�b
�i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2�Rn;r �X

�h�?�2 �T�H�Q�i�b �B�M�e�X�k�U�+�V ���M�/ �U�/�V ���`�2 �B�H�H�m�b�i�`���i�2�/ �#�2�+���m�b�2 �i�?�2�v �b�?�Q�r �i�r�Q �/�B�z�2�`�2�M�i �b�B�i�m���i�B�Q�M�b�X

�6�B�;�m�`�2�e�X�k�U�+�V �B�H�H�m�b�i�`���i�2�b ���M ���`�+�?�2�i�v�T�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �`�2�;�B�Q�M �i�?���i �?���b �`�2�H���i�B�p�2�H�v �K�B�M�Q�`
�/�2�p�B���i�B�Q�M�b �B�M �Q�`�B�2�M�i���i�B�Q�M�X �h�?�B�b �B�b �B�H�H�m�b�i�`���i�2�/ �#�v �i�?�2 �`�2�;�B�Q�M�b �Q�`�B�2�M�i���i�B�Q�M�b �#�2�B�M�; �;�`�Q�m�T�2�/
�i�Q�;�2�i�?�2�` �B�M �i�?�2 �T���H�2 �#�H�m�2 �`�2�;�B�Q�M�- ���`�Q�m�M�/�

2 �X �>�2�M�+�2 �i�?�2�K�2���M � �̀2�b�m�H�i���M�i �H�2�M�;�i�?�Q�7 �i�?�2
�`�2�;�B�Q�M �B�b �`�2�H���i�B�p�2�H�v �?�B�;�?�- �i�?�2 �p���H�m�2 �B�b ���T�T�`�Q�t�B�K���i�2�H�v �y�X�N�8 ���M�/ �B�b �`�2�T�`�2�b�2�M�i�2�/ �#�v �i�?�2
�H�2�M�;�i�? �Q�7 �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �`�2�b�m�H�i�B�M�; �b�2�;�K�2�M�i �B�M �}�;�m�`�2�e�X�k�U�#�V�X

�6�B�;�m�`�2�e�X�k�U�/�V �B�H�H�m�b�i�`���i�2�b ���M ���`�+�?�2�i�v�T�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �`�2�;�B�Q�M �M�2���` �� �K�B�M�m�i�B���2 �T�Q�B�M�i�- �?�2�M�+�2
�i�?�2 �H�Q�+���H �`�2�;�B�Q�M �?���b �`�2�H���i�B�p�2�H�v �H���`�;�2 �/�2�p�B���i�B�Q�M�b �B�M �Q�`�B�2�M�i���i�B�Q�M�X �h�?�B�b �B�b �B�H�H�m�b�i�`���i�2�/ �#�v �i�?�2
�`�2�;�B�Q�M�b �Q�`�B�2�M�i���i�B�Q�M�b �#�2�B�M�; �b�T�`�2���/ �i�?�`�Q�m�;�?�Q�m�i �i�?�2 �+�B�`�+�m�H���` �/�Q�K���B�M�X �>�2�M�+�2 �i�?�2�K�2���M



�N�y �e�X �P�`�B�2�M�i���i�B�Q�M �1�b�i�B�K���i�2 �6�B�H�i�2�`�B�M�;

� �̀2�b�m�H�i���M�i �H�2�M�;�i�?�Q�7 �i�?�2 �`�2�;�B�Q�M �B�b �`�2�H���i�B�p�2�H�v �H�Q�r�- �i�?�2 �p���H�m�2 �B�b ���T�T�`�Q�t�B�K���i�2�H�v �y�X�e�- �r�?�B�+�? �B�b
�`�2�T�`�2�b�2�M�i�2�/ �#�v �i�?�2 �H�2�M�;�i�? �Q�7 �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �`�2�b�m�H�i�B�M�; �b�2�;�K�2�M�i �B�M �}�;�m�`�2�e�X�k�U�#�V�X

�U���V�S���H�K�T�`�B�M�i �r�?�2�`�2 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �B�b �Q�p�2�`�H���B�/ ���b
�b�2�;�K�2�M�i�b �U�i�?�2 �H�2�M�;�i�? �Q�7 �� �b�2�;�K�2�M�i �B�M�/�B�+���i�2�b
�B�i�b �K���;�M�B�i�m�/�2�V ���M�/ �i�r�Q �H�Q�+���H �`�2�;�B�Q�M�b�X

�U�#�V�S���H�K�T�`�B�M�i �r�?�2�`�2 �i�?�2 �H�Q�+���H �+�B�`�+�m�H���` �Un = 4 �-
r = 5 �V �Q�`�B�2�M�i���i�B�Q�M �B�b �Q�p�2�`�H���B�/ ���b �b�2�;�K�2�M�i�b �U�i�?�2
�H�2�M�;�i�? �B�M�/�B�+���i�2�b �B�i�b �K���;�M�B�i�m�/�2�V

1
2 �

1
2 �

0�

1
4 �3

4 �

1
4 � 3

4 �

�U�+�V�*�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b �Q�7 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �/���i��
�B�M�/�B�+���i�2�/ �#�v �i�?�2 �#�Q�i�i�Q�K �H�2�7�i �`�2�;�B�Q�M �B�M �U���V
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�U�/�V�*�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b �Q�7 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �/���i��
�B�M�/�B�+���i�2�/ �#�v �i�?�2 �i�Q�T �`�B�;�?�i �`�2�;�B�Q�M �B�M �U���V

�6�B�;�m�`�2 �e�X�k�X�,�G�Q�+���H �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b

�6�B�;�m�`�2�e�X�j�B�H�H�m�b�i�`���i�2�b �i�?�2 �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �p���`�B���M�+�2�-�Rn;r �- �b�F�2�r�-�sn;r �- ���M�/ �F�m�`�i�Q�b�B�b�-�kn;r �-
�Q�7 �i�?�2 �H�Q�+���H �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b �Q�M �� �T���H�K�T�`�B�M�i�X

�6�B�;�m�`�2�e�X�j�U�+�V �i�Q �U�7�V ���`�2 �i�?�2 �`�2�b�m�H�i�b �Q�7 �H�Q�+���H �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b�- �T�2�`�7�Q�`�K�2�/ �Q�M �i�?�2
�T���H�K�T�`�B�M�i �B�M �U���V�X �6�B�;�m�`�2�e�X�j�U�#�V �B�b �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �7�`�Q�K �U���V �m�b�B�M�; �i�?�2 �H�Q�r �K���;�@
�M�B�i�m�/�2 �`�2�K�Q�p���H �K�2�i�?�Q�/� (x; y) �7�`�Q�K �b�2�+�i�B�Q�M�8�X�j�- �i�?�2�M �i�?�2 �H�Q�+���H �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b ���`�2
�+���H�+�m�H���i�2�/ �m�b�B�M�;� (x; y) ���M�/� (x; y)�- �r�?�2�`�2n = 4 ���M�/r = 5�X

�h�?�2 �H�Q�+���H �Q�`�B�2�M�i���i�B�Q�M�b�� (xd; yd) �B�M�e�X�j�U�+�V �B�b �� �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �H�Q�+���H �K�2���M �+�B�`�+�m�H���`
�/�B�`�2�+�i�B�Q�M �Q�7 �i�?�2 �7�2���i�m�`�2�b �r�B�i�?�B�M ���M �B�K���;�2�- �r�?�2�`�2 �2���+�? �b�2�;�K�2�M�i�ö�b �H�2�M�;�i�? �`�2�T�`�2�b�2�M�i�b �i�?�2



�e�X�k�X �G�Q�+���H �A�K���;�2 ���M���H�v�b�B�b �m�b�B�M�; �*�B�`�+�m�H���` �a�i���i�B�b�i�B�+�b �N�R

�H�Q�+���H �p���`�B���M�+�21 � �R (xd; yd)�X



�N�k �e�X �P�`�B�2�M�i���i�B�Q�M �1�b�i�B�K���i�2 �6�B�H�i�2�`�B�M�;

�U���V�S���H�K�T�`�B�M�iI (x; y) �U�#�V�P�`�B�2�M�i���i�B�Q�M �Q�7 �U���V� (x; y) 2 [0; � )

�U�+�V�G�Q�+���H �P�`�B�2�M�i���i�B�Q�M� (xd; yd) 2 [0; � ) �U�/�V�H�Q�+���H �o���`�B���M�+�2�R (xd; yd)2 [0; 1]

�U�2�V�H�Q�+���H �a�F�2�r�s (xd; yd)2 [� 1; 1] �U�7�V�G�Q�+���H �E�m�`�i�Q�b�B�b�k (xd; yd) 2 (�1 ; 1]

�6�B�;�m�`�2 �e�X�j�X�,�G�Q�+���H �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b�- �r�?�2�`�2n = 4 ���M�/r = 5



�e�X�j�X ���/���T�i�B�p�2 �G�Q�+���H �L�2�B�;�?�#�Q�m�`�?�Q�Q�/ �6�B�H�i�2�`�B�M�; �N�j

�e�X�j�U�/�V �B�H�H�m�b�i�`�i�2�b �i�?�2 �H�Q�+���H �p���`�B���M�+�21 � �R (xd; yd) �r�?�2�`�2 �i�?�2 �/���`�F�2�` ���`�2���b �B�M�/�B�+���i�2 �i�?�2
�7�`�B�+�i�B�Q�M �`�B�/�;�2 �~�Q�r �B�b �Q�7 �� �b�B�K�B�H���` �Q�`�B�2�M�i���i�B�Q�M�- �r�?�2�`�2���b �i�?�2 �H�B�;�?�i�2�` ���`�2���b �B�M�/�B�+���i�2 �r�?�2�`�2
�i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �~�Q�r �B�b �/�B�b�b�B�K�B�H���` �X �h�?�2 �H�B�;�?�i�2�` ���`�2���b �B�M�+�H�m�/�2�, �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2�b ���M�/
�K�B�M�m�i�B���2�X

�h�?�2 �H�Q�+���H �b�F�2�r�s (xd; yd) �b�?�Q�r�M �B�M�e�X�j�U�2�V �?���b ���`�2���b �Q�7 �K�B�/�/�H�2 �;�`�2�v �B�M�/�B�+���i�B�M�; �r�?�2�`�2
�i�?�2 �H�Q�+���H �7�`�B�+�i�B�Q�M �`�B�/�;�2 �~�Q�r �7�`�Q�K �U���V �B�b ���T�T�`�Q�t�B�K���i�2�H�v �b�v�K�K�2�i�`�B�+���H ���#�Q�m�i �i�?�2 �+�B�`�+�m�H���`
�K�2���M�X �h�?�2 �H�B�;�?�i�2�` ���`�2���b �B�M�/�B�+���i�2 �r�?�2�`�2 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �~�Q�r �B�b �b�F�2�r�2�/ �+�H�Q�+�F�r�B�b�2 ���#�Q�m�i
�i�?�2 �+�B�`�+�m�H���` �/�Q�K���B�M�X �h�?�2 �/���`�F�2�` ���`�2���b �B�M�/�B�+���i�2 �r�?�2�`�2 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �~�Q�r �B�b �b�F�2�r�2�/
�+�Q�m�M�i�2�`�+�H�Q�+�F�r�B�b�2 ���#�Q�m�i �i�?�2 �+�B�`�+�m�H���` �/�Q�K���B�M�X

�h�?�2 �H�Q�+���H �F�m�`�i�Q�b�B�b�k (xd; yd) �B�M�e�X�j�U�7�V �+���M �i���F�2 �Q�M �p�2�`�v �H���`�;�2 �M�2�;���i�B�p�2 �p���H�m�2�b �r�?�2�M �i�?�2
�+�B�`�+�m�H���` �/���i�� �B�b �b�T�`�2���/ ���`�Q�m�M�/ �i�?�2 �+�B�`�+�m�H���` �/�Q�K���B�M�X �h�?�2 �H�B�;�?�i�2�` ���`�2���b �B�M�/�B�+���i�2 �r�?�2�`�2
�i�?�2 �H�Q�+���H �7�`�B�+�i�B�Q�M �`�B�/�;�2 �~�Q�r �7�`�Q�K �U���V �B�b �`�2�H���i�B�p�2�H�v �i�B�;�?�i�H�v �/�B�b�i�`�B�#�m�i�2�/ ���#�Q�m�i �i�?�2 �+�B�`�+�m�H���`
�/�Q�K���B�M�X �h�?�2 �/���`�F�2�` ���`�2���b �B�M�/�B�+���i�2 �r�?�2�`�2 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �~�Q�r �B�b �b�+���i�i�2�`�2�/ ���#�Q�m�i �i�?�2
�+�B�`�+�m�H���` �/�Q�K���B�M�X

���������"�E�B�Q�U�J�W�F �-�P�D�B�M �/�F�J�H�I�C�P�V�S�I�P�P�E �'�J�M�U�F�S�J�O�H
�h�?�2 �7�Q�H�H�Q�r�B�M�; �b�2�+�i�B�Q�M �/�2�b�+�`�B�#�2�b �?�Q�r �i�?�2 �Q�#�b�2�`�p���i�B�Q�M�b �+���M �#�2 �m�b�2�/ �7�Q�` �`�2�K�Q�p�B�M�; ���M�v
�2�b�i�B�K���i�2�b �r�?�B�+�? �b�i�B�H�H �+�Q�M�i���B�M ���M�v �G�2�p�2�H �A�A ���M�/ �A�A �/�2�i���B�H�- �i�?�2�M �}�H�H�B�M�; �i�?�2 �2�K�T�i�v �p���H�m�2�b
�i�Q �B�K�T�`�Q�p�2 �i�?�2 �}�M���H �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�X

���b �b�i���i�2�/ �B�M �i�?�2 �B�M�i�`�Q�/�m�+�i�B�Q�M�- �i�?�2 �7�m�M�+�i�B�Q�M �Q�7 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �}�H�i�2�`�B�M�; �B�b �i�r�Q �7�Q�H�/�X
�6�B�`�b�i�H�v �i�Q �b�m�T�T�`�2�b�b �m�M�r���M�i�2�/ �/�2�i���B�H�- �B�M �i�?�B�b �+���b�2 �G�2�p�2�H �A�A ���M�/ �A�A�A�X �a�2�+�Q�M�/�H�v �i�Q �+���H�+�m�H���i�2
�M�2�r �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b �7�Q�` �i�?�Q�b�2 �m�M�`�2�H�B���#�H�2 ���M�/ �m�M�r���M�i�2�/ �2�b�i�B�K���i�2�b�- �r�?�B�+�? �?���p�2 �#�2�2�M
�`�2�K�Q�p�2�/�X �h�?�B�b �B�b ���+�?�B�2�p�2�/ �m�b�B�M�; �i�?�2 ���G�L�6 �U���/���T�i�B�p�2 �G�Q�+���H �L�2�B�;�?�#�Q�m�`�?�Q�Q�/ �6�B�H�i�2�`�B�M�;�V
���H�;�Q�`�B�i�?�K�- �b�?�Q�r�M �B�M ���H�;�Q�`�B�i�?�K�e�X�k�X

�������������0�W�F�S�W�J�F�X
�a�i�2�T�b �k�@�9 �Q�7 ���H�;�Q�`�B�i�?�K�e�X�k�b�m�T�T�`�2�b�b �i�?�2 �2�z�2�+�i �Q�7 �m�M�r���M�i�2�/ �/�2�i���B�H �B�M �i�?�2 �Q�`�B�2�M�i���i�B�Q�M
�B�K���;�2 �m�b�B�M�; �T�`�Q�T�2�`�i�B�2�b �Q�7 �B�K���;�2�ö�b �+�B�`�+�m�H���` �p���`�B���M�+�2 ���M�/ �b�F�2�r�X �h�?�2�b�2 �T�`�Q�T�2�`�i�B�2�b ���`�2
�m�b�2�/ �i�Q �7�Q�`�K �K���b�F�b �r�?�B�+�? �r�?�2�M ���T�T�H�B�2�/ �i�Q �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �Q�M�H�v �b�2�H�2�+�i �i�?�2 �`�2�[�m�B�`�2�/
�T�B�t�2�H�b�X ���i �i�?�B�b �b�i���;�2 ���H�H �m�M�`�2�H�B���#�H�2 ���M�/ �m�M�r���M�i�2�/ �2�b�i�B�K���i�2�b �?���p�2 �#�2�2�M �`�2�K�Q�p�2�/�X �h�?�B�b
�`�2�/�m�+�2�b �i�?�2 ���z�2�+�i �Q�7 �/�B�b�i�Q�`�i�B�Q�M ���`�Q�m�M�/ �H�2�p�2�H �A �b�i�`�m�+�i�m�`�2�b�- ���M�/ �`�2�/�m�+�2�b �Q�` �2�H�B�K�B�M���i�2�b �i�?�2
�m�M�/�2�b�B�`���#�H�2 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b �T�`�Q�/�m�+�2�/ �#�v �H�2�p�2�H �A�A ���M�/ �G�2�p�2�H �A�A�A �7�2���i�m�`�2�b�X

�a�i�2�T�b �8�@�e �;�2�M�2�`���i�2 �`�2�T�H���+�2�K�2�M�i �2�b�i�B�K���i�2�b �#�v �;�`�Q�r�B�M�; �`�2�;�B�Q�M�b �T�B�t�2�H �#�v �T�B�t�2�H �r�B�i�?�B�M ��
�M�2�B�;�?�#�Q�m�`�?�Q�Q�/�- �r�?�Q�b�2 �K�2�K�#�2�`�b�?�B�T �B�b �+�Q�M�i�`�Q�H�H�2�/ �#�v �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2�X �A�i �r�B�H�H �#�2
�b�?�Q�r�M �i�?���i �i�?�2 �b�i�`�B�+�i �K�2�K�#�2�`�b�?�B�T �+�`�B�i�2�`�B�Q�M �m�b�2�/ �/�m�`�B�M�; �i�?�2�b�2 �b�i���;�2�b �H�B�K�B�i�b �;�`�Q�r�i�? �B�M
���`�2���b �Q�7 �b�B�K�B�H���` �Q�`�B�2�M�i���i�B�Q�M�X

�a�i�2�T�b �d�@�N �h�?�2 �+�B�`�+�m�H���` �K�2���M�- �r�2�B�;�?�i�2�/ �#�v �B�i�b �p���`�B���M�+�2�- �B�b ���T�T�H�B�2�/ �`�2�+�m�`�b�B�p�2�H�v �i�Q �i�?�2 �Q�`�B�@
�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b�- �b�Q �i�?���i �;�`�Q�r�i�? �B�b �M�Q �H�Q�M�;�2�` �H�B�K�B�i�2�/ �i�Q �`�2�;�B�Q�M�b �Q�7 �b�B�K�B�H���` �Q�`�B�2�M�i���i�B�Q�M�X

�h�Q �B�H�H�m�b�i�`���i�2 �i�?�2 ���/���T�i�B�p�2 �H�Q�+���H �M�2�B�;�?�#�Q�m�`�?�Q�Q�/ �}�H�i�2�`�B�M�; �K�2�i�?�Q�/�- �i�?�2 �T���H�K�T�`�B�M�i �B�K���;�2�b
�B�M �}�;�m�`�2�e�X�9�r�B�H�H �#�2 �m�b�2�/ �i�Q �b�?�Q�r ���z�2�+�i �Q�7 �2���+�? �b�i���;�2�X �h�?�2 �T���H�K�T�`�B�M�i�b �?���p�2 �#�2�2�M �+�?�Q�b�2�M
�b�Q �i�?���i �i�?�2 �}�;�m�`�2�e�X�9�U���V �+�Q�M�i���B�M �� �b�B�M�;�H�2 �/�2�H�i���- �}�;�m�`�2�e�X�9�U�#�V �� �b�B�M�;�H�2 �H�Q�Q�T�- �r�?�B�H�b�i �}�;�m�`�2
�e�X�9�U�+�V ���M�/ �U�/�V ���`�2 �m�b�2�/ �B�H�H�m�b�i�`���i�2 �i�?�2 �2�z�2�+�i �Q�7 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b �r�?�2�M �+�`�2���b�2�b �Q�+�+�m�`
�m�T�Q�M �� �H�Q�Q�T ���M�/ �� �p�2�b�i�B�;�2�X �h�?�2 �H���i�i�2�` �+���b�2�b �?���p�2 �#�2�2�M �2�t�T�H�B�+�B�i�H�v �B�M�+�H�m�/�2�/ �b�B�M�+�2 �B�i �B�b
�F�M�Q�r�M �i�?���i �+�m�`�`�2�M�i ���S�A�a �7���B�H �B�M �b�m�+�? �+���b�2�b �(�j�N�)�X



�N�9 �e�X �P�`�B�2�M�i���i�B�Q�M �1�b�i�B�K���i�2 �6�B�H�i�2�`�B�M�;

�U���V�G�Q�Q�T �U�#�V�.�2�H�i�� �U�+�V�G�Q�Q�T �r�B�i�? �+�`�2���b�2�b�U�/�V�o�2�b�i�B�;�2 �r�B�i�? �+�`�2���b�2�b

�6�B�;�m�`�2 �e�X�9�X�,�S���`�i�b �Q�7 �T���H�K�T�`�B�M�i �m�b�2�/ �7�Q�` �B�H�H�m�b�i�`���i�B�M�; ���/���T�i�B�p�2 �H�Q�+���H �M�2�B�;�?�#�Q�m�`�?�Q�Q�/ �}�H�@
�i�2�`�B�M�;�X �U���V ���M�/ �U�#�V ���`�2 �i�v�T�B�+���H �H�Q�r �p���`�B�M���+�2 �`�2�;�B�Q�M�b�- �U�+�V ���M�/ �U�/�V �B�H�H�m�b�i�`���i�2
���`�2�b �r�?�2�`�2 �+�m�`�`�2�M�i ���S�A�a ���`�2 �B�M���+�+�m�`���i�2

���H�;�Q�`�B�i�?�K �e�X�k���G�L�6 �@ ���/���T�i�B�p�2 �H�Q�+���H �M�2�B�;�?�#�Q�m�`�?�Q�Q�/ �}�H�i�2�`�B�M�;
�_�2�[�m�B�`�2�,� (x; y)�-� (x; y)
�1�M�b�m�`�2�,�̂

�R�,�G�*�a= LCS(� (x; y)�-� (x; y); n = 4; r = 3)
�k�,mask �R = �G�*�a�R > 0:75
�j�, mask�s = ���#�b�U�G�a�*�s) < 0:05
�9�,�̂ = ( �̂ = ( mask�s \ mask �R) � �� LCS . �_�2�K�Q�p�2�b �?�B�;�?1 � R̂ ���M�/�s �p���H�m�2�b
�8�,�̂ = �:�9�*(�̂ )
�e�,�̂ = �:�G�*�a�Û� �V
�d�,�7�Q�`i = 1 : 5 �/�Q
�3�, �̂ = LCS(�̂ �-1 � R̂; n = 1; r = 3) . �q�2�B�;�?�i�2�/ �r�?�2�`�2i � 2
�N�,�2�M�/�7�Q�`

�������������%�F�U�B�J�M�F�E �0�W�F�S�W�J�F�X �B�O�E �&�Y�B�N�Q�M�F �P�O �-�F�W�F�M �* �4�U�S�V�D�U�V�S�F�T
�1���+�? �b�i�2�T �Q�7 ���H�;�Q�`�B�i�?�K�e�X�k�r�B�H�H �M�Q�r �#�2 �/�2�b�+�`�B�#�2�/ ���M�/ �B�H�H�m�b�i�`���i�2�/�X

�a�i�2�T �R

�h�?�2 �T�m�`�T�Q�b�2 �Q�7 �b�i�2�T �R �B�b �i�Q ���M���H�v�b�2 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �r�B�i�? �i�?�2 ���B�K �Q�7 �`�2�K�Q�p�B�M�; ���M�v
�Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b �i�?���i �Q�+�+�m�` �/�m�2 �i�Q �G�2�p�2�H �A�A ���M�/ �G�2�p�2�H �A�A�A �7�2���i�m�`�2�b�X

�h�?�2 �H�Q�+���H �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b ���`�2 �;�2�M�2�`���i�2�/ �m�b�B�M�; �i�?�2 �G�*�a ���H�;�Q�`�B�i�?�K �7�Q�`n = 4 ���M�/r = 3�X
�h�?�2�`�2�7�Q�`�2�- �i�?�2 �B�K���;�2 �m�b�2�/ �B�M �7�m�`�i�?�2�` �b�i�2�T�b �?���b �#�2�2�M �/�2�@�b�+���H�2�/ �#�v �� �7���+�i�Q�` �Q�7 �9�X �6�B�;�m�`�2
�e�X�8�B�H�H�m�b�i�`���i�2�b �i�?�2 �b�i���i�B�b�i�B�+�b �7�Q�` �T���H�K�T�`�B�M�i�X

�A�i �B�b ���T�T���`�2�M�i �i�?���i �i�?�2 �2�z�2�+�i�b �Q�7 �H�2�p�2�H �A�A �/�2�i���B�H �U�B�X�2�X �K�B�M�m�i�B���2�V ���M�/ �G�2�p�2�H �A�A�A �U�B�X�2�X �+�`�2���b�2�b�V
���T�T�2���` �B�M �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �b�i���i�B�b�i�B�+�b�X �A�M �i�?�2 �p���`�B���M�+�2 �}�2�H�/ �i�?�2�v ���T�T�2���` ���b �i�?�2 �?�B�;�?�2�`
�p���H�m�2�b �U�B�X�2 �H�B�;�?�i�2�`�V�- �r�?�B�+�? ���`�2 �`�2�H���i�B�p�2�H�v �M�Q�B�b�v ���#�Q�m�i �i�?�2 �+�`�2���b�2�b�X �h�?�2 �/�B�`�2�+�i�B�Q�M �Q�7 �i�?�2
�+�`�2���b�2�b �B�M �#�Q�i�? �Q�`�B�2�M�i���i�B�Q�M ���M�/ �b�F�2�r �}�2�H�/�b ���i �B�b ���T�T�`�Q�t�B�K���i�2�H�v�

4 �- �B�M�/�B�+�i�2�/ �#�v �/���`�F
�#�H�m�2�f�T�m�`�T�H�2 �+�Q�H�Q�m�` �H�B�M�2 �B�M �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/�X �h�?�2 �b�F�2�r �B�M �i�?�2 �7�Q�m�`�i�? �`�Q�r �B�b �/�B�{�+�m�H�i
�i�Q �B�M�i�2�`�T�`�2�i ���i �i�?�B�b �b�+���H�2�- �#�m�i �b�i�2�T �j �r�B�H�H �b�?�Q�r �i�?���i �+�`�2���b�2�b ���M�/ �K�B�M�m�i�B���2 �`�2�b�m�H�i �B�M �?�B�;�?�2�`
�p���H�m�2�b �Q�7 �b�F�2�r�X



�e�X�j�X ���/���T�i�B�p�2 �G�Q�+���H �L�2�B�;�?�#�Q�m�`�?�Q�Q�/ �6�B�H�i�2�`�B�M�; �N�8

�U���V�G�Q�Q�T �U�#�V�.�2�H�i�� �U�+�V�G�Q�Q�T �r�B�i�? �+�`�2���b�2�b�U�/�V�o�2�b�i�B�;�2 �r�B�i�? �+�`�2���b�2�b

�6�B�;�m�`�2 �e�X�8�X�,�G�*�a �7�Q�` �T���`�i�b �Q�7 �T���H�K�T�`�B�M�i�b�X �h�Q�T �`�Q�r�, �S���H�K�T�`�B�M�i�- �a�2�+�Q�M�/ �`�Q�r�, �P�`�B�2�M�i���i�B�Q�M
�}�2�H�/�- �h�?�B�`�/ �`�Q�r�, �o���`�B���M�+�2 �U�R�@�R�V ���M�/ �6�Q�m�`�i�? �`�Q�r�, �a�F�2�r�X

�a�i�2�T �k�- �j ���M�/ �9

�h�?�2�b�2 �b�i�2�T�b�- �M�Q�r �`�2�K�Q�p�2 �?�B�;�? �p���`�B���M�+�2 ���M�/ �?�B�;�? �b�F�2�r �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b�- �r�?�B�+�? ���`�2
�B�M�/�B�+���i�B�p�2 �Q�7 �G�2�p�2�H �A�A ���M�/ �G�2�p�2�H �A�A�A �/�2�i���B�H�- �m�b�B�M�; �� �b�B�K�T�H�2 �i�?�`�2�b�?�Q�H�/ �p���H�m�2�X

�l�b�B�M�; �� �i�?�`�2�b�?�Q�H�/ �Q�M �#�Q�i�? �i�?�2 �p���`�B���M�+�2�RLCS ���M�/ �b�F�2�r�SLCS �b�2�T���`���i�2�H�v�- �m�M�r���M�i�2�/
�Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b �7�`�Q�K�� LCS �+���M �#�2 �2�H�B�K�B�M���i�2�/�X

�h�2�b�i�b �?���p�2 �b�?�Q�r�M �i�?���i �� �p���`�B���M�+�2 �i�?�`�2�b�?�Q�H�/ �Q�7�RLCS > 0:75 ���M�/ �b�F�2�r �i�?�`�2�b�?�Q�H�/ �Q�7
�sLCS < 0:05 �B�M �2�[�m���i�B�Q�M�e�X�R�+���M �#�2 �m�b�2�/ �i�Q �T�`�Q�/�m�+�2�̂ �- �r�?�B�+�? �`�2�K�Q�p�2�b �� �H���`�;�2 �T�`�Q�T�Q�`�i�B�Q�M
�Q�7 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b �i�?���i ���`�B�b�2 ���b �� �`�2�b�m�H�i �Q�7 �G�2�p�2�H �A�A ���M�/ �G�2�p�2�H �A�A�A �7�2���i�m�`�2�b �B�M
�i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/�X �6�B�;�m�`�2�b�e�X�e���M�/�e�X�d�B�H�H�m�b�i�`���i�2 �i�?�2 �2�z�2�+�i�b �Q�7 �i�?�B�b �T�`�Q�+�2�b�b�X

mask �R (x; y) =
�

NaN �B�7 �RLCS (x; y) > 0:75
1 �B�7 �RLCS (x; y) � 0:75



�N�e �e�X �P�`�B�2�M�i���i�B�Q�M �1�b�i�B�K���i�2 �6�B�H�i�2�`�B�M�;

mask�s (x; y) =
�

NaN �B�7 j �sLCS j < 0:05
1 �B�7 j �sLCS j � 0:05

�̂ = ( mask�s \ mask �R) � �� LCS �U�e�X�R�V

�A�M �}�;�m�`�2�e�X�e���T�T�`�Q�t�B�K���i�2�H�v �k�y�W �Q�7 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b ���`�2 �`�2�K�Q�p�2�/ ���M�/ �+�Q�`�`�2�b�@
�T�Q�M�/ �i�Q �`�2�;�B�Q�M�b �r�?�2�`�2 �K�B�M�m�i�B���2 �2�t�B�b�i ���M�/ �r�?�2�`�2 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �Q�7 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b
�B�b �B�M�+�Q�M�b�B�b�i�2�M�i�X

�U���V�G�Q�Q�T �U�#�V�.�2�H�i��

�6�B�;�m�`�2 �e�X�e�X�,�_�2�K�Q�p�B�M�; �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b�X �h�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �7�`�Q�K �b�i�2�T �R �B�b �B�H�H�m�b�@
�i�`���i�2�/ �Q�M �i�?�2 �i�Q�T �`�Q�r ���M�/ �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �r�B�i�? �i�?�2 �`�2�K�Q�p�2�/ �p���H�m�2�b �B�b
�B�H�H�m�b�i�`���i�2�/ �Q�M �i�?�2 �#�Q�i�i�Q�K �`�Q�r�X

�A�M �}�;�m�`�2�e�X�d���T�T�`�Q�t�B�K���i�2�H�v �3�y�W �Q�7 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b ���`�2 �`�2�K�Q�p�2�/�X �6�2�r �2�b�@
�i�B�K���i�2�b �`�2�K���B�M �B�M �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �B�M �}�;�m�`�2�e�X�d�i�?���i ���`�2 ���b �� �`�2�b�m�H�i �Q�7 �G�2�p�2�H �A�A
���M�/ �G�2�p�2�H �A�A�A �7�2���i�m�`�2�b�X �A�M�i�m�B�i�B�p�2�H�v�- �B�i �K���v ���T�T�2���` �i�Q�Q �K���M�v �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b �?���p�2



�e�X�j�X ���/���T�i�B�p�2 �G�Q�+���H �L�2�B�;�?�#�Q�m�`�?�Q�Q�/ �6�B�H�i�2�`�B�M�; �N�d

�#�2�2�M �`�2�K�Q�p�2�/ �7�`�Q�K �i�?�2�b�2 �`�2�;�B�Q�M�b�X �>�Q�r�2�p�2�`�- �i�?�2 �2�K�T�i�v �`�2�;�B�Q�M�b �Q�7 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/
���`�2 �M�Q�r �;�`�Q�r�M �U�B�M �b�i�2�T�b �8 ���M�/ �e�V�- �i�Q �T�`�Q�/�m�+�2 ���M �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �i�?���i �`�2�T�`�2�b�2�M�i�b �i�?�2
�Q�`�B�2�M�i���i�B�Q�M �Q�7 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b�X

�U���V�G�Q�Q�T �r�B�i�? �+�`�2���b�2�b �U�#�V�o�2�b�i�B�;�2 �r�B�i�? �+�`�2���b�2�b

�6�B�;�m�`�2 �e�X�d�X�,�_�2�K�Q�p�B�M�; �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b

�a�i�2�T �8 ���M�/ �e

�h�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/�-�̂ �B�b �M�Q�r �;�`�Q�r�M�- �m�b�B�M�; �i�r�Q �`�2�;�B�Q�M �;�`�Q�r�B�M�; ���H�;�Q�`�B�i�?�K�b�-�:� �̀Q�r�B�M�; �9
�+�Q�M�M�2�+�i�2�/�U�:�9�*�V ���M�/�:� �̀Q�r�B�M�; �7� �̀Q�K �H�Q�+���H �+�B� �̀+�m�H���` �b�i���i�B�b�i�B�+�b�U�:�G�*�a�V�X �:�G�*�a �Q�T�2�`���i�2�b �Q�7
�i�?�2 �`�2�b�m�H�i�b �Q�7 �:�9�*�X

�:�9�* �U�b�2�2 ���H�;�Q�`�B�i�?�K�e�X�j�V �B�b ���M �B�i�2�`���i�B�p�2 �T�`�Q�+�2�b�b �Q�T�2�`���i�B�M�; �m�T�Q�M�̂ �X �.�m�`�B�M�; �2���+�? �B�i�2�`���i�B�Q�M�-
�� �L���L �B�b �`�2�T�H���+�2�/ �#�v �i�?�2 �+�B�`�+�m�H���` �K�2���M �Q�7 �B�i�b �9�@�+�Q�M�M�2�+�i�2�/ �M�2�B�;�?�#�Q�m�`�b �-�B�7

�R�X�i�?�2 �L���L �B�b �+�Q�M�M�2�+�i�2�/ �i�Q ���i �H�2���b�i �j �Q�7 �i�?�2 �9�@�+�Q�M�M�2�+�i�2�/ �M�2�B�;�?�#�Q�m�`�B�M�; �T�B�t�2�H�b���M�/

�k�X�i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2 �Q�7 �i�?�2 �L���L�ö�b �9�@�+�Q�M�M�2�+�i�2�/ �T�B�t�2�H�b �B�b �#�2�H�Q�r �� �b�T�2�+�B�}�2�/ �i�?�`�2�b�?�Q�H�/�X



�N�3 �e�X �P�`�B�2�M�i���i�B�Q�M �1�b�i�B�K���i�2 �6�B�H�i�2�`�B�M�;

�h�?�2 �b�i�Q�T�T�B�M�; �+�`�B�i�2�`�B�� �B�b �i�?���i �� �+�Q�K�T�H�2�i�2 �B�i�2�`���i�B�Q�M �K�m�b�i �?���p�2 �Q�+�+�m�`�`�2�/ �r�B�i�?�Q�m�i �L���L
�`�2�T�H���+�2�K�2�M�i�X

�:�G�*�a �U�b�2�2 ���H�;�Q�`�B�i�?�K�e�X�9�V ���T�T�H�B�2�b �B�i�2�`���i�B�Q�M�b �Q�7 �G�*�a �i�Q �i�?�2 �`�2�b�m�H�i �Q�7 �:�9�* �U�B�X�2�X�̂ �V�- �7�Q�`
�� �b�K���H�H �`�2�;�B�Q�M �Q�7r = 1 ���M�/ �7�Q�`n = 1�X �A�7 �+�2�M�i�`���H �T�B�t�2�H �Q�7 �i�?�2 �`�2�;�B�Q�M �B�b �� �L���L ���M�/ �i�?�2
�`�2�;�B�Q�M �?���b �� �p���`�B���M�+�2 �#�2�H�Q�r �� �b�T�2�+�B�}�2�/ �i�?�`�2�b�?�Q�H�/�- �i�?�2 �+�2�M�i�`���H �T�B�t�2�H �B�b �`�2�T�H���+�2�/ �#�v �i�?�2
�+�B�`�+�m�H���` �K�2���M �Q�7 �i�?�2 �`�2�;�B�Q�M�X �h�?�2 �b�i�Q�T�T�B�M�; �+�`�B�i�2�`�B�� �B�b �i�?���i �� �+�Q�K�T�H�2�i�2 �B�i�2�`���i�B�Q�M �K�m�b�i
�?���p�2 �Q�+�+�m�`�`�2�/ �r�B�i�?�Q�m�i �L���L �`�2�T�H���+�2�K�2�M�i�X

���H�;�Q�`�B�i�?�K �e�X�j�:�9�* �@ �:�`�Q�r�B�M�; �9 �+�Q�M�M�2�+�i�2�/
�_�2�[�m�B�`�2�,� (x; y)
�1�M�b�m�`�2�,� (x; y)

�R�,p = 0
�k�, �r�?�B�H�2�b�m�K�U�p���H�B�/�U� (x; y)�V�V6= �T�/�Q
�j�, �K���b�F�Ux; y�V�4�9�*�U� (x; y)�V . �M�m�K�#�2�` �Q�7 �p���H�B�/ �9 �+�Q�M�M�2�+�i�2�/ �+�Q�K�T�Q�M�2�M�i�b
�9�, �7�Q�`�B �B�M �R�,�t�/�Q
�8�, �7�Q�`�D �B�M �R�,�v�/�Q
�e�, �B�7�K���b�F�Ui; j �V> 2 �i�?�2�M
�d�, � n = � (i + 1; j + 1) ; � (i + 1; j � 1); � (i � 1; j + 1) ; � (i � 1; j � 1)
�3�, a = �+�Q�b(� n )
�N�, b= �b�B�M(� n )

�R�y�, �B�71
j� n j

p
a2 + b2 > 0:999 �i�?�2�M

�R�R�, � (i; j ) = ���i���M2(b; a)�K�Q�/�
�R�k�, �2�M�/�B�7
�R�j�, �2�M�/�B�7
�R�9�, �2�M�/�7�Q�`
�R�8�, �2�M�/�7�Q�`
�R�e�, �T�4�b�m�K�U�p���H�B�/�U� (x; y)�V�V
�R�d�,�2�M�/�r�?�B�H�2

���H�;�Q�`�B�i�?�K �e�X�9�:�G�*�a �@ �:�`�Q�r�B�M�; �7�`�Q�K �H�Q�+���H �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b
�_�2�[�m�B�`�2�,� (x; y)
�1�M�b�m�`�2�,� (x; y)

�R�,�G�a�*= LSC(� (x; y); n = 1; r = 1) . �l�M�r�2�B�;�?�i�2�/
�k�, �K���b�F�Ux; y�V�4�2�K�T�i�v�U� (x; y)�V . �1�K�T�i�v �T�B�t�2�H�b �B�M� (x; y)
�j�, �7�Q�`�B �B�M �R�,�t�/�Q
�9�, �7�Q�`�D �B�M �R�,�v�/�Q
�8�, �B�7�K���b�F�Ui; j �V���M�/�U�G�a�*�R(i; j ) > 0:999�V�i�?�2�M
�e�, � (i; j ) = �G�a�*�� (i; j )
�d�, �2�M�/�B�7
�3�, �2�M�/�7�Q�`
�N�,�2�M�/�7�Q�`

�R�y�,�T�4�b�m�K�U�p���H�B�/�U� (x; y)�V�V

�"�Q�i�? ���H�;�Q�`�B�i�?�K�b �m�b�2 �� �p�2�`�v �?�B�;�? �p���`�B���M�+�2 �i�?�`�2�b�?�Q�H�/�- �M���K�2�H�v �y�X�N�N�N�X �h�?�B�b �2�M�b�m�`�2�b �i�?���i
�Q�M�H�v �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b �i�?���i ���`�2 �p�2�`�v �+�H�Q�b�2 �i�Q �i�?�2�B�` �M�2�B�;�?�#�Q�m�`�b �2�b�i�B�K���i�2�b ���`�2 �B�M�b�2�`�i�2�/
�B�M�i�Q �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/�X �6�B�;�m�`�2�e�X�3�B�H�H�m�b�i�`���i�2�b �i�?�2 �`�2�b�m�H�i �Q�7 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �;�`�Q�r�B�M�;�-



�e�X�j�X ���/���T�i�B�p�2 �G�Q�+���H �L�2�B�;�?�#�Q�m�`�?�Q�Q�/ �6�B�H�i�2�`�B�M�; �N�N

�r�?�2�`�2 �i�?�2 �K���D�Q�`�B�i�v �Q�7 �i�?�2 �`�2�K���B�M�B�M�; �K�B�b�b�B�M�; �p���H�m�2�b �B�M �U���V ���M�/ �U�#�V ���`�2 �2�B�i�?�2�`�,�K�B�M�m�i�B���2
�T�Q�B�M�i�b�Q�` �i�?�2 �+�2�M�i�`�2 �Q�7�G�2�p�2�H �A �b�i�`�m�+�i�m� �̀2�b�X

�U���V�.�2�H�i�� �U�#�V�G�Q�Q�T

�U�+�V�G�Q�Q�T �r�B�i�? �+�`�2���b�2�b �U�/�V�o�2�b�i�B�;�2 �r�B�i�? �+�`�2���b�2�b

�6�B�;�m�`�2 �e�X�3�X�,�:�`�Q�r�B�M�; �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b

�6�B�;�m�`�2�e�X�3�U�+�V ���M�/ �U�/�V �B�H�H�m�b�i�`���i�2 �i�?�2 �2�z�2�+�i�B�p�2�M�2�b�b �Q�7 �i�?�2 ���/���T�i�B�p�2 �H�Q�+���H �M�2�B�;�?�#�Q�m�`�?�Q�Q�/
�}�H�i�2�`�B�M�; �K�2�i�?�Q�/�X �h�?�2 �K���D�Q�`�B�i�v �Q�7 �i�?�2 ���`�i�2�7���+�i�b �B�M �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/�- �/�m�2 �i�Q �+�`�2���b�2�b
���M�/ �K�B�M�m�i�B���2�- �?���p�2 �#�2�2�M �b�m�T�T�`�2�b�b�2�/ ���M�/ �r�?�2�`�2 �i�?�2 �2�z�2�+�i�b �Q�7 �+�`�2���b�2�b �b�i�B�H�H �i�?�2 �`�2�K���B�M�-
�i�?�2 �Q�`�B�2�M�i���i�B�Q�M�b ���`�2 �+�Q�K�T���`���#�H�2 �i�Q �i�?�2 �b�m�`�`�Q�m�M�/�B�M�; �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b�X

�a�i�2�T �d�- �3 ���M�/ �N

�h�?�2 �+�B�`�+�m�H���` �K�2���M�- �B�M �r�?�B�+�? �i�?�2 �B�M�/�B�p�B�/�m���H �T�B�t�2�H�b ���`�2 �r�2�B�;�?�i�2�/ ���+�+�Q�`�/�B�M�; �i�Q �i�?�2�B�` �p���`�B�@
���M�+�2�- �B�b ���T�T�H�B�2�/ �B�i�2�`���i�B�p�2�H�v �i�Q �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b�̂ �- �m�b�B�M�; �G�*�a �r�?�2�`�2r = 3 ���M�/
n = 1�X �h�?�B�b �?���b �i�r�Q �2�z�2�+�i�b �m�T�Q�M �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/�X �6�B�`�b�i�H�v�- �B�i �`�2�/�m�+�2�b �i�?�2 ���z�2�+�i �Q�7
���M�v �H���`�;�2 �H�Q�+���H �/�2�p�B���i�B�Q�M�b�X �a�2�+�Q�M�/�H�v�- �B�i �}�H�H�b �B�M ���M�v �`�2�K���B�M�B�M�; �;���T�b �r�B�i�?�B�M �Q�`�B�2�M�i���i�B�Q�M



�R�y�y �e�X �P�`�B�2�M�i���i�B�Q�M �1�b�i�B�K���i�2 �6�B�H�i�2�`�B�M�;

�}�2�H�/�X

�6�B�;�m�`�2�e�X�N�B�H�H�m�b�i�`���i�2�b �i�?�2 �`�2�b�m�H�i �Q�7 ���T�T�H�v�B�M�; �i�?�2 �2�M�i�B�`�2 ���H�;�Q�`�B�i�?�K ���G�L�6 �i�Q �� �`���r �Q�`�B�@
�2�M�i���i�B�Q�M �}�2�H�/ �r�B�i�? �K���;�M�B�i�m�/�2 �`�2�K�Q�p���H�X

�U���V�.�2�H�i�� �U�#�V�G�Q�Q�T

�U�+�V�G�Q�Q�T �r�B�i�? �+�`�2���b�2�b �U�/�V�o�2�b�i�B�;�2 �r�B�i�? �+�`�2���b�2�b

�6�B�;�m�`�2 �e�X�N�X�,���/���T�i�B�p�2 �G�Q�+���H �L�2�B�;�?�#�Q�m�`�?�Q�Q�/ �}�H�i�2�`�B�M�; �Q�M �T���`�i�b �Q�7 �� �T���H�K�T�`�B�M�i



�e�X�9�X �*�Q�K�T���`�B�b�Q�M �"�2�i�r�2�2�M ���G�L�6 ���M�/ �� �*�m�`�`�2�M�i �h�2�+�?�M�B�[�m�2�R�y�R

���������$�P�N�Q�B�S�J�T�P�O �#�F�U�X�F�F�O �"�E�B�Q�U�J�W�F �-�P�D�B�M �/�F�J�H�I�C�P�V�S�I�P�P�E
�'�J�M�U�F�S�J�O�H �B�O�E �B �$�V�S�S�F�O�U �5�F�D�I�O�J�R�V�F

�6�B�;�m�`�2�b�e�X�R�y���M�/�e�X�R�R�B�H�H�m�b�i�`���i�2 �� �+�Q�K�T���`�B�b�Q�M �Q�7 ���G�L�6 �r�B�i�? �i�?�2 �}�H�i�2�`�2�/ �Q�`�B�2�M�i���i�B�Q�M
�2�b�i�B�K���i�B�Q�M �K�2�i�?�Q�/ �2�K�T�H�Q�v�2�/ �B�M �i�?�2 ���S�A�a �(�k�d�) �U�6�����V�X �h�?�2 �/�B�z�2�`�2�M�+�2�b �B�M �}�;�m�`�2�e�X�R�y
���`�2 �`�2�H���i�B�p�2�H�v �b�m�#�i�H�2�- �?�Q�r�2�p�2�` �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b �;�2�M�2�`���i�2�/ �#�v ���G�L�6 ���`�Q�m�M�/ �i�?�2
�+�2�M�i�`�2 �Q�7 �#�Q�i�? �i�?�2 �H�Q�Q�T ���M�/ �/�2�H�i�� �b�i�`�m�+�i�m�`�2�b�- ���T�T�2���` �b�H�B�;�?�i�H�v �K�Q�`�2 ���+�+�m�`���i�2�X

�U���V�.�2�H�i�� �@���G�L�6 �U�#�V�G�Q�Q�T �@���G�L�6

�U�+�V�.�2�H�i�� �@�6���� �U�/�V�G�Q�Q�T �@�6����

�6�B�;�m�`�2 �e�X�R�y�X�,�*�Q�K�T���`�B�b�Q�M �Q�7 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b �Q�7���G�L�6 ���M�/�6���� �- �Q�M �i�r�Q �i�v�T�B�+���H
�G�2�p�2�H �A �b�i�`�m�+�i�m�`�2�b



�R�y�k �e�X �P�`�B�2�M�i���i�B�Q�M �1�b�i�B�K���i�2 �6�B�H�i�2�`�B�M�;

�h�?�2 �/�B�z�2�`�2�M�+�2�b�- �B�M �i�?�2 �T�`�2�b�2�M�+�2 �Q�7 �+�`�2���b�2�b�- ���`�2 �K�m�+�? �K�Q�`�2 �Q�#�p�B�Q�m�b �B�M �}�;�m�`�2�e�X�R�R�X �6�Q�`
�#�Q�i�? �i�?�2 �H�Q�Q�T ���M�/ �i�?�2 �p�2�b�i�B�;�2�- �i�?�2 ���G�L�6 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b ���`�2 �K�Q�`�2 ���+�+�m�`���i�2 �i�?���M
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���������-�F�W�F�M �* �%�F�U�B�J�M�� �4�U�S�V�D�U�V�S�F�T
�������������0�W�F�S�W�J�F�X �P�G �U�I�F �.�F�U�I�P�E
�6�B�;�m�`�2�d�X�R�B�H�H�m�b�i�`���i�2�b ���M �Q�p�2�`�p�B�2�r �Q�7 �i�?�2 �b�i���;�2�b �m�M�/�2�`�i���F�2�M �B�M �B�/�2�M�i�B�7�v�B�M�;�- �+�H���b�b�B�7�v�B�M�;
���M�/ �2�t�i�`���+�i�B�M�; �i�?�2 �+�?���`���+�i�2�`�B�b�i�B�+ �7�2���i�m�`�2�b �Q�7 �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2�b�X �h�?�2�`�2 ���`�2 �i�?�`�2�2 �K���B�M
�b�i���;�2�b �i�Q �i�?�B�b �T�`�Q�+�2�/�m�`�2�- �2���+�? �Q�7 �r�?�B�+�? �B�b �/�2�b�+�`�B�#�2�/ �#�v �i�?�2 �B�M�/�B�+���i�2�/ �b�m�#�b�2�+�i�B�Q�M�,

�R�X�*���H�+�m�H���i�2 �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2 �Q�7 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �m�b�B�M�; �G�*�a�- �b�m�#�b�2�+�i�B�Q�M�d�X�k�X�j

�k�X�G�Q�+���i�B�Q�M �Q�7 �i�?�2 �+�2�M�i�`���H �T�Q�b�B�i�B�Q�M �Q�7 �T�Q�i�2�M�i�B���H �G�2�p�2�H �A �a�i�`�m�+�i�m�`�2�b �r�B�i�?�B�M �i�?�2 �+�B�`�+�m�H���`
�p���`�B���M�+�2�- �b�m�#�b�2�+�i�B�Q�M�d�X�k�X�9

�j�X�*�H���b�b�B�}�+���i�B�Q�M �Q�7 �i�?�2 �G�2�p�2�H �A �a�i�`�m�+�i�m�`�2�b ���M�/ �i�?�2 �2�t�i�`���+�i�B�Q�M �Q�7 �i�?�2�B�` �+�?���`���+�i�2�`�B�b�i�B�+
�7�2���i�m�`�2�b�- �b�m�#�b�2�+�i�B�Q�M�d�X�k�X�8

�U���V�*���H�+�m�H���i�B�M�; �i�?�2 �+�B�`�+�m�H���` �p���`�B�@
���M�+�2

!
�U�#�V�G�Q�+���i�B�M�; �i�?�2 �T�Q�b�B�i�B�Q�M �Q�7 �b�i�`�m�+�@

�i�m�`�2�b�- �B�M�/�B�+���i�2�/ �#�v �i�?�2 �`�2�/ �/�Q�i�b

!
�U�+�V�*�H���b�b�B�7�v�B�M�; �b�i�`�m�+�i�m�`�2�b ���M�/

�2�t�i�`���+�i�B�M�; �i�?�2�B�` �7�2���i�m�`�2�b�c
�/�2�H�i�� �@ �`�2�/�- �H�Q�Q�T �@ �#�H�m�2

�6�B�;�m�`�2 �d�X�R�X�,�P�p�2�`�p�B�2�r �Q�7 �i�?�2 �b�i���;�2�b �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2 �2�t�i�`���+�i�B�Q�M

�h�?�B�b �K�2�i�?�Q�/ �`�2�b�m�H�i�b �B�M �i�?�2 �+�H���b�b�B�}�+���i�B�Q�M �Q�7 �i�?�2 �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2�b �r�B�i�?�B�M �T���H�K�- �B�M �r�?�B�+�?
�i�?�2 �7�Q�H�H�Q�r�B�M�; �+�?���`���+�i�2�`�B�b�i�B�+ �7�2���i�m�`�2�b ���`�2 �2�t�i�`���+�i�2�/�-

�R�X�h�?�2 �i�v�T�2 �Q�7 �b�i�`�m�+�i�m�`�2�, �/�2�H�i���- �H�Q�Q�T �Q�` �r�?�Q�`�H

�k�X�h�?�2 �T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �+�2�M�i�`���H �T�Q�B�M�i �Q�7 �� �b�i�`�m�+�i�m�`�2�X

�j�X�S���i�?�b �r�?�B�+�? �/�2�b�+�`�B�#�2 �i�?�2 �b�i�`�m�+�i�m�`�2�- �r�?�B�+�? ���`�2 �/�2�T�2�M�/�2�M�i �m�T�Q�M �i�?�2 �i�v�T�2 �Q�7 �b�i�`�m�+�@
�i�m�`�2�X

�R�y�d



�R�y�3 �d�X �6�2���i�m�`�2 �1�t�i�`���+�i�B�Q�M

�A�M �}�;�m�`�2�d�X�R�U�+�V �� �/�2�H�i�� �B�b �B�H�H�m�b�i�`���i�2�/ �#�v �i�?�2 �`�2�/ �H�B�M�2�b �r�?�B�+�? �7�Q�H�H�Q�r �i�?�2 �~�Q�r �Q�7 �i�?�2 �7�`�B�+�i�B�Q�M
�`�B�/�;�2�b �7�`�Q�K �i�?�2 �+�2�M�i�`�2 �Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2�X �h�?�2 �#�H�m�2 �H�B�M�2�b �B�M �}�;�m�`�2�d�X�R�U�+�V �B�H�H�m�b�i�`���i�2 �i�?�2 �T���i�?
�r�?�B�+�? �/�2�b�+�`�B�#�2 �i�?�2 �H�Q�Q�T�X �"�Q�i�? �i�?�2 �b�2�i�b �Q�7 �`�2�/ ���M�/ �#�H�m�2 �H�B�M�2�b �r�2�`�2 �+�`�2���i�2�/ ���m�i�Q�K���i�B�+���H�H�v
�#�v �m�b�B�M�; �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b �7�`�Q�K �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/�̂ (x; y) �7�`�Q�K �b�2�+�i�B�Q�M�e�X

�S�`�B�Q�` �i�Q �T�`�2�b�2�M�i�B�M�; �i�?�2 �K�2�i�?�Q�/ �7�Q�` �2�t�i�`���+�i�B�M�; �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2�b�- �� �K�2�i�?�Q�/ �i�Q ���m�i�Q�K���i�@
�B�+���H�H�v �i�`���+�2 �i�?�2 �~�Q�r �Q�7 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �B�b �T�`�2�b�2�M�i�2�/�X �h�?�2 �`�2�b�m�H�i�B�M�; �T���i�?�b �+���H�+�m�H���i�2�/
�#�v �i�?�2 �i�`���+�2�` �r�B�H�H �#�2 �m�b�2�/ ���b �7�2���i�m�`�2�b �7�Q�` �i�?�2 �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2�b�X

�������������5�S�B�D�J�O�H �U�I�F �'�M�P�X �P�G �B�O �0�S�J�F�O�U�B�U�J�P�O �'�J�F�M�E
�"�v �m�b�B�M�; �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/�̂ (x; y) �7�`�Q�K �b�2�+�i�B�Q�M�e�- �� �T���i�? �+���M �#�2 �2�t�i�`���+�i�2�/ �r�?�B�+�?
�r�B�H�H �7�Q�H�H�Q�r �i�?�2 �T���i�? �K���/�2 �#�v �� �7�`�B�+�i�B�Q�M �`�B�/�;�2�X ���M ���M���H�Q�;�v �7�Q�` �i�?�B�b �K�2�i�?�Q�/ �B�b �i�Q �B�K���;�B�M�2
�i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ ���b �i�?�2 �~�Q�r �Q�7 �� �`�B�p�2�` ���M�/ �i�?�2 �Q�m�i�T�m�i �Q�7 �i�?�B�b �K�2�i�?�Q�/ �#�2�B�M�; �i�?�2 �T���i�?
�r�?�B�+�? �� �b�i�B�+�F �r�Q�m�H�/ �K���F�2 ���7�i�2�` �#�2�B�M�; �i�?�`�Q�r�M �B�M�i�Q �i�?�2 �`�B�p�2�`�X �h�?�2 �K�2�i�?�Q�/ �/�2�b�+�`�B�#�2�/
�B�M �i�?�B�b �b�2�+�i�B�Q�M �B�b ���M �B�i�2�`���i�B�p�2 �K�2�i�?�Q�/ �r�?�B�+�? �m�b�2�b �i�`�B�;�Q�M�Q�K�2�i�`�v �i�Q �+�Q�H�H�2�+�i �i�?�2 �*���`�i�2�b�B���M
�T�Q�b�B�i�B�Q�M ���i �B�M�i�2�`�p���H�b ���H�Q�M�; �i�?�2 �T���i�? �Q�7 �� �i�`���+�2�X

�a�B�M�+�2 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �B�b ���t�B���H �#�v �M���i�m�`�2 �U�B�X�2�̂ (x; y) 2 [0; � )�V�- ���i ���M�v
�T�Q�B�M�i �Q�M �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/�- �i�r�Q �T���i�?�b �+���M �#�2 �i���F�2�M �r�?�B�+�? �r�Q�m�H�/ �i�`���p�2�H �B�M �Q�T�T�Q�b�B�i�2
�/�B�`�2�+�i�B�Q�M�b�- �#�Q�i�? �Q�7 �r�?�B�+�? �r�Q�m�H�/ �#�2 �B�M �i�?�2 �/�B�`�2�+�i�B�Q�M �Q�7 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/�X �6�B�;�m�`�2�d�X�k
�B�H�H�m�b�i�`���i�2�b �i�?�B�b �+�Q�M�+�2�T�i �r�B�i�? �i�r�Q ���`�`�Q�r�b ���i �� �T���`�i�B�+�m�H���` �T�Q�B�M�i�- �r�?�2�`�2 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M
�}�2�H�/̂� (x; y) ���M�/ ���M �3 �#�v �3 �;�`�B�/ ���`�2 �Q�p�2�`�H���B�/ �m�T�Q�M �T���`�i �Q�7 �� �T���H�K�T�`�B�M�i�X �h�?�2 ���`�`�Q�r�b�-
�#�Q�i�? �b�i���`�i �7�`�Q�K �i�?�2 �b���K�2 �T�Q�B�M�i �r�?�B�+�? �B�b �B�M �i�?�2 �K�B�/�/�H�2 �Q�7 �i�?�2 �b�2�p�2�M�i�? �#�H�Q�+�F �B�M �#�Q�i�? �i�?�2
x ���M�/y �/�B�`�2�+�i�B�Q�M�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�6�B�;�m�`�2 �d�X�k�X�,�h�r�Q �T�Q�b�b�B�#�H�2 �/�B�`�2�+�i�B�Q�M�b �Q�7 �� �T���i�? �r�?�B�+�? �7�Q�H�H�Q�r �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/

�:�B�p�2�M �i�?���i �i�?�2 �Q�`�B�2�M�i���i�B�Q�M ���i �i�?�2 �b�i���`�i �T�Q�B�M�i(7; 7) �B�M �}�;�m�`�2�d�X�k�B�b̂� (7; 7) = 0:7037�U�i�Q
�9 �/�X �T�X�V�- �i�?�2�M �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �+���M �#�2 �m�b�2�/ �i�Q �i�`���+�2 �i�?�2 �/�B�`�2�+�i�B�Q�M �Q�7 �i�?�2 �~�Q�r �Q�7
�7�`�B�+�i�B�Q�M �`�B�/�;�2�b�- �i�?�m�b�,

xa = 7 + �+�Q�b(0:7037)
= 7:7625

ya = 7 + �b�B�M(0:7037)
= 7:6470

�U�d�X�R�V

�P�`�- �b�B�M�+�2�̂ (x; y) �B�b ���t�B���H �/���i���- �i�?�2 �T���i�? �+�Q�m�H�/ �;�Q �B�M �i�?�2 �Q�T�T�Q�b�B�i�2 �/�B�`�2�+�i�B�Q�M�,



�d�X�k�X �G�2�p�2�H �A �.�2�i���B�H�, �a�i�`�m�+�i�m�`�2�b �R�y�N

xb = 7 + �+�Q�b(0:7037 + � )
= 6:2375

yb = 7 + �b�B�M(0:7037 + � )
= 6:3530

�U�d�X�k�V

�q�?�2�`�2(xa; ya) ���M�/(xb; yb) ���`�2 �i�?�2 �T�Q�b�B�i�B�Q�M�b �r�?�B�+�? ���`�2 �� �m�M�B�i �/�B�b�i���M�+�2 �7�`�Q�K �i�?�2 �b�i���`�i�B�M�;
�T�Q�B�M�i�X

�h�?�2 �}�`�b�i �b�Q�H�m�i�B�Q�M �U�2�[�m���i�B�Q�M�d�X�R�V �B�b �i�?�2 �2�M�/ �Q�7 �i�?�2 �i�Q�T ���`�`�Q�r �B�M �}�;�m�`�2�d�X�k���M�/ �i�?�2 �b�2�+�Q�M�/
�U�2�[�m���i�B�Q�M�d�X�k�V �B�b �i�?�2 �2�M�/ �Q�7 �i�?�2 �H�Q�r�2�` ���`�`�Q�r �B�M �}�;�m�`�2�d�X�k�X

�"�v �+�?�Q�Q�b�B�M�; �� �b�i���`�i�B�M�; �T�Q�b�B�i�B�Q�M�� �T�`�B�Q�`�B�- �i�?�2 �i�`���+�2 �+���M �#�2 �7�Q�`�+�2�/ �i�Q �K�Q�p�2 �B�M �� �b�T�2�+�B�}�+
�/�B�`�2�+�i�B�Q�M�X �A�7 �B�i �r���b �/�2�b�B�`�2�/ �i�?���i �i�?�2 �i�`���+�2 �b�?�Q�m�H�/ �b�i���`�i �Q�z �B�M �� �/�Q�r�M�r���`�/ �H�2�7�i �/�B�`�2�+�i�B�Q�M�-
�i�?�2 �i�`���+�2 �+�Q�m�H�/ �#�2�7�Q� �̀+�2�/�B�M �i�?���i �/�B�`�2�+�i�B�Q�M�X �G�2�i �m�b �T�B�+�F �� �T�Q�B�M�i �B�M �i�?�2 �Q�T�T�Q�b�B�i�2 �/�B�`�2�+�i�B�Q�M�-
(8; 8)�X �h�?�2�M �;�B�p�2�M �i�?�2 �b�i���`�i �T�Q�B�M�i�̂ (7; 7) = 0:7037�- �i�?�2 �b�2�+�Q�M�/ �T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �i�`���+�2
�r�B�H�H �#�2�,

(x; y) =

8
>>>>>><

>>>>>>:

x = xa �B�7
p

(x1 � 8)2 + ( y1 � 8)2 >
p

(x2 � 8)2 + ( y2 � 8)2

y = ya

x = xb �2�H�b�2

y = yb

�U�d�X�j�V

�q�?�2�`�2xa = 7 + �+�Q�b(0:7037)�- ya = 7 + �b�B�M(0:7037)�- xb = 7 + �+�Q�b(0:7037 + � ) ���M�/
yb = 7 + �b�B�M(0:7037 + � )�X

�a�Q �i�?�2�`�2 ���`�2 �i�r�Q �T�Q�b�B�i�B�Q�M�b �7�`�Q�K �i�?�2 �`�2�b�m�H�i �Q�7 �2�[�m���i�B�Q�M�d�X�j�- �#�Q�i�? �Q�7 �r�?�B�+�? ���`�2 ���i �i�?�2 �2�M�/
�Q�7 �2���+�? �Q�7 �i�?�2 ���`�`�Q�r�b �B�M �}�;�m�`�2�d�X�k�X

�h�?�B�b �K�2�i�?�Q�/ �+���M �#�2 �;�2�M�2�`���H�B�b�2�/ �b�Q �i�?���i �� �T���i�? �Q�7 �H�2�M�;�i�?n �+���M �#�2 �+���H�+�m�H���i�2�/�X ���i �2���+�?
�T�Q�B�M�i ���H�Q�M�; �i�?�2 �T���i�? �i�?�2 �/�2�+�B�b�B�Q�M �Q�7 �r�?�B�+�? �+�?�Q�B�+�2 �i�Q �K���F�2 �B�b �#���b�2�/ �m�T�Q�M �#�2�B�M�;�7�Q� �̀+�2�/
���r���v �7�`�Q�K �i�?�2 �T�`�2�p�B�Q�m�b �T�Q�B�M�i�X �h�?�B�b �B�i�2�`���i�B�p�2 �K�2�i�?�Q�/ �B�b �T�Q�b�b�B�#�H�2 �/�m�2 �i�Q �i�?�2 �7���+�i �i�?���i
�i�?�2 �Q�`�B�2�M�i���i�B�Q�M �Q�7 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �p���`�v �b�H�Q�r�H�v �B�M �� �H�Q�+���H ���`�2���c �M�Q�i�2 �B�i �B�b �`���`�2 �i�?���i
���/�D���+�2�M�i �7�`�B�+�i�B�Q�M �`�B�/�;�2�b ���`�2 ���i ���M ���M�;�H�2 �Q�7�

2 �X

�:�B�p�2�M�, �� �H�2�M�;�i�?n�- ���M �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �Q�7 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b�̂ (x; y)�- �� �b�i���`�i�B�M�; �T�Q�B�M�i(x1; y1)
���M�/ �� �T�Q�B�M�i �Q�T�T�Q�b�B�i�2 �i�Q �i�?�2 �/�2�b�B�`�2�/ �/�B�`�2�+�i�B�Q�M �Q�7 �B�M�B�i�B���H �~�Q�r(x0; y0)�- �i�?�2 �T���i�? �Q�7 ���M
�Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �+���M �#�2 �7�Q�m�M�/ �#�v ���H�;�Q�`�B�i�?�K�d�X�R�X

�h�?�2 �2�t���K�T�H�2 �b�?�Q�r�M �2���`�H�B�2�` �B�M �i�?�B�b �b�2�+�i�B�Q�M �U�}�;�m�`�2�d�X�k�V �B�b �i�`���+�2�/ �m�b�B�M�; ���H�;�Q�`�B�i�?�K�d�X�R
�m�M�i�B�H �B�i �H�2���p�2�b �i�?�2 �+�Q�M�}�M�2�b �Q�7 �i�?�2 �B�K���;�2�c �i�?�B�b �B�b �B�H�H�m�b�i�`���i�2�/ �#�v �i�?�2 �`�2�/ �H�B�M�2�b �B�M �}�;�m�`�2�d�X�j�X



�R�R�y �d�X �6�2���i�m�`�2 �1�t�i�`���+�i�B�Q�M

���H�;�Q�`�B�i�?�K �d�X�R�h�`���+�2�`
�_�2�[�m�B�`�2�,� f r (x; y)�-xn = x1; x2; :::; xn ���M�/yn = y1; y2; :::; yn

�1�M�b�m�`�2�,xn = x1; x2; :::; xn ���M�/yn = y1; y2; :::; yn

�R�,�7�Q�`i �B�M1 : n �/�Q
�k�, � t = � f r (xn ; yn )
�j�, X 1 = xn+ �+�Q�b(� t )�-Y1 = yn+ �b�B�M(� t )
�9�, X 2 = xn+ �+�Q�b(� t )�-Y2 = yn+ �b�B�M(� t )
�8�, �B�7

p
(X 1 � xn� 1)2 + ( Y1 � yn� 1)2 <

p
(X 2 � xn� 1)2 + ( Y2 � yn� 1)2 �i�?�2�M

�e�, xn+1 = X 1; yn+1 = Y1 �2�H�b�2xn+1 = X 2; yn+1 = Y2

�d�, �2�M�/�B�7
�3�,�2�M�/�7�Q�`

�U���V �U�#�V

�6�B�;�m�`�2 �d�X�j�X�,�h�`���+�B�M�; �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �B�M �Q�T�T�Q�b�B�i�2 �/�B�`�2�+�i�B�Q�M�b

�h�?�2 �Q�m�i�T�m�i �Q�7 �i�?�2 �i�`���+�2�` �/�2�b�+�`�B�#�2�/ �B�M �i�?�B�b �b�2�+�i�B�Q�M �?���b �i�r�Q �T�m�`�T�Q�b�2�b �7�Q�` �i�?�2 �`�2�b�i �Q�7 �i�?�B�b
�i�?�2�b�B�b�X �h�?�2 �i�`���+�2�` �B�b �m�b�2�/ �R�V �i�Q �;�B�p�2 �� �;�`���T�?�B�+���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2�b
�U�b�2�+�i�B�Q�M�b�d�X�k�X�8�X�j�-�d�X�k�X�8�X�9���M�/�d�X�k�X�8�X�8�V ���M�/ �k�V �i�?�2 �T���i�?�b ���`�2 �m�b�2�/ �i�Q �/�B�`�2�+�i�H�v �K���i�+�? �G�2�p�2�H
�A �b�i�`�m�+�i�m�`�2�b �U�b�2�+�i�B�Q�M�3�X�k�V�X

�������������$�J�S�D�V�M�B�S �7�B�S�J�B�O�D�F �P�G �U�I�F �0�S�J�F�O�U�B�U�J�P�O �'�J�F�M�E
�:�B�p�2�M �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �Q�7 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �U�̂ (i; j ) �7�`�Q�K �b�2�+�i�B�Q�M�e�V�- �i�?�2 �H�Q�+���H
�+�B�`�+�m�H���` �p���`�B���M�+�2� 1� �R(i; j ) �B�b �+���H�+�m�H���i�2�/ �m�b�B�M�; ���H�;�Q�`�B�i�?�K�e�X�R�,

� 1� �R(i; j ) = LCS(�̂ (i; j ); n = 1; r = 10) �U�d�X�9�V

�6�B�;�m�`�2�d�X�9�B�H�H�m�b�i�`���i�2�b �� �;�`���T�?�B�+���H �2�t���K�T�H�2 �Q�7 �i�?�2 �T�`�Q�+�2�b�b �/�2�b�+�`�B�#�2�/ ���#�Q�p�2�X �6�B�;�m�`�2�d�X�9
�U���V �B�b �T���`�i �Q�7 ���M �Q�`�B�;�B�M���H �T���H�K�- �}�;�m�`�2�d�X�9�U�#�V �B�b �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �Q�7 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b
�̂ (i; j ) �m�b�B�M�; �i�?�2 �`���B�M�#�Q�r �+�Q�H�Q�m�` �b�+�?�2�K�2 ���M�/ �}�;�m�`�2�d�X�9�U�+�V �B�b �i�?�2 �H�Q�+���H �+�B�`�+�m�H���` �p���`�B���M�+�2
�Q�7 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �Q�7 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b�X



�d�X�k�X �G�2�p�2�H �A �.�2�i���B�H�, �a�i�`�m�+�i�m�`�2�b �R�R�R

�U���V�P�`�B�;�B�M���H �T���H�K�U�#�V�P�`�B�2�M�i���i�B�Q�M �Q�7 �7�`�B�+�i�B�Q�M
�`�B�/�;�2�b� f r (i; j )

�U�+�V�*�B�`�+�m�H���` �p���`�B���M�+�2� � 2 (i; j )

�6�B�;�m�`�2 �d�X�9�X�,�*���H�+�m�H���i�B�M�; �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2� � 2 (i; j )

�h�?�2 �/���`�F ���`�2���b �B�M �}�;�m�`�2�d�X�9�U�+�V �`�2�T�`�2�b�2�M�i ���`�2���b �B�M �U���V ���M�/ �U�#�V �r�?�2�`�2 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �Q�7
�i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �p���`�B�2�b �K�Q�`�2 �i�?���M �Q�i�?�2�` ���`�2���b�X �*�Q�M�p�2�`�b�2�H�v�- �H�B�;�?�i ���`�2���b �B�M �U�+�V �`�2�T�`�2�b�2�M�i
���`�2���b �B�M �U���V ���M�/ �U�#�V �r�?�2�`�2 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �Q�7 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �B�b �`�2�H���i�B�p�2�H�v �b�B�K�B�H���`�X

�"�v �p���`�v�B�M�; �/�B�z�2�`�2�M�i �p���H�m�2�b �Q�7r �U�i�?�2 �`���/�B�m�b�V�- �i�?�2�b�K�Q�Q�i�?�M�2�b�b�Q�7 �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2
�B�b ���H�i�2�`�2�/�X �a�K���H�H�2�` �p���H�m�2�b �Q�7r �T�`�Q�/�m�+�2 �m�M�r���M�i�2�/ �T�2���F�b ���M�/ �T�`�2�b�2�`�p�2 �i�?�2 �T�Q�b�B�i�B�Q�M �Q�7
�i�?�2 �?�B�;�? �p���`�B���M�+�2 �`�2�;�B�Q�M�b �B�M �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2�- �r�?�B�H�b�i �H���`�;�2�` �p���H�m�2�b �Q�7r �i�2�M�/ �i�Q�Q�p�2�`
�b�K�Q�Q�i�? �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2 �U�b�?�B�7�i�B�M�; �i�?�2 �T�Q�b�B�i�B�Q�M �Q�7 �b�i�`�m�+�i�m�`�2�b�V�X �� �p���H�m�2 �Q�7r = 10 �B�b
�`�Q�#�m�b�i �2�M�Q�m�;�? �i�Q �?�2�H�T �B�/�2�M�i�B�7�v �i�?�2 ���T�T�`�Q�t�B�K���i�2 �T�Q�b�B�i�B�Q�M �Q�7 �b�i�`�m�+�i�m�`�2�b�- �r�?�B�H�b�i �b�K�Q�Q�i�?�B�M�;
�Q�p�2�` �m�M�r���M�i�2�/ �b�K���H�H �/�2�p�B���i�B�Q�M�b �B�M �`�B�/�;�2 �Q�`�B�2�M�i���i�B�Q�M�X

�������������-�P�D�B�U�J�O�H �U�I�F �1�P�T�J�U�J�P�O �P�G �-�F�W�F�M �* �4�U�S�V�D�U�V�S�F�T
�h�?�2 ���T�T�`�Q�t�B�K���i�2 �T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �+�2�M�i�`�2 �T�Q�B�M�i �Q�7 �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2�b ���`�2 �r�?�2�`�2 �/�2�2�T
�p���H�H�2�v�b �Q�+�+�m�` �B�M �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2� 1� �R(i; j )�X �h�?�2 �b�i�`�m�+�i�m�`�2�b �2�t�B�b�i �r�?�2�M �i�?�2 �+�B�`�+�m�H���`
�p���`�B���M�+�2 �i���F�2�b �Q�M �� �p���H�m�2 �;�`�2���i�2�` �i�?���M �y�X�N�- �i�?�B�b �B�b �B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2�d�X�8�U���V �#�v �i�?�2
�`�2�/ �+�B�`�+�H�2�b�X

�l�b�B�M�; �� �}�t�2�/ �i�?�`�2�b�?�Q�H�/ �Q�M� 1� �R(i; j ) �� �+�Q�M�M�2�+�i�2�/ �b�2�i �Q�7 �T�Q�b�b�B�#�H�2 �T�Q�B�M�i�b �B�b �+�`�2���i�2�/�-
�r�?�2�`�2 �2���+�? �T�Q�B�M�i �?���b �i�?�2 �T�Q�i�2�M�i�B���H �i�Q �#�2 �i�?�2 �+�2�M�i�`�2 �Q�7 �� �b�i�`�m�+�i�m�`�2�X �1���+�? �+�Q�M�M�2�+�i�2�/ �b�2�i
�B�b �T�Q�i�2�M�i�B���H�H�v �� �b�i�`�m�+�i�m�`�2 ���M�/ �+�Q�M�i���B�M�b �i�?�2 �+�2�M�i�`�2 �T�Q�B�M�i �Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2�X

�6�Q�` �2���+�? �+�Q�M�M�2�+�i�2�/ �b�2�i�- �i�?�2 �T�Q�B�M�i �r�?�B�+�? �?���b �i�?�2 �K���t�B�K�m�K �p���H�m�2 �B�M� 1� �R(i; j )�- �B�b �B�H�H�m�b�@
�i�`���i�2�/ �B�M �}�;�m�`�2�d�X�8�U�#�V�X �6�B�;�m�`�2�d�X�8�U�+�V �B�H�H�m�b�i�`���i�2�b �i�?�B�b �K���t�B�K�m�K �T�Q�B�M�i �Q�p�2�`�H���B�/ �m�T�Q�M
�i�?�2 �Q�`�B�;�B�M���H �T���H�K�T�`�B�M�i�X ���H�i�?�Q�m�;�? �i�?�B�b �T�Q�B�M�i �B�b �+�H�Q�b�2 �i�Q �i�?�2 �+�2�M�i�`�2 �Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2�- �B�i �B�b
�b�F�2�r�2�/ �i�Q�r���`�/�b �i�?�2 �H�Q�+���H ���`�2�� �r�?�B�+�? �?���b �?�B�;�?�2�` �p���`�B���M�+�2 �U�B�X�2 �i�?�2 �/�2�H�i�� �U�Q�M �i�?�2 �`�B�;�?�i �B�M
�}�;�m�`�2�d�X�8�U�+�V�V �B�b �b�F�2�r�2�/ ���#�Q�p�2 �i�?�2 �+�2�M�i�`�2 �Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2�V�X

�h�Q �B�K�T�`�Q�p�2 �i�?�2 �T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �+�2�M�i�`�2 �Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2�- �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �Q�`�B�2�M�i���i�B�Q�M
�}�2�H�/ �B�b �`�2�@���M���H�v�b�2�/�- ���i �2���+�? �T�Q�B�M�i�- �r�B�i�?�B�M �2���+�? �+�Q�M�M�2�+�i�2�/ �b�2�i ���b �/�2�b�+�`�B�#�2�/ �B�M �i�?�2 �M�2�t�i
�b�2�+�i�B�Q�M�X



�R�R�k �d�X �6�2���i�m�`�2 �1�t�i�`���+�i�B�Q�M

�U���V� � 2 (i; j ) > 0:9
�*�Q�M�M�2�+�i�2�/ �b�2�i

�U�#�V�J���t�B�K�m�K �T�Q�B�M�i �Q�7 �i�?�2 �+�Q�M�@
�M�2�+�i�2�/ �b�2�i �Q�p�2�`�H���B�/ �m�T�Q�M� f r

�U�+�V�J���t�B�K�m�K �T�Q�B�M�i �Q�7 �i�?�2 �+�Q�M�@
�M�2�+�i�2�/ �b�2�i �Q�p�2�`�H���B�/ �m�T�Q�M �i�?�2
�T���H�K

�6�B�;�m�`�2 �d�X�8�X�,���T�T�`�Q�t�B�K���i�2 �T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �+�2�M�i�`�2 �Q�7 �G�2�p�2�H �R �b�i�`�m�+�i�m�`�2�b

�����������������*�N�Q�S�P�W�J�O�H �U�I�F �1�P�T�J�U�J�P�O �P�G �U�I�F �$�F�O�U�S�F �P�G �B �4�U�S�V�D�U�V�S�F
�A�7 �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2 �U�2�[�m���i�B�Q�M�d�X�9�V �r�B�i�? �� �b�K���H�H�2�` �`���/�B�m�b �Ur = 1�V �B�b �+���H�+�m�H���i�2�/�-
�i�?�2 �`�2�b�m�H�i �B�b �� �+�B�`�+�m�H���` �p���`�B���M�+�2 �i�?���i �B�b �K�Q�`�2 �b�2�M�b�B�i�B�p�2 �i�Q �H�Q�+���H �/�2�p�B���i�B�Q�M�b�X �h�?�2�M�- �i�?�2
�K���t�B�K�m�K �p���H�m�2 �7�Q�` �2���+�? �b�i�`�m�+�i�m�`�2 �U�B�X�2 �i�?�2 �T�Q�B�M�i�b �B�H�H�m�b�i�`���i�2�/ �B�M�d�X�8�U���V �B�M �� �M�2�r �+�B�`�+�m�H���`
�p���`�B���M�+�2 �7�Q�`r = 1�V�- �T�`�Q�p�B�/�2�b ���M �B�K�T�`�Q�p�2�/ �2�b�i�B�K���i�2 �7�Q�` �i�?�2 �+�2�M�i�`�2 �Q�7 �H�2�p�2�H �A �b�i�`�m�+�i�m�`�2�b�X
�h�?�2 �B�K�T�`�Q�p�2�K�2�M�i �B�M �b�i�`�m�+�i�m�`�2 �T�Q�b�B�i�B�Q�M �B�b �B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2�d�X�e�X

�U���V�P�`�B�;�B�M���H �T�Q�b�B�i�B�Q�M �U�#�V�A�K�T�`�Q�p�2�/ �T�Q�b�B�i�B�Q�M

�6�B�;�m�`�2 �d�X�e�X�,�A�K�T�`�Q�p�2�/ �a�i�`�m�+�i�m�`�2 �T�Q�b�B�i�B�Q�M�- �r�?�2�`�2 �i�?�2 �+�2�M�i�`�2 �Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2 �B�b �`�2�T�`�2�b�@
�2�M�i�2�/ �#�v �i�?�2 �`�2�/ �/�Q�i�b

�����������������4�V�N�N�B�S�Z
�h�?�2 �+�2�M�i�`���H �T�Q�b�B�i�B�Q�M �Q�7 �G�2�p�2�H �R �b�i�`�m�+�i�m�`�2�b ���`�2 �7�Q�m�M�/ �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�i���;�2�b�,

�R�X�h�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2 �Q�7 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �Q�`�B�2�M�i���i�B�Q�M �B�b �+���H�+�m�H���i�2�/ �r�B�i�? ���H��� �̀;�2
�`���/�B�m�b �Q�7r = 10�X



�d�X�k�X �G�2�p�2�H �A �.�2�i���B�H�, �a�i�`�m�+�i�m�`�2�b �R�R�j

�k�X�h�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2 �U�7�`�Q�K �b�i���;�2 �R�V �B�b �i�?�`�2�b�?�Q�H�/�2�/ �- �r�?�B�+�? �`�2�b�m�H�i�b �B�M �� �+�Q�M�M�2�+�i�2�/
�b�2�i �Q�7 �T�Q�b�b�B�#�H�2 �T�Q�B�M�i�b�- �2���+�? �Q�7 �r�?�B�+�? �?���b �i�?�2 �T�Q�i�2�M�i�B���H �i�Q �#�2 �i�?�2 �+�2�M�i�`���H �T�Q�B�M�i �Q�7
�i�?�2 �b�i�`�m�+�i�m�`�2�X

�j�X�h�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2 �Q�7 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �Q�`�B�2�M�i���i�B�Q�M �B�b �+���H�+�m�H���i�2�/ �7�Q�` �i�?�2 �+�Q�M�@
�M�2�+�i�2�/ �b�2�i �r�B�i�? ���b�K���H�H�`���/�B�m�b �Q�7r = 1�X

�9�X�6�Q�` �2���+�? �+�Q�M�M�2�+�i�2�/ �b�2�i �U�b�i���;�2 �k�V�- �i�?�2 �+�2�M�i�`�2 �Q�7 �� �b�i�`�m�+�i�m�`�2 �B�b �r�?�2�`�2 �i�?�2 �T�Q�B�M�i �7�`�Q�K
�i�?�2 �+�Q�M�M�2�+�i�2�/ �b�2�i �i���F�2�b �B�i�b �K���t�B�K�m�K �7�`�Q�K �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2 �7�`�Q�K �b�i���;�2 �j�X

�h�?�2 �T�Q�b�B�i�B�Q�M �Q�7 �2���+�? �T�Q�i�2�M�i�B���H �b�i�`�m�+�i�m�`�2 �B�b �M�Q�r �T���b�b�2�/ �Q�M �i�Q �i�?�2 �+�H���b�b�B�7�v�B�M�; �b�i���;�2�X

�������������$�M�B�T�T�J�G�Z�J�O�H �-�F�W�F�M �* �4�U�S�V�D�U�V�S�F�T
�����������������*�O�U�S�P�E�V�D�U�J�P�O
�"�2�7�Q�`�2 �i�?�2 �K�2�i�?�Q�/ �i�Q �+�H���b�b�B�7�v �G�2�p�2�H �A �7�2���i�m�`�2�b �B�b �T�`�2�b�2�M�i�2�/�- �� �`���i�B�Q�M���H�2 �7�Q�` �?�Q�r �i�Q
�B�/�2�M�i�B�7�v �i�?�2�K �B�b �B�M�i�`�Q�/�m�+�2�/�X �h�?�B�b �`���i�B�Q�M���H�2 �B�b �#���b�2�/ �Q�M �i�?�2 �F�M�Q�r�H�2�/�;�2 �Q�#�i���B�M�2�/ �7�`�Q�K
�b�2�+�i�B�Q�M�k�X�j�X

�*�Q�M�b�B�/�2�` �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �Q�7 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b�- �B�M �i�?�2 ���`�2�� �+�H�Q�b�2 �i�Q �i�?�2 �+�2�M�i�`�2 �Q�7 �� �G�2�p�2�H �A
�b�i�`�m�+�i�m�`�2�- �r�?�B�+�? ���`�2 �B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2�d�X�d�X �� �`�2�/ �/�Q�i �?���b �#�2�2�M �T�H���+�2�/ ���i �i�?�2 �+�2�M�i�`�2 �Q�7
�2���+�? �b�i�`�m�+�i�m�`�2�- ���M�/ �;�`�2�2�M �H�B�M�2�b �?���p�2 �#�2�2�M �T�H���+�2�/ �r�?�2�`�2 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �~�Q�r �/�B�`�2�+�i�H�v
�Q�m�i�- ���r���v �7�`�Q�K �i�?�2 �+�2�M�i�`�2 �Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2�X

�U���V�.�2�H�i�� �U�#�V�G�Q�Q�T �U�+�V�q�?�Q�`�H

�6�B�;�m�`�2 �d�X�d�X�,�h�?�2 �m�M�B�[�m�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �~�Q�r �r�?�B�+�? �B�/�2�M�i�B�}�2�b �2���+�? �b�i�`�m�+�i�m�`�2�b

�6�B�;�m�`�2�d�X�d�U���V �B�H�H�m�b�i�`���i�2�b �i�?���i �i�?�2�`�2 ���`�2�i�?� �̀2�2�b�2�i�b �Q�7 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �r�?�B�+�? �~�Q�r �/�B�`�2�+�i�H�v
�Q�m�i �Q�7 �� �/�2�H�i���-�Q�M�2�7�`�B�+�i�B�Q�M �`�B�/�;�2 �~�Q�r�b �/�B�`�2�+�i�H�v �Q�m�i �Q�7 �� �H�Q�Q�T �U�}�;�m�`�2�d�X�d�U�#�V�V ���M�/ �i�?�2�`�2
���`�2�M�Q�7�`�B�+�i�B�Q�M �`�B�/�;�2�b �r�?�B�+�? �~�Q�r �/�B�`�2�+�i�H�v �Q�m�i �Q�7 �� �r�?�Q�`�H �U�}�;�m�`�2�d�X�d�U�+�V�V�X

�����������������.�F�U�I�P�E �G�P�S �$�M�B�T�T�J�G�Z�J�O�H �-�F�W�F�M �* �4�U�S�V�D�U�V�S�F�T
�"�v �m�b�B�M�; �i�?�2 �`���i�B�Q�M���H�2 ���#�Q�p�2�- �b�i�`�m�+�i�m�`�2�b �+���M �#�2 �+�H���b�b�B�}�2�/ �#�v �i�?�2 �M�m�K�#�2�` �Q�7 �7�`�B�+�i�B�Q�M
�`�B�/�;�2�b �i�?���i �~�Q�r �/�B�`�2�+�i�H�v �Q�m�i �7�`�Q�K �i�?�2 �+�2�M�i�`�2 �Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2�X �"�v �T�2�`�7�Q�`�K�B�M�; �� �7�m�H�H �b�r�2�2�T
�U2� �V ���#�Q�m�i �i�?�2 �+�2�M�i�`�2 �Q�7 �� �b�i�`�m�+�i�m�`�2�- �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b �+���M �#�2 �+�Q�H�H�2�+�i�2�/ ���M�/
���M���H�v�b�2�/�X �h�?�B�b �+�B�`�+�m�H���` �b�r�2�2�T �b�i���`�i�b �7�`�Q�K �i�?�2 �i�?�`�2�2 �Q�ö�+�H�Q�+�F �T�Q�b�B�i�B�Q�M ���M�/ �B�b �B�H�H�m�b�i�`���i�2�/
�#�v �i�?�2 �`�2�/ ���`�`�Q�r �B�M �}�;�m�`�2�d�X�3�U���V ���M�/ �U�#�V�- �Q�p�2�` �i�?�2 �T���H�K�T�`�B�M�i ���M�/ �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/
�`�2�b�T�2�+�i�B�p�2�H�v�X



�R�R�9 �d�X �6�2���i�m�`�2 �1�t�i�`���+�i�B�Q�M

�U���V�S���H�K�T�`�B�M�i �U�#�V�P�`�B�2�M�i���i�B�Q�M �}�2�H�/

�6�B�;�m�`�2 �d�X�3�X�,�*�B�`�+�m�H���` �b�r�2�2�T ���`�Q�m�M�/ �i�?�2 �+�2�M�i�`�2 �Q�7 �� �T�Q�i�2�M�i�B���H �b�i�`�m�+�i�m�`�2

�h�?�2 �b�r�2�2�T �B�b �/�2�}�M�2�/ ���b �� �H�B�b�i� 2� (n) ���M�/ �?���b �� �H�2�M�;�i�? �Q�7n = 128�X �a�Q�-� 2� (n) �B�b �� �b�2�i
�Q�7 ���t�B���H �/���i�� �r�?�B�+�? �`�2�T�`�2�b�2�M�i�b �i�?�2 �p���H�m�2�b �Q�7 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �+�Q�H�H�2�+�i�2�/ �B�M �� �+�B�`�+�m�H���`
�b�r�2�2�T �b�i���`�i�B�M�; ���i �i�?�2 �i�?�`�2�2 �Q�ö�+�H�Q�+�F �T�Q�B�M�i�- ���M�/ �b�r�2�2�T�B�M�; ���M�i�B �+�H�Q�+�F�r�B�b�2�- �� �7�m�H�H2� �#���+�F
�i�Q �B�i�b �b�i���`�i�B�M�; �T�Q�b�B�i�B�Q�M�X �:�B�p�2�M �� �b�i�`�m�+�i�m�`�2�ö�b �+�2�M�i�`�2 �T�Q�B�M�i �Ux�-y�V�- �i�?�2 �+�Q�Q�`�/�B�M���i�2�b �Q�7 �i�?�2
�+�B�`�+�m�H���` �b�r�2�2�T ���`�2�,

� 2�x (n) = x + r1 �+�Q�b
�

2�n
128

�
�U�d�X�8�V

� 2�y (n) = y + r1 �b�B�M
�

2�n
128

�
�U�d�X�e�V

�q�?�2�`�2r1 = 4 �B�b �i�?�2 �`���/�B�m�b �Q�7 �i�?�2 �b�r�2�2�T�-� 2�x ���M�/� 2�y ���`�2 �i�?�2 �+�Q�Q�`�/�B�M���i�2�b �B�M �i�?�2x ���M�/
y �/�B�`�2�+�i�B�Q�M�b �`�2�b�T�2�+�i�B�p�2�H�v�X

�h�?�2 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b ���#�Q�m�i �2���+�? �Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2�b ���`�2 �M�Q�r �+�Q�H�H�2�+�i�2�/ �7�`�Q�K �i�?�2
�Q�`�B�2�M�i���i�B�Q�M �}�2�H�/� 2� (n) = �̂ (� 2�x (n) ; � 2�x (n)) �X

�"�v �m�b�B�M�;� 2� (n) �Q�M �i�?�2 �T���`�i�B���H �T���H�K�T�`�B�M�i �B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2�d�X�3�- �i�?�2 �7�Q�H�H�Q�r�B�M�; �i�r�Q
�b�2�+�i�B�Q�M�b �/�2�b�+�`�B�#�2 ���M�/ �B�H�H�m�b�i�`���i�2 �i�?�2 �+�H���b�b�B�}�+���i�B�Q�M �K�2�i�?�Q�/ �7�Q�` �/�2�H�i���b�- �H�Q�Q�T�b ���M�/ �r�?�Q�`�H�b�X

�����������������%�F�M�U�B�T
�A�i �?���b �#�2�2�M �b�?�Q�r�M �i�?���i �/�2�H�i���b �?���p�2 �i�?�`�2�2 �T�2�`�T�2�M�/�B�+�m�H���` �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �~�Q�r�B�M�; �7�`�Q�K
�i�?�2 �+�2�M�i�`�2 �Q�7 �� �b�i�`�m�+�i�m�`�2�- �b�2�+�i�B�Q�M�d�X�k�X�8�X�R�X �6�B�;�m�`�2�d�X�N�U���V �B�H�H�m�b�i�`���i�2�b� 2� (n) �7�`�Q�K �i�?�2
�b�i�`�m�+�i�m�`�2 �7�`�Q�K �}�;�m�`�2�d�X�N�U�#�V�X �h�?�2 �i�r�Q �H�B�M�2�b �`�2�T�`�2�b�2�M�i�,

�Ç �� �T�H�Q�i �Q�7� 2� (n) �U�B�M �� �`���B�M�#�Q�r �+�Q�H�Q�m�` �K���T�- �B�M �i�?�2y �/�B�`�2�+�i�B�Q�M�V�- ���;���B�M�b�i �i�?�2 �/�B�`�2�+�@
�i�B�Q�M �Q�7 �i�?�2 �+�B�`�+�m�H���` �b�r�2�2�T �Ux �/�B�`�2�+�i�B�Q�M�V�X

�Ç �� �T�H�Q�i �Q�7 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �Q�7 �i�?�2 �+�B�`�+�m�H���` �b�r�2�2�T �B�M �i�?�2x �/�B�`�2�+�i�B�Q�M �U�B�M �#�H���+�F�V ���M�/
�B�M �i�?�2y �/�B�`�2�+�i�B�Q�M�- ���b �T�2�`�T�2�M�/�B�+�m�H���`�- ���t�B���H �/���i���- �r�?�B�+�? �r�2 �/�2�M�Q�i�2s� �X



�d�X�k�X �G�2�p�2�H �A �.�2�i���B�H�, �a�i�`�m�+�i�m�`�2�b �R�R�8

�.�B�`�2�+�i�B�Q�M �Q�7 �b�r�2�2�T
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� 2� (n)

s�

�y
� 4

� 2
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�U���V�P�`�B�2�M�i���i�B�Q�M �a�r�2�2�T �U�#�V�P�`�B�2�M�i���i�B�Q�M �6�B�2�H�/

�6�B�;�m�`�2 �d�X�N�X�,�*�H���b�b�B�7�v�B�M�; �/�2�H�i���b �#�v �i�?�2 �+�B�`�+�m�H���` �b�r�2�2�T ���`�Q�m�M�/ �i�?�2 �+�2�M�i�`�2 �Q�7 �� �b�i�`�m�+�i�m�`�2

�h�?�2 �T�Q�B�M�i�b ���i �r�?�B�+�? �i�?�2 �i�r�Q �H�B�M�2�b �U� 2� (n) ���M�/s� �V �B�M�i�2�`�b�2�+�i �`�2�T�`�2�b�2�M�i �i�?�2 �T�Q�B�M�i�b �r�?�2�`�2
�i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b ���`�2 �T���`���H�H�2�H �i�Q �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �Q�7 �i�?�2 �b�r�2�2�T�X �S�Q�B�M�i�b �Q�7 �B�M�i�2�`�b�2�+�i�B�Q�M
���`�2 �r�?�2�`�2 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �Q�`�B�2�M�i���i�B�Q�M �~�Q�r�b �/�B�`�2�+�i�H�v �7�`�Q�K �i�?�2 �+�2�M�i�`�2 �Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2�X
�A�7s� �U�#�H���+�F �H�B�M�2 �B�M �}�;�m�`�2�d�X�N�U���V�V �B�b �b�m�#�i�`���+�i�2�/ �7�`�Q�K �i�?�2 �Q�`�B�2�M�i���i�B�Q�M�b �+�Q�H�H�2�+�i�2�/ �7�`�Q�K
�i�?�2 �b�r�2�2�T �U�B�X�2� 2� (n)�V�- �� �K�2���b�m�`�2 �Q�7 �i�?�2 �/�B�b�i���M�+�2 �B�b �Q�#�i���B�M�2�/�- �r�?�B�+�? �B�b �i�?�2 �/�B�`�2�+�i�B�Q�M���H
���M�;�m�H���` �/�B�b�i���M�+�2 �B�M �_���/�B���M�b �Q�7 �r�?�B�+�? �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �/�2�p�B���i�2�b �7�`�Q�K �i�?�2 �+�B�`�+�m�H���` �b�r�2�2�T�-
�r�?�B�+�? �r�2 �/�2�M�Q�i�2 ���bf r � �X

f r � (n) = dad(� 2� � s� ) �U�d�X�d�V

�6�B�;�m�`�2�d�X�R�y�B�H�H�m�b�i�`���i�2�b �� �T�H�Q�i �Q�7fr � (n)�- �r�?�2�`�2 �i�?�2 �T�H�Q�i �+�`�Q�b�b�2�b �x�2�`�Q ���i �i�?�`�2�2 �/�B�b�i�B�M�+�i
�T�Q�B�M�i�b�X
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�6�B�;�m�`�2 �d�X�R�y�X�,�h�?�2 �/�B�`�2�+�i�B�Q�M���H ���M�;�m�H���` �/�B�b�i���M�+�2 �B�M �r�?�B�+�? �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �/�2�p�B���i�2 �7�`�Q�K
�i�?�2 �+�B�`�+�m�H���` �b�r�2�2�T�X �h�?�2 �x�2�`�Q �+�`�Q�b�b�B�M�; �b�?�Q�r �r�?�2�`�2� 2� ���M�/s� ���`�2 �T���`���H�H�2�H�X

���M�v �b�i�`�m�+�i�m�`�2 �r�?�Q�b�2f r � (n) �+�`�Q�b�b�2�b �x�2�`�Q ���i �i�?�`�2�2 �/�B�b�i�B�M�+�i �T�Q�B�M�i�b �B�b �M�Q�r �+�H���b�b�B�}�2�/ ���b ��
�/�2�H�i���X �6�m�`�i�?�2�`�K�Q�`�2�- �i�?�2 �T�Q�B�M�i�b ���i �r�?�B�+�?f r � (n) �+�`�Q�b�b�2�b �x�2�`�Q�- �b�?�Q�r �r�?�2�`�2� 2� ���M�/s� ���`�2
�T���`���H�H�2�H�X �q�?�B�+�? ���`�2 �i�?�2 ���M�;�H�2�b ���i �r�?�B�+�? �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b ���`�2 �~�Q�r �/�B�`�2�+�i�H�v �Q�m�i �7�`�Q�K �i�?�2
�+�2�M�i�`�2 �Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2�- �r�?�B�+�? ���`�2 �/�2�M�Q�i�2�/� i; � �r�?�2�`�2i = 1; 2; 3�X �6�B�;�m�`�2�d�X�R�y�B�H�H�m�b�i�`���i�2�b
�i�?���i �i�?�2 ���M�;�H�2�b �B�M �i�?�B�b �2�t���K�T�H�2 ���`�2� 1; � = 1:6352�-� 2; � = 3:4975���M�/� 3; � = 5:7984�B�M
�_���/�B���M�b �i�Q �9 �/�X�T�X �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2 �+�2�M�i�`�2 �T�Q�B�M�i �Q�7 �i�?�2 �/�2�H�i�� �B�b �/�2�M�Q�i�2�/� � = ( x; y)�X

�h�?�2 �b�i�`�m�+�i�m�`�2 �B�b �M�Q�r �+�H���b�b�B�}�2�/ ���b �� �/�2�H�i�� ���M�/ �i�?�2 �T���i�?�b �Q�7 �i�?�2 �i�?�`�2�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b
�r�?�B�+�? �~�Q�r �/�B�`�2�+�i�H�v �Q�m�i �Q�7 �� �/�2�H�i�� �U�x�2�`�Q �T�Q�B�M�i �+�`�Q�b�b�B�M�; �7�`�Q�K �2�[�m���i�B�Q�M�d�X�d�V ���`�2 �2�t�i�`���+�i�2�/
�m�b�B�M�; �i�?�2 �i�`���+�2�` �7�`�Q�K �b�2�+�i�B�Q�M�d�X�k�X�k�X

�h�?�2 �i�`���+�2�` �B�b �`�m�M �i�?�`�2�2 �i�B�K�2�b�- �r�?�B�+�? �`�2�b�m�H�i�b �B�M �� �b�2�i �Q�7 �+�Q�Q�`�/�B�M���i�2�b �/�2�b�+�`�B�#�B�M�; �i�?�2 �T���i�?
�Q�7 �2���+�? �Q�7 �i�?�2 �i�?�`�2�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b ���M�/ ���`�2 �/�2�M�Q�i�2�/ ���b� i; n = ( x i;n ; yi;n )�- �r�?�2�`�2i = 1; 2; 3
�U�7�Q�` �2���+�? �T���i�?�V ���M�/n �B�b �i�?�2 �H�2�M�;�i�? �Q�7 �2���+�? �T���i�?�X �h�?�2 �T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �b�i���`�i�B�M�; �T�Q�B�M�i �U�B�X�2
n = 1�V �7�Q�` �2���+�? �T���i�? �B�b �+���H�+�m�H���i�2�/ �#�v�,

� i; 1 = ( � � ;x + 2 �+�Q�b(� i; � ) ; � � ;y + 2 �b�B�M(� i; � )) �U�d�X�3�V

�q�?�2�`�2� � ;x ���M�/� � ;y ���`�2 �i�?�2 �+�Q�Q�`�/�B�M���i�2�b �Q�7 �i�?�2 �+�2�M�i�`�2 �T�Q�B�M�i �Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2�X

�h�?�2 �i�`���+�2�` �+���M �M�Q�r �#�2 �`�m�M �7�Q�` �2���+�? �Q�7 �i�?�2 �i�?�`�2�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �r�?�B�+�? �~�Q�r �/�B�`�2�+�i�H�v �Q�m�i
�Q�7 �� �/�2�H�i���- �7�`�Q�K �i�?�2 �b�i���`�i�B�M�; �T�Q�B�M�i�b� i; 1 ���M�/ �7�Q�`�+�2�/ ���r���v �7�`�Q�K �i�?�2 �+�2�M�i�`�2 �T�Q�B�M�i� � �X

�h�?�2 �i�`���+�2�` �B�b �`�m�M �m�M�i�B�H �i�?�2 �T���i�? �2�M�+�Q�m�M�i�2�`�b �i�?�2 �#�Q�m�M�/���`�v �Q�7�̂ �c ���i �r�?�B�+�? �T�Q�B�M�i �i�?�2 �i�`���+�2�`
�b�i�Q�T�b�X �h�?�2 �T���i�? �Q�7 �2���+�? �i�`���+�2 �B�b �b�i�Q�`�2�/ ���M�/ �m�b�2�/ �/�B�`�2�+�i�H�v �B�M �� �K���i�+�?�B�M�; �T�`�Q�+�2�/�m�`�2�X

�6�B�;�m�`�2�d�X�R�R�B�H�H�m�b�i�`���i�2�b �i�?�2 �T���i�?�b �U�B�M �`�2�/�V �i�?���i �2���+�? �T���`�i�B�+�m�H���` �7�`�B�+�i�B�Q�M �`�B�/�;�2 �i���F�2�b�X �h�?�2
�i�?�B�+�F �`�2�/ �H�B�M�2 �B�H�H�m�b�i�`���i�2�b �i�?�2 �T���i�? �7�`�Q�K �i�?�2 �b�i���`�i�B�M�; �T�Q�b�B�i�B�Q�M �U�B�X�2 �x�2�`�Q �T�Q�B�M�i �+�`�Q�b�b�B�M�;
�7�`�Q�Kfr � �V �i�Q �2�B�i�?�2�` �R�V �� �H�2�M�;�i�? �Q�7 �e�y �T�B�t�2�H�b �Q�` �k�V �i�?�2 �#�Q�m�M�/���`�v �Q�7 �i�?�2 �p���H�B�/ �T���H�K�X �h�?�2



�d�X�k�X �G�2�p�2�H �A �.�2�i���B�H�, �a�i�`�m�+�i�m�`�2�b �R�R�d

�6�B�;�m�`�2 �d�X�R�R�X�,�h�?�2 �T���i�?�b �Q�7 �/�2�H�i�� �U�`�2�/�V �r�?�B�+�? �?���p�2 �#�2�2�M ���m�i�Q�K���i�B�+���H�H�v �2�t�i�`���+�i�2�/�X �h�?�2
�`�2�/ �H�B�M�2�b �`�2�T�`�2�b�2�M�i�b �i�?�2 �i�?�`�2�2 �T���i�?�b �Q�7 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �m�T �i�Q �e�y �T�B�t�2�H�b
�7�`�Q�K �i�?�2 �b�i���`�i�B�M�; �T�Q�B�M�i�- �i�?�2 �/�Q�i�i�2�/ �H�B�M�2 �B�b �;�`�2���i�2�` �i�?���M �e�y �T�B�t�2�H�b�X

�/�Q�i�i�2�/ �`�2�/ �H�B�M�2 �B�H�H�m�b�i�`���i�2�b �i�?�2 �T���i�? �i�Q �i�?�2 �#�Q�m�M�/���`�v �i�?���i �B�b �Q�p�2�` �e�y �T�B�t�2�H�b �7�`�Q�K �i�?�2
�b�i���`�i�B�M�; �T�Q�B�M�i�X

�h�?�2 ���i�i�`�B�#�m�i�2�b �b�i�Q�`�2�/ �7�Q�` �2���+�? �/�2�H�i�� ���`�2�, �R�V �h�?�2 �b�i�`�m�+�i�m�`�2 �B�b �+�H���b�b�B�}�2�/ ���b �� �/�2�H�i��� �k�V
�h�?�2 �b�i�`�m�+�i�m�`�2�b �+�2�M�i�`�2 �T�Q�B�M�i� � �j�V �h�?�2 �i�?�`�2�2 ���M�;�H�2�b ���i �r�?�B�+�? �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �~�Q�r
�/�B�`�2�+�i�H�v �Q�m�i �Q�7 �i�?�2 �+�2�M�i�`�2 �Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2� i; � �9�V �h�?�2 �i�?�`�2�2 �T���i�?�b �Q�7 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b
� i; n �X �h�?�B�b �+���M �#�2 �2�t�T�`�2�b�b�2�/ ���b �i�?�2 �b�2�i�,

�a�i�`�m�+�i�m�`�2=

2

6
6
4

� �h�v�T�2
� � �*�2�M�i�`�2 �T�Q�B�M�i
� i; � �P�`�B�2�M�i���i�B�Q�M �Q�7 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b
� i; n �S���i�? �Q�7 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b

3

7
7
5 �U�d�X�N�V

�h�?�B�b �b�2�i �B�b �m�b�2�/ �B�M �i�?�2 �K���i�+�?�B�M�; �b�i���;�2�- �r�?�B�+�? �B�b �/�2�b�+�`�B�#�2�/ �B�M �b�2�+�i�B�Q�M�3�X�k�X�k�X

�����������������-�P�P�Q�T
�G�Q�Q�T�b �?���p�2 �Q�M�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �~�Q�r�B�M�; �/�B�`�2�+�i�H�v �7�`�Q�K �i�?�2 �+�2�M�i�`�2 �Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2�- �b�2�2
�b�2�+�i�B�Q�M�d�X�k�X�8�X�R�X �6�B�;�m�`�2�d�X�R�k�U���V �B�H�H�m�b�i�`���i�2�b �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b �7�`�Q�K �i�?�2 �+�B�`�+�m�H���`
�b�r�2�2�T� 2� (n) �i���F�2�M �7�`�Q�K �i�?�2 �+�2�M�i�`�2 �Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2 �7�`�Q�K �}�;�m�`�2�d�X�R�k�U�#�V�X

�h�?�2 �b���K�2 �K�2�i�?�Q�/ �B�b �m�b�2�/ �7�Q�` �+�H���b�b�B�7�v�B�M�; �H�Q�Q�T�b ���b �7�Q�` �+�H���b�b�B�7�v�B�M�; �/�2�H�i���b�- �U�B�X�2 �2�[�m���i�B�Q�M
�d�X�d�V�- �2�t�+�2�T�i �i�?���i �H�Q�Q�T�b �?���p�2 �Q�M�2 �x�2�`�Q �+�`�Q�b�b�B�M�; �7�Q�`f r � �X �6�B�;�m�`�2�d�X�R�k�U�+�V �B�H�H�m�b�i�`���i�2�bf r �

�7�Q�` �i�?�2 �2�t���K�T�H�2 �b�?�Q�r�M �B�M �U�#�V�- �r�?�2�`�2 �i�?�2 �b�i�`�m�+�i�m�`�2 �Q�M �i�?�2 �H�2�7�i �B�b �� �H�Q�Q�T�X �h�?�2 �7�`�B�+�i�B�Q�M
�`�B�/�;�2 �i�?���i �~�Q�r�b �B�M�i�Q �i�?�B�b �H�Q�Q�T �B�b ���i ���M ���M�;�H�2 �Q�7e � = 1:0983�_���/�B���M�b �i�Q �9 �/�X�T�X ���M�/ �b�?���H�H
�#�2 �/�2�M�Q�i�2�/ �i�?�2�T�`�B�K���`�v ���M�;�H�2�Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2�X
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�U�+�V�h�?�2 �/�B�`�2�+�i�B�Q�M���H ���M�;�m�H���` �/�B�b�i���M�+�2 �B�M �r�?�B�+�? �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �/�2�p�B���i�2 �7�`�Q�K �i�?�2 �+�B�`�+�m�H���` �b�r�2�2�T�X �h�?�2
�x�2�`�Q �+�`�Q�b�b�B�M�; �b�?�Q�r �r�?�2�`�2� 2� ���M�/s� ���`�2 �T���`���H�H�2�H�X

�6�B�;�m�`�2 �d�X�R�k�X�,�*�H���b�b�B�7�v�B�M�; �H�Q�Q�T�b�- �i�?�2 �x�2�`�Q �+�`�Q�b�b�B�M�; �B�b �i�?�2�T�`�B�K���`�v ���M�;�H�2�Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2

�6�Q�` �H�Q�Q�T�b�- �i�?�2 �i�`���+�2�` �B�b �B�K�T�H�2�K�2�M�i�2�/ �B�M �� �/�B�z�2�`�2�M�i �K���M�M�2�` �i�Q �i�?���i �Q�7 �/�2�H�i���b�X �G�Q�Q�T�b
�?���p�2 �Q�M�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �~�Q�r�B�M�; �/�B�`�2�+�i�H�v �7�`�Q�K �i�?�2 �+�2�M�i�`�2�X �6�m�`�i�?�2�`�K�Q�`�2�- �B�i �B�b �M�Q�i �i�?�B�b
�7�`�B�+�i�B�Q�M �`�B�/�;�2 �r�?�B�+�? �B�/�2�M�i�B�}�2�b �� �H�Q�Q�T�- �#�m�i �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �Q�T�T�Q�b�B�i�2 �i�Q �i�?�B�b �7�`�B�+�i�B�Q�M
�`�B�/�;�2 �U�B�X�2 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �r�?�B�+�? �K���F�2 �i�?�2 �H�Q�Q�T�V�X �A�M �}�;�m�`�2�d�X�R�j�i�?�2 ���M�;�H�2 �Q�7 �i�?�2 �H�Q�Q�T
�B�be � = 1:0983�- �b�Q �i�?�2 �i�`���+�2�` �B�b �`�m�M �Q�M �i�?�2 �Q�T�T�Q�b�B�i�2 �b�B�/�2 �7�`�Q�K �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �r�?�B�+�?
�B�be � + � = 4:23�X



�d�X�k�X �G�2�p�2�H �A �.�2�i���B�H�, �a�i�`�m�+�i�m�`�2�b �R�R�N

�6�B�;�m�`�2 �d�X�R�j�X�,�h�?�2 �T���i�?�b �Q�7 �H�Q�Q�T �U�#�H�m�2�V �r�?�B�+�? �?���p�2 �#�2�2�M ���m�i�Q�K���i�B�+���H�H�v �2�t�i�`���+�i�2�/�X

�h�?�2 �+�2�M�i�`�2 �T�Q�B�M�i �Q�7 �� �H�Q�Q�T �B�b �/�2�M�Q�i�2�/e � = ( x; y)�X �h�?�2�M �i�r�Q �i�`���+�2�`�be i; n �U�r�?�2�`�2
i = 1; 2 ���M�/n �B�b �i�?�2 �H�2�M�;�i�? �Q�7 �2���+�? �i�`���+�2�V ���`�2 �`�m�M �B�M �Q�T�T�Q�b�B�i�2 �/�B�`�2�+�i�B�Q�M�b�- �i�Q �7�Q�`�K �i�?�2
�b�i�`�m�+�i�m�`�2 ���`�Q�m�M�/ �i�?�2 �+�2�M�i�`�2 �Q�7 �i�?�2 �H�Q�Q�T�X �h�?�2 �b�i���`�i�B�M�; �T�Q�B�M�i �7�Q�` �i�?�2 �T���i�?�b �Q�7 �i�?�2 �i�`���+�2�b
���`�2�,

e i; 1 = ( e � ;x + 2 �+�Q�b(e � + � ) ; e � ;y + 2 �b�B�M(e � + � )) �U�d�X�R�y�V

�q�?�2�`�2e � ;x ���M�/e � ;y ���`�2 �i�?�2 �+�Q�Q�`�/�B�M���i�2�b �Q�7 �i�?�2 �+�2�M�i�`�2 �T�Q�B�M�i �Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2�X

�6�B�;�m�`�2�d�X�R�j�B�H�H�m�b�i�`���i�2�b �i�?�2 �T���i�? �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �Q�7 �i�?�2 �H�Q�Q�T �i���F�2�b �U�B�M �#�H�m�2�V�- �m�M�i�B�H �B�i
�K�2�2�i�b �i�?�2 �#�Q�m�M�/���`�v �Q�7�̂ �X �h�?�2 �T�?�v�b�B�+���H �b�i�`�m�+�i�m�`�2 �Q�7 �� �H�Q�Q�T �B�b �H�Q�M�;�2�` �i�?���M �i�?�2 �b�i�`�m�+�i�m�`�2
�Q�7 �/�2�H�i���b�- �b�Q �i�?�2 �H�2�M�;�i�? �Q�7 �i�?�2 �i�`���+�2�` �B�b �H�Q�M�;�2�` �i�Q �`�2�~�2�+�i �i�?�B�b�X �h�?�2 �H�2�M�;�i�? �Q�7 �i�?�2 �#�Q�H�/
�H�B�M�2 �B�b �b�2�i �i�Q �3�y �T�B�t�2�H�b�- �i�?�2�M �H�B�F�2 �i�?�2 �/�2�H�i���- �� �/�Q�i�i�2�/ �H�B�M�2 �`�m�M�b �i�Q �i�?�2 �#�Q�m�M�/���`�v�X

�h�?�2 �i�r�Q �T���i�?�b �i�?���i ���`�2 �b�i�Q�`�2�/ ���M�/ �m�b�2�/ �/�B�`�2�+�i�H�v �7�Q�` �K���i�+�?�B�M�;�X �a�Q �i�?�2 ���i�i�`�B�#�m�i�2�b �b�i�Q�`�2�/
�7�Q�` �2���+�? �H�Q�Q�T ���`�2�, �R�V �h�?�2 �b�i�`�m�+�i�m�`�2 �B�b �+�H���b�b�B�}�2�/ ���b �� �H�Q�Q�Te �k�V �h�?�2 �b�i�`�m�+�i�m�`�2�b �+�2�M�i�`�2
�T�Q�B�M�ie � �j�V �h�?�2 �Q�`�B�2�M�i���i�B�Q�M �Q�7 �i�?�2 �T�`�B�K���`�v ���M�;�H�2e � �9�V �h�r�Q �T���i�?�b �i�?���i �i�`���+�2 �i�?�2 �Q�m�i�H�B�M�2
�Q�7 �i�?�2 �H�Q�Q�Te i; n �X �h�?�B�b �+���M �#�2 �2�t�T�`�2�b�b�2�/ ���b �i�?�2 �b�2�i�,

�a�i�`�m�+�i�m�`�2=

2

6
6
4

e �h�v�T�2
e � �*�2�M�i�`�2 �T�Q�B�M�i
e � �P�`�B�2�M�i���i�B�Q�M �Q�7 �7�`�B�+�i�B�Q�M �`�B�/�;�2
e i; n �S���i�? �Q�7 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b

3

7
7
5 �U�d�X�R�R�V

�h�?�B�b �b�2�i �B�b �m�b�2�/ �B�M �i�?�2 �K���i�+�?�B�M�; �b�i���;�2�X

�����������������8�I�P�S�M�T
�q�?�Q�`�H�b ���`�2 �D�m�b�i �� �+�Q�M�}�;�m�`���i�B�Q�M �Q�7 �i�r�Q �H�Q�Q�T�b�X �P�M�+�2 �i�?�2 �b�i�`�m�+�i�m�`�2 �+�H���b�b�B�}�+���i�B�Q�M �b�i���;�2
�U�b�2�+�i�B�Q�M�d�X�k�X�8�X�9�V �?���b �#�2�2�M �T�2�`�7�Q�`�K�2�/�- �B�7 �i�?�2 �+�2�M�i�`�2 �T�Q�B�M�i�b �Q�7 �i�r�Q �H�Q�Q�T�b ���`�2 �r�B�i�?�B�M ��
�/�B�b�i���M�+�2 �Q�7 �k�y�y �T�B�t�2�H�b �Q�7 �2���+�? �Q�i�?�2�` �U���T�T�`�Q�t�B�K���i�2�H�v �k�y �7�`�B�+�i�B�Q�M �`�B�/�;�2 �r�B�/�i�?�b�V�- �i�?�2 �i�r�Q
�H�Q�Q�T�b ���`�2 �T�Q�i�2�M�i�B���H�H�v �� �r�?�Q�`�H�X �A�7 �i�?�2�`�2 ���`�2 �i�r�Q �H�Q�Q�T�b �r�B�i�?�B�M �i�?�2 �;�B�p�2�M �i�?�`�2�b�?�Q�H�/ �/�B�b�i���M�+�2�-
�i�?�2 �H�Q�Q�T�b ���`�2 �+�H���b�b�B�}�2�/ ���b �H�Q�Q�T �R ���M�/ �H�Q�Q�T �k �`�2�b�T�2�+�i�B�p�2�H�v ���M�/ �i�?�2�M �i�?�2 �i�r�Q �T���i�?�b �K���/�2
�#�v �2���+�? �i�?�2 �H�Q�Q�T�b ���`�2 ���M���H�v�b�2�/�X �h�?�2�`�2 ���`�2 �i�r�Q �+�`�B�i�2�`�B�� �i�?���i �?���p�2 �i�Q �#�2 �b���i�B�b�}�2�/ �i�Q
�+�H���b�b�B�7�v �� �r�?�Q�`�H�,



�R�k�y �d�X �6�2���i�m�`�2 �1�t�i�`���+�i�B�Q�M

�R�X�A�7 �i�?�2 �i�`���+�2�b �7�`�Q�K �H�Q�Q�T �R �+�Q�M�p�2�`�;�2 �r�B�i�?�B�M �� �/�B�b�i���M�+�2 �Q�7 �R�3 �T�B�t�2�H�b �7�`�Q�K �i�?�2 �+�2�M�i�`�2
�Q�7 �H�Q�Q�T �k ���M�/

�k�X�A�7 �i�?�2 �i�`���+�2�b �7�`�Q�K �H�Q�Q�T �k ���H�b�Q �+�Q�M�p�2�`�;�2 �r�B�i�?�B�M �� �/�B�b�i���M�+�2 �Q�7 �R�3 �T�B�t�2�H�b �7�`�Q�K �i�?�2
�+�2�M�i�`�2 �Q�7 �H�Q�Q�T �R

�A�7 �i�?�2 �#�Q�i�? �+�`�B�i�2�`�B�� ���#�Q�p�2 ���`�2 �b���i�B�b�}�2�/�- �i�?�2 �T�Q�b�B�i�B�Q�M�b �Q�7 �#�Q�i�? �H�Q�Q�T�b ���`�2 �b�i�Q�`�2�/�- ���M�/ �i�?�2�v
���`�2 �+�H���b�b�B�}�2�/ ���b �� �r�?�Q�`�H�X

�6�B�;�m�`�2 �d�X�R�9�X�,���m�i�Q�K���i�B�+ �i�`���+�B�M�; �Q�7 �� �r�?�Q�`�H�- �i�?�2 �i�r�Q �+�H���b�b�B�}�2�/ �H�Q�Q�T�b ���`�2 �B�H�H�m�b�i�`���i�2�/ �B�M
�#�H�m�2 ���M�/ �i�?�2 �T���i�?�b �r�?�B�+�? �+�Q�M�p�2�`�;�2�/ �i�?�2 �+�H�Q�b�2�b�i ���`�2 �B�H�H�m�b�i�`���i�2�/ �B�M �i�?�2 �#�H���+�F
�+�B�`�+�H�2

�h�?�2 �+�H�Q�b�2�b�i �T���i�?�b�- �r�?�B�+�? �+�Q�M�p�2�`�;�2�- ���`�2 �b�i�Q�`�2�/ ���M�/ �m�b�2�/ �B�M �i�?�2 �K���i�+�?�B�M�; �T�`�Q�+�2�b�b�X�X �6�B�;�m�`�2
�d�X�R�9�B�H�H�m�b�i�`���i�2�b �� �r�?�Q�`�H �B�M �K���m�p�2 ���M�/ �i�?�2 �T���i�?�b �i�?���i �+�Q�M�p�2�`�;�2 �i�?�2 �+�H�Q�b�2�b�i�- �T�`�Q�/�m�+�2�/ �#�v
�i�?�2 �i�`���+�2�`�X

�h�?�2 �i�`���+�2�` �B�b �b�i�Q�T�T�2�/ ���i �i�?�2 �T�Q�B�M�i �r�?�2�`�2 �B�i �+�Q�M�p�2�`�;�2�b �i�Q �i�?�2 �+�H�Q�b�2�b�i �T�Q�B�M�i�- �i�?�B�b �B�b
�B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2�d�X�R�9�X

�a�Q �i�?�2 ���i�i�`�B�#�m�i�2 �b�i�Q�`�2�/ �7�Q�` �2���+�? �r�?�Q�`�H ���`�2�, �R�V �*�H���b�b�B�}�2�/ ���b �� �r�?�Q�`�H �k�V �h�?�2 �b�i�`�m�+�i�m�`�2�b
�+�2�M�i�`�2 �T�Q�B�M�i �j�V �h�r�Q �T���i�?�b �i�?���i �i�`���+�2 �i�?�2 �Q�m�i�H�B�M�2 �Q�7 �i�?�2 �r�?�Q�`�H�X

�����������������.�J�T�T�F�E �$�M�B�T�T�J�G�J�D�B�U�J�P�O
�A�7 �� �b�i�`�m�+�i�m�`�2 �B�b �M�Q�i �+�H���b�b�B�}�2�/ �m�b�B�M�; �i�?�2 �K�2�i�?�Q�/ �/�2�b�+�`�B�#�2�/ �B�M �b�2�+�i�B�Q�M�b�d�X�k�X�8�X�j���M�/�d�X�k�X�8�X�9�-
�i�?�2 �+�H���b�b�B�}�+���i�B�Q�M �B�b �`�m�M ���;���B�M �#�m�i �i�?�B�b �i�B�K�2 �m�b�B�M�; �2�[�m���i�B�Q�M�b�d�X�8�- �d�X�e���M�/�d�X�d�- �r�B�i�? ��
�`���/�B�m�b �Ur2 = 3 �V�X �A�7 �i�?�B�b �`�2�b�m�H�i�b �B�M �� �T�Q�b�B�i�B�p�2 �+�H���b�b�B�}�+���i�B�Q�M�- �i�?�2�M �i�?�2 �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2
�B�b �+�H���b�b�B�}�2�/ ���+�+�Q�`�/�B�M�;�H�v�X �A�7 �i�?�2 �+�H���b�b�B�}�+���i�B�Q�M �B�b �T�Q�b�B�i�B�p�2�- �i�?�2 �i�`���+�2�` �b�i���`�i�b �B�M �i�?�2 �b���K�2
�T�Q�b�B�i�B�Q�M ���b �i�?�2 �}�`�b�i ���i�i�2�K�T�i�- �Q�i�?�2�`�r�B�b�2�- �i�?�2 �i�`���+�2 �r�Q�m�H�/ �?���p�2 ���M �B�M�+�Q�`�`�2�+�i �H�2�M�;�i�?�X

�������������4�V�N�N�B�S�Z �P�G �.�F�U�I�P�E
�h�Q �b�m�K�K���`�B�b�2�- �i�?�2 ���m�i�Q�K���i�B�+ �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2 �2�t�i�`���+�i�B�Q�M �i�2�+�?�M�B�[�m�2 �T�`�2�b�2�M�i�2�/ �B�M �i�?�B�b
�b�2�+�i�B�Q�M�- �`�2�b�m�H�i�b �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �7�Q�m�` ���i�i�`�B�#�m�i�2�b�,

�R�X�*�H���b�b�B�}�+���i�B�Q�M �Q�7 �i�?�2 �i�v�T�2 �Q�7 �b�i�`�m�+�i�m�`�2�X

�k�X�� �+�2�M�i�`���H �T�Q�b�B�i�B�Q�M �7�Q�` �2���+�? �b�i�`�m�+�i�m�`�2�X

�j�X�h�?�2 �Q�`�B�2�M�i���i�B�Q�M �Q�7 ���M�v �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �r�?�B�+�? �~�Q�r �7�`�Q�K �i�?�2 �+�2�M�i�`�2 �Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2�X

�9�X�� �T���i�? �7�Q�` �2���+�? �Q�7 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �i�?���i �/�2�b�+�`�B�#�2�b �i�?�2 �b�i�`�m�+�i�m�`�2�X



�d�X�j�X �o�2�`�B�}�+���i�B�Q�M �Q�7 �G�2�p�2�H �A �a�i�`�m�+�i�m�`�2 �1�t�i�`���+�i�B�Q�M �R�k�R

�a�B�M�+�2 �2���+�? �b�i�`�m�+�i�m�`�2 �+�Q�M�i���B�M�b �/�B�z�2�`�2�M�i ���i�i�`�B�#�m�i�2�b�- �2���+�? �b�i�`�m�+�i�m�`�2 �?���b �B�i�b �Q�r�M �m�M�B�[�m�2
�b�2�i �Q�7 �2�t�i�`���+�i�2�/ �7�2���i�m�`�2�b�X �h�?�2 ���i�i�`�B�#�m�i�2�b �Q�7 �2���+�? �b�i�`�m�+�i�m�`�2 ���`�2 �b�m�K�K���`�B�b�2�/ �B�M �i�?�2 �i���#�H�2
�#�2�H�Q�r�X

�h�v�T�2 �Q�7 �b�i�`�m�+�i�m�`�2�L�Q�X �T�X �`�B�/�;�2�b�.�B�b�T�H���v �*�Q�H�Q�m�`�L�Q�X �Q�7 �S���i�?�b
�G�Q�Q�T �R �"�H�m�2 �k
�.�2�H�i�� �j �_�2�/ �j
�q�?�Q�`�H �y �J���m�p�2 �k

�h���#�H�2 �d�X�R�X�,�a�m�K�K���`�v �Q�7 �b�i�`�m�+�i�m�`�2 ���i�i�`�B�#�m�i�2�b

���������7�F�S�J�G�J�D�B�U�J�P�O �P�G �-�F�W�F�M �* �4�U�S�V�D�U�V�S�F �&�Y�U�S�B�D�U�J�P�O
�h�Q �i�2�b�i �i�?�2 �2�{�+���+�v �Q�7 �i�?�2 ���m�i�Q�K���i�B�+ �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2 �2�t�i�`���+�i�B�Q�M �i�2�+�?�M�B�[�m�2 �/�2�b�+�`�B�#�2�/
�B�M �b�2�+�i�B�Q�M�d�X�k�- �i�?�2 ���H�;�Q�`�B�i�?�K �r���b ���T�T�H�B�2�/ �i�Q �k�k�e �2�t�2�K�T�H���` �T���H�K�T�`�B�M�i�b ���M�/ �i�?�2 �`�2�b�m�H�i�b
�K���M�m���H�H�v �p�2�`�B�}�2�/�X

�h���#�H�2�d�X�k�B�H�H�m�b�i�`���i�2�b �?�Q�r �i�?�2 �`�2�b�m�H�i�b �Q�7 �i�?�2 �p�2�`�B�}�+���i�B�Q�M �r���b �+�Q�H�H�2�+�i�2�/�X

�6�Q�` �2���+�? �i�v�T�2 �Q�7 �H�2�p�2�H �A �b�i�`�m�+�i�m�`�2�- �i�?�2 ���H�;�Q�`�B�i�?�K �?���b �i�?�`�2�2 �T�Q�b�b�B�#�H�2 �Q�m�i�+�Q�K�2�b�-

�Ç �B�/�2�M�i�B�}�2�/�@ �+�Q�`�`�2�+�i�H�v �+�H���b�b�B�7�v �� �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2 �B�M�/�B�+���i�2�/ �B�M �;�`�2�2�M �B�M �i���#�H�2�d�X�k
�Q�`

�Ç �K�B�b�b�2�/�@ �M�Q�i �+�H���b�b�B�7�v �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2 �B�M�/�B�+���i�2�/ �B�M �`�2�/ �B�M �i���#�H�2�d�X�k�Q�`

�Ç �7���H�b�2 �T�Q�b�B�i�B�p�2�7���H�b�2�H�v �+�H���b�b�B�7�v �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2 �U�B�X�2�X �b�i�`�m�+�i�m�`�2 �/�Q�2�b �M�Q�i �2�t�B�b�i�V�-
�B�M�/�B�+���i�2�/ �B�M �#�H�m�2 �B�M �i���#�H�2�d�X�k

�h�`�B�@�`���/�B���i�2 �>�v�T�Q�i�?�2�M���` �h�?�2�M���`
�S���H�K � e � � e � � e �

�y�y�R 400 100 000 101 100 000 000 000 000
�y�y�k 500 200 000 200 101 000 000 000 000

�X�X�X
�k�k�e 310 200 000 100 000 000 100 110 000

�h���#�H�2 �d�X�k�X�,�A�/�2�M�i�B�}�2�/ �U�;�`�2�2�M�V�- �K�B�b�b�2�/ �U�`�2�/�V ���M�/ �7���H�b�2 �T�Q�b�B�i�B�p�2 �U�#�H�m�2�V �7�Q�` �G�2�p�2�H �A �b�i�`�m�+�@
�i�m�`�2�b �U� �B�b �� �/�2�H�i���-e �B�b �� �H�Q�Q�T ���M�/� �B�b �� �r�?�Q�`�H�V �B�M �2���+�? �`�2�;�B�Q�M �Q�7 �2���+�?
�T���H�K�X

�a�Q �i�?�2 �T���H�K �y�y�R �B�M �i���#�H�2�d�X�k�?���b �B�M �i�?�2 �i�`�B�@�`���/�B���i�2�, �7�Q�m�` �/�2�H�i���b ���M�/ �� �H�Q�Q�T �+�Q�`�`�2�+�i�H�v
�B�/�2�M�i�B�}�2�/�- �B�M �i�?�2 �?�v�T�Q�i�?�2�M���`�, �� �/�2�H�i�� ���M�/ �� �H�Q�Q�T �+�Q�`�`�2�+�i�H�v �B�/�2�M�i�B�}�2�/ ���M�/ �� �7���H�b�2 �T�Q�b�B�i�B�p�2
�/�2�H�i�� ���M�/ �i�?�2�`�2 ���`�2 �M�Q �b�i�`�m�+�i�m�`�2�b �B�M �i�?�2 �i�?�2�M���` �`�2�;�B�Q�M�X

�"�v �b�m�K�K�B�M�; �2���+�? �Q�7 �i�?�2 �i�?�2 �+�Q�H�m�K�M�b �7�Q�` �2���+�? �`�2�;�B�Q�M�- �B�M �i���#�H�2�d�X�k�- �B�i �B�b �T�Q�b�b�B�#�H�2 �i�Q
���M���H�v�b�2 �i�?�2 �2�{�+���+�v �Q�7 �i�?�2 ���m�i�Q�K���i�B�+ �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2 �2�t�i�`���+�i�B�Q�M ���H�;�Q�`�B�i�?�K �7�Q�` �2���+�?
�`�2�;�B�Q�M �Q�7 �i�?�2 �T���H�K�X �h�?�2�b�2 �`�2�b�m�H�i�b ���`�2 �b�m�K�K���`�B�b�2�/ �B�M �i���#�H�2�d�X�j�X �A�M �i�?�2 �i�`�B�@�`���/�B���i�2 �Q�7 ���H�H
�k�k�e �T���H�K�T�`�B�M�i�b �i�?�2�`�2 ���`�2 �3�9�j �/�2�H�i���b�- �k�9�k �H�Q�Q�T�b ���M�/ �R �r�?�Q�`�H�- �Q�7 �r�?�B�+�? �3�k�3 �/�2�H�i���b�- �k�k�k
�H�Q�Q�T�b ���M�/ �y �r�?�Q�`�H�b �r�?�2�`�2 �+�Q�`�`�2�+�i�H�v �B�/�2�M�i�B�}�2�/�X
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P
�h�`�B�@�`���/�B���i�2�>�v�T�Q�i�?�2�M���`�h�?�2�M���`
� e � � e � � e �

�h�Q�i���H �3�9�j �k�9�k �R �R�8�y�8�9 �y �j�d �k�y �y
�A�/�2�M�i�B�}�2�/�3�k�3 �k�k�k �y �R�9�N�8�k �y �j�k �R�k �y

�6���H�b�2 �T�Q�b�B�i�B�p�2�9 �R�k �y �R�k �3 �y �9�N �k �R
�U���V�h�?�2 �a�m�K �Q�7 ���H�H �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2 �*�H���b�b�B�}�+���i�B�Q�M�b

�W �h�`�B�@�`���/�B���i�2�>�v�T�Q�i�?�2�M���` �h�?�2�M���`
� e � � e � � e �

�A�/�2�M�i�B�}�2�/�N�3�X�k�k�N�R�X�d�9�y �N�N�X�j�j�N�e�X�j�y �3�e�X�9�N�e�y �y
�6���H�b�2 �T�Q�b�B�i�B�p�2�y�X�9�3�8�X�R�j�y �d�X�9�R�R�k�X�N�y �e�y�X�9�N�R�9�X�k�N�R

�U�#�V�S�2�`�+�2�M�i���;�2 �Q�7 �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2�b

�h���#�H�2 �d�X�j�X�,�a�m�K�K���`�v �Q�7 �i���#�H�2�d�X�k�- �7�Q�` �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2�b �U� �B�b �� �/�2�H�i���-e �B�b �� �H�Q�Q�T ���M�/�
�B�b �� �r�?�Q�`�H�V �B�M �2���+�? �`�2�;�B�Q�M �Q�7 �2���+�? �T���H�K�X

�h�?�2 �`�2�b�m�H�i�b �B�M �i���#�H�2�d�X�j�b�?�Q�r �i�?���i �i�?�2 �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2 �2�t�i�`���+�i�B�Q�M �K�2�i�?�Q�/ �r�Q�`�F�b
�T���`�i�B�+�m�H���`�H�v �r�2�H�H �B�M �i�?�2 �i�`�B�@�`���/�B���i�2 ���M�/ �?�v�T�Q�i�?�2�M���` �`�2�;�B�Q�M �Q�7 �i�?�2 �T���H�K�X

�a�B�M�+�2 �i�?�2 �i�?�2�M���` �`�2�;�B�Q�M �B�b �/�Q�K�B�M���i�2�/ �#�v �+�`�2���b�2�b �U�+�`�Q�b�b �?���i�+�?�B�M�; �b�2�2 �b�2�+�i�B�Q�M�k�X�j�X�e�X�j�V�- �B�i �B�b
�i�?�B�b �`�2�;�B�Q�M �B�M �r�?�B�+�? �i�?�2 ���/���T�i�B�p�2 �H�Q�+���H �M�2�B�;�?�#�Q�m�`�?�Q�Q�/ �}�H�i�2�`�B�M�; �K�2�i�?�Q�/ �U�b�2�2 �b�2�+�i�B�Q�M�e�X�j�V
�`�2�K�Q�p�2�b ���M�/ �`�2�T�H���+�2�b �� �`�2�H���i�B�p�2�H�v �H���`�;�2 �M�m�K�#�2�` �Q�7 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b�X �h�?�2�`�2�7�Q�`�2 �B�i
�B�b �B�M�i�m�B�i�B�p�2 �i�?���i �i�?�2 �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2 �2�t�i�`���+�i�B�Q�M �K�2�i�?�Q�/ �B�b �H�2�b�b ���+�+�m�`���i�2 �B�M �i�?�B�b �`�2�;�B�Q�M�X

�1�t���K�T�H�2�b �Q�7 �7�Q�m�` �/�B�z�2�`�2�M�i �T���H�K�b �r�B�i�? �i�?�2�B�` �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2�b �+�Q�`�`�2�+�i�H�v �2�t�i�`���+�i�2�/ ���`�2
�B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2�d�X�R�8�- �r�?�2�`�2 �/�2�H�i���b ���M�/ �H�Q�Q�T�b ���`�2 �B�H�H�m�b�i�`���i�2�/ �B�M �`�2�/ ���M�/ �#�H�m�2 �`�2�b�T�2�+�i�@
�B�p�2�H�v�X



�d�X�j�X �o�2�`�B�}�+���i�B�Q�M �Q�7 �G�2�p�2�H �A �a�i�`�m�+�i�m�`�2 �1�t�i�`���+�i�B�Q�M �R�k�j

�U���V�6�Q�m�` �/�2�H�i���b ���M�/ �� �H�Q�Q�T �B�M �i�?�2 �h�`�B�`���/�B���i�2�-
�*���`�T�2�H �/�2�H�i�� ���M�/ �H�Q�Q�T �B�M �i�?�2 �?�v�T�Q�i�?�2�M���`

�U�#�V�6�Q�m�` �/�2�H�i���b ���M�/ �� �H�Q�Q�T �B�M �i�?�2 �h�`�B�`���/�B���i�2�- �h�?�`�2�2
�/�2�H�i���b ���M�/ �i�?�`�2�2 �H�Q�Q�T�b �B�M �i�?�2 �?�v�T�Q�i�?�2�M���`

�U�+�V�6�Q�m�` �/�2�H�i���b ���M�/ �� �H�Q�Q�T �B�M �i�?�2 �h�`�B�`���/�B���i�2�-
�*���`�T�2�H �/�2�H�i�� �B�M �i�?�2 �?�v�T�Q�i�?�2�M���`

�U�/�V�6�B�p�2 �/�2�H�i���b ���M�/ �i�r�Q �H�Q�Q�T�b �B�M �i�?�2 �h�`�B�`���/�B���i�2

�6�B�;�m�`�2 �d�X�R�8�X�,�1�t���K�T�H�2�b �Q�7 �+�Q�`�`�2�+�i �G�2�p�2�H �A �a�i�`�m�+�i�m�`�2 �2�t�i�`���+�i�B�Q�M�X �.�2�H�i���b ���`�2 �`�2�/ ���M�/ �H�Q�Q�T�b
���`�2 �#�H�m�2�X

�h�?�2 ���m�i�Q�K���i�B�+ �B�/�2�M�i�B�}�+���i�B�Q�M �Q�7 �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2�b �B�b ���H�b�Q �� �K���D�Q�` �b�i�2�T �i�Q�r���`�/�b �i�?�2
���m�i�Q�K���i�B�+ �b�2�;�K�2�M�i���i�B�Q�M �Q�7 ���M �2�t�2�K�T�H���` �T���H�K �B�M�i�Q �B�i�b �`�2�;�B�Q�M�b�X �h�?�2 �h�`�B�@�`���/�B���i�2 �`�2�;�B�Q�M
�Q�7 �2�p�2�`�v �T���H�K �+�Q�M�i���B�M�b ���i �H�2���b�i �j �/�2�H�i���b ���M�/ �M�Q�`�K���H�H�v �+�Q�M�i���B�M�b �H�Q�Q�T�b�- �b�Q�K�2�i�B�K�2�b ���b
�K���M�v ���b �7�Q�m�`�X ���m�i�Q�K���i�B�+���H�H�v �+�H���b�b�B�7�v�B�M�; �i�?�2 �b�i�`�m�+�i�m�`�2�b �B�M �i�?�B�b �`�2�;�B�Q�M ���M�/ �m�b�B�M�; �i�?�2
�/�B�`�2�+�i�B�Q�M �i�?���i �7�`�B�+�i�B�Q�M �`�B�/�;�2�b �~�Q�r �Q�m�i �7�`�Q�K �i�?�2 �+�2�M�i�`�2 �Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2 �+�Q�m�H�/ �H�2���/ �i�Q
���m�i�Q�K���i�B�+ �b�2�;�K�2�M�i���i�B�Q�M �Q�7 �i�?�2 �i�?�`�2�2 �K���D�Q�` �`�2�;�B�Q�M�b�X
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���������3�F�H�J�P�O�T �P�G �)�P�N�P�H�F�O�F�P�V�T �7�B�S�J�B�O�D�F �G�S�P�N �'�S�J�D�U�J�P�O
�3�J�E�H�F �0�S�J�F�O�U�B�U�J�P�O

�������������*�O�U�S�P�E�V�D�U�J�P�O
�h�?�B�b �b�2�+�i�B�Q�M �/�2�b�+�`�B�#�2�b ���M�/ �B�H�H�m�b�i�`���i�2�b �� �M�Q�p�2�H �i�2�+�?�M�B�[�m�2 �i�?���i �b�2�;�K�2�M�i�b �� �T���H�K �B�M�i�Q
�`�2�;�B�Q�M�b �#���b�2�/ �m�T�Q�M �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2 �Q�7 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �~�Q�r�X �h�?�2 �`�2�b�m�H�i�b �Q�7 �i�?�2
�b�2�;�K�2�M�i���i�B�Q�M ���`�2 �`�2�T�`�2�b�2�M�i�2�/ �#�v �� �?�B�2�`���`�+�?�B�+���H �i�`�2�2 �b�i�`�m�+�i�m�`�2 �m�b�2�/ �B�M �K���i�+�?�B�M�;�X

�a�2�+�i�B�Q�M�e�/�2�b�+�`�B�#�2�b �?�Q�r �i�Q �+���H�+�m�H���i�2 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b �Q�7 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �~�Q�r
�̂ (i; j ) �7�`�Q�K �� �T���H�K�T�`�B�M�i �m�b�B�M�; �i�?�2 ���H�;�Q�`�B�i�?�K�e�X�k�X �h�?�2 �H�Q�+���H �+�B�`�+�m�H���` �p���`�B���M�+�2 �Q�7 �i�?�2
�Q�`�B�2�M�i���i�B�Q�M �Q�7 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �~�Q�r1 � �R(i; j ) �B�b �i�?�2�M �+���H�+�m�H���i�2�/ �m�b�B�M�; ���H�;�Q�`�B�i�?�K�e�X�R�X
�h�?�2�b�2 �p���H�m�2�b �Q�7 �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2 ���`�2 �m�b�2�/ �i�Q �b�2�;�K�2�M�i �i�?�2 �T���H�K �B�M�i�Q �`�2�;�B�Q�M�b �Q�7
�?�Q�K�Q�;�2�M�2�Q�m�b �p���`�B���M�+�2 �Q�7 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �~�Q�r�X

�o���`�B�Q�m�b �b�i���i�B�b�i�B�+�b �7�Q�` �2���+�? �Q�7 �i�?�2 �b�2�;�K�2�M�i�2�/ �`�2�;�B�Q�M�b ���`�2 �i�?�2�M �+���H�+�m�H���i�2�/ ���M�/ �m�b�2�/ �B�M
�K���i�+�?�B�M�; �T�`�Q�+�2�/�m�`�2�b�- �r�?�B�+�? ���`�2 �/�2�b�+�`�B�#�2�/ �B�M �b�2�+�i�B�Q�M�3�X�j�X

�*�Q�M�b�B�/�2�` �i�?�2 �T���H�K�T�`�B�M�i �B�M �}�;�m�`�2�d�X�R�e�U���V ���M�/ �B�i�b �+�Q�`�`�2�b�T�Q�M�/�B�M�; �H�Q�+���H �+�B�`�+�m�H���` �p���`�B���M�+�2 �B�M
�}�;�m�`�2�d�X�R�e�U�#�V�X �h�?�2 �H�Q�+���H �+�B�`�+�m�H���` �p���`�B���M�+�2 �?���b �p���H�m�2�b �#�2�i�r�2�2�M �y ���M�/ �R ���M�/ �B�b �B�H�H�m�b�i�`���i�2�/
�B�M �}�;�m�`�2�d�X�R�e�U�#�V �#�v �� �;�`�2�v�b�+���H�2 �+�Q�H�Q�m�` �K���T�- �r�?�2�`�2 �y ���M�/ �R ���`�2 �`�2�T�`�2�b�2�M�i�2�/ �#�v �#�H���+�F
���M�/ �r�?�B�i�2 �`�2�b�T�2�+�i�B�p�2�H�v�X

�U���V�S���H�K�T�`�B�M�i �U�#�V�G�Q�+���H �+�B�`�+�m�H���` �p���`�B���M�+�21 � �R (i; j ) 2 [0; 1]

�6�B�;�m�`�2 �d�X�R�e�X�,�� �T���H�K�T�`�B�M�i ���M�/ �B�i�b �H�Q�+���H �+�B�`�+�m�H���` �p���`�B���M�+�2

�h�?�2 �H�Q�+���H �+�B�`�+�m�H���` �p���`�B���M�+�2 �+���M �#�2 �+�Q�M�b�B�/�2�`�2�/ ���b �� �b�m�`�7���+�2 �r�?�2�`�2 �i�?�2 �p���H�m�2 �Q�7 �i�?�2 �H�Q�+���H
�+�B�`�+�m�H���` �p���`�B���M�+�2 �B�b �i�?�2 �?�2�B�;�?�i �Q�7 �i�?�2 �b�m�`�7���+�2 ���i �2���+�? �T���`�i�B�+�m�H���` �T�Q�B�M�i �U�B�X�2z = 1 � �R(i; j )�V�c
�� �p�B�b�m���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�B�b �B�b �B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2�d�X�R�d�X



�d�X�9�X �_�2�;�B�Q�M�b �Q�7 �>�Q�K�Q�;�2�M�2�Q�m�b �o���`�B���M�+�2 �7�`�Q�K �6�`�B�+�i�B�Q�M �_�B�/�;�2 �P�`�B�2�M�i���i�B�Q�M �R�k�8

�U���V���M �B�K���;�2 �U�#�V�� �b�m�`�7���+�2

�6�B�;�m�`�2 �d�X�R�d�X�,�.�B�z�2�`�2�M�i �p�B�b�m���H �`�2�T�`�2�b�2�M�i���i�B�Q�M�b �Q�71 � �R (i; j ) 2 [0; 1]

�"�v ���T�T�H�v�B�M�; �b�i�`�B�+�i �B�M�2�[�m���H�B�i�B�2�b �Q�M �i�?�2 �b�m�`�7���+�2z�- �+�Q�M�M�2�+�i�2�/ �?�Q�K�Q�;�2�M�2�Q�m�b �`�2�;�B�Q�M�b �+���M �#�2
�B�/�2�M�i�B�}�2�/ �B�M �H�Q�+���H �+�B�`�+�m�H���` �p���`�B���M�+�2�X �6�B�;�m�`�2�d�X�R�3�B�H�H�m�b�i�`���i�2�b �i�?�2 �+�Q�M�i�Q�m�`�b �Q�7 �i�?�2 �`�2�;�B�Q�M�b
�+�`�2���i�2�/ �#�v �i�?�2 �}�p�2 �b�i�`�B�+�i �B�M�2�[�m���H�B�i�B�2�b1 � �R � [0:1; 0:3; 0:5; 0:7; 0:9]�X �a�2�i�b �Q�7 �b�m�+�?
�+�Q�M�i�Q�m�`�b ���`�2 ���H�b�Q �F�M�Q�r�M ���b�H�2�p�2�H �b�2�i�b�X

�G�2�p�2�H �b�2�i �K�2�i�?�Q�/�b �?���p�2 �#�2�2�M �r�B�/�2�H�v �m�b�2�/ ���b �� �;�2�M�2�`���H �7�`���K�2�r�Q�`�F �B�M �B�K���;�2 �T�`�Q�+�2�b�b�B�M�;�-
�i�Q �b�2�;�K�2�M�i �B�K���;�2�b �(�3�d�)�X �a�2�;�K�2�M�i�B�M�; �B�K���;�2�b �m�b�B�M�; �H�2�p�2�H �b�2�i �K�2�i�?�Q�/�b�- �;�2�M�2�`���H�H�v �B�M�p�Q�H�p�2�b
�M�Q�`�K���H�B�b�B�M�; �Q�` �i�?�`�2�b�?�Q�H�/�B�M�; �i�?�2 �2�M�i�`�Q�T�v ���i �2���+�? �H�2�p�2�H �(�3�3�)�X

�"�m�B�H�/�B�M�; �m�T�Q�M �K�2�i�?�Q�/�b �7�Q�` �H�2�p�2�H �b�2�i �b�2�;�K�2�M�i���i�B�Q�M�- �i�2�+�?�M�B�[�m�2�b �?���p�2 �#�2�2�M �/�2�p�2�H�Q�T�2�/ �i�?���i
�b�2�;�K�2�M�i �B�K���;�2�b �m�b�B�M�; �b�2�i�b �Q�7 �+�Q�M�i�Q�m�`�b�X �h�2�+�?�M�B�[�m�2�b �b�m�+�? ���b �i�?�2 �q���i�2�`�7���H�H �i�`���M�b�7�Q�`�K �(�3�N�)�-
�S�@�i�`���M�b�7�Q�`�K �(�N�y�) ���M�/ �(�N�R�) �m�b�2 �b�2�i�b �Q�7 �+�Q�M�i�Q�m�`�b ���b �i�?�2 �#���b�B�b �7�Q�` �b�2�;�K�2�M�i���i�B�Q�M�X �6�Q�` �i�?�B�b
���T�T�H�B�+���i�B�Q�M�- �H�2�p�2�H �b�2�i�b �r�B�H�H �#�2 ���T�T�H�B�2�/ �i�Q �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2�- �`���i�?�2�` �i�?���M �i�Q �i�?�2 �;�`�2�v
�b�+���H�2 �B�M�i�2�M�b�B�i�v�X

�����������������8�I�B�U �E�P �T�V�D�I �S�F�H�J�P�O�T �S�F�Q�S�F�T�F�O�U� 
�h�?�2 ���H�;�Q�`�B�i�?�K �B�M �b�2�+�i�B�Q�M�d�X�k�T�Q�b�i�m�H���i�2�b �i�?���i �H�2�p�2�H �A �b�i�`�m�+�i�m�`�2�b �2�t�B�i�b �r�?�2�M1 � �R > 0:9�-
�r�?�B�+�? �B�b �B�H�H�m�b�i�`���i�2�/ �#�v �i�?�2 �Q�`���M�;�2 �+�B�`�+�H�2�b ���/�Q�`�M�B�M�; �i�?�2 �T�2���F�b �b�?�Q�r�M �B�M �}�;�m�`�2�d�X�R�3�X �6�`�Q�K
�}�;�m�`�2�d�X�R�3�- �B�i �M�Q�r �+���M �#�2 �b�2�2�M �i�?���i �i�?�2 �Q�`���M�;�2 �`�2�;�B�Q�M�b �#�Q�m�M�/ �i�?�2 �b�i�`�m�+�i�m�`�2�b ���M�/ ���`�2
�i�?�2�K�b�2�H�p�2�b �b�m�# �H�2�p�2�H�b �+�Q�M�i���B�M�2�/ �r�B�i�?�B�M �7�m�`�i�?�2�` �b�m�# �H�2�p�2�H�b�- �r�?�B�+�? �+�m�H�K�B�M���i�2 �B�M �i�?�2 �2�M�i�B�`�2
�T���H�K���` �b�m�`�7���+�2�X

�6�`�Q�K �B�M�b�T�2�+�i�B�Q�M �Q�7 �H�Q�r�2�` �b�m�# �H�2�p�2�H�b �U�B�X�2 �i�?�2 �;�`�2�2�M �`�2�;�B�Q�M�b�V �B�M �}�;�m�`�2�d�X�R�3���M�/ �i�?�2 �T���H�K
�7�`�Q�K �r�?�B�+�? �B�b �/�2�`�B�p�2�/ �B�M �}�;�m�`�2�d�X�R�N�- �i�?�2 �7�Q�H�H�Q�r�B�M�; �Q�#�b�2�`�p���i�B�Q�M�b �+���M �#�2 �K���/�2�X �h�?�2 �;�`�2�2�M
�`�2�;�B�Q�M�b ���`�2 �2�B�i�?�2�`�- �b�m�# �H�2�p�2�H�b �Q�7 �i���H�H�2�` �7�2���i�m�`�2�b �Q�` ���`�2���b �Q�M �i�?�2 �T���H�K �-�r�?�2�`�2 �K�Q�`�2 �b�m�#�i�H�2
�p���`�B���i�B�Q�M�b �B�M �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �Q�`�B�2�M�i���i�B�Q�M �2�t�B�b�i �U�B�X�2�X �� �7�m�M�M�2�H�V�X
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�6�B�;�m�`�2 �d�X�R�3�X�,�G�2�p�2�H �b�2�i�b �Q�7 �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2 ���i1 � �R � [0:1; 0:3; 0:5; 0:7; 0:9]

�6�B�;�m�`�2�d�X�R�3�B�H�H�m�b�i�`���i�2�b �i�?�2 �H�2�p�2�H �b�2�i�b1 � �R � [0:1; 0:3; 0:5; 0:7; 0:9] �Q�p�2�`�H���B�/ �m�T�Q�M �i�?�2
�T���H�K �B�M �}�;�m�`�2�d�X�R�N�- �B�M �r�?�B�+�? �i�?�2 �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2�b �?���p�2 �#�2�2�M �B�/�2�M�i�B�}�2�/ ���M�/ �2���+�? �Q�7
�r�?�B�+�? �B�b �+�Q�M�i���B�M�2�/ �r�B�i�?�B�M �� �b�m�# �H�2�p�2�H �Q�7 �Q�i�?�2�` �`�2�;�B�Q�M�b�X

�6�B�;�m�`�2�d�X�R�N���H�b�Q �B�H�H�m�b�i�`���i�2�b �i�?�2 �b�m�#�i�H�2 �p���`�B���i�B�Q�M�b �B�M �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2�X �P�#�p�B�Q�m�b�H�v�- �i�?�2
�T�2���F�b �B�M �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2 �/�Q�K�B�M���i�2 �i�?�2 �b�m�`�7���+�2�- �#�m�i �i�?�2�b�2 �b�K���H�H�2�` �b�m�#�i�H�2 �p���`�B���i�B�Q�M�b
�+���M ���H�b�Q �#�2 �m�b�2�/ �i�Q �b�2�;�K�2�M�i �� �T���H�K�ö�b �b�m�`�7���+�2�X �h�?�2 �b�m�#�i�H�2 �p���`�B���i�B�Q�M�b �2�t�B�b�i �B�M ���H�H �Q�7 �i�?�2
�K���D�Q�` �`�2�;�B�Q�M�b �Q�7 �i�?�2 �T���H�K ���M�/ �+�Q�`�`�2�b�T�Q�M�/ �i�Q �b�Q�K�2 �Q�7 �i�?�2 �7�2���i�m�`�2�b �m�b�2�/ �#�v �7�Q�`�2�M�b�B�+
�B�M�p�2�b�i�B�;���i�Q�`�b�X �h�?�2 �7�m�M�M�2�H ���`�2�� �B�M �i�?�2 �?�v�T�Q�i�?�2�M���` �`�2�;�B�Q�M �?���b �#�2�2�M �B�/�2�M�i�B�}�2�/ �B�M �}�;�m�`�2
�d�X�R�N�- �r�?�B�+�? �2�t�B�b�i�b �B�M �i�?�2 �+�2�M�i�`�2 �Q�7 �Q�M�2 �Q�7 �i�?�2 �`�2�;�B�Q�M�b �2�t�i�`���+�i�2�/ �m�b�B�M�; �H�2�p�2�H �b�2�i�b1 � �R �
[0:1; 0:3; 0:5; 0:7; 0:9]�X �h�?�2 �7�m�M�M�2�H ���`�2�� �r�B�H�H �#�2 �/�B�b�+�m�b�b�2�/ �7�m�`�i�?�2�` �B�M �b�2�+�i�B�Q�M�d�X�9�X�8�X

�6�B�;�m�`�2�d�X�R�3���M�/�d�X�R�N�#�Q�i�? �B�H�H�m�b�i�`���i�2 �i�?�2 �+�Q�M�+�2�T�i �Q�7 �H�2�p�2�H �b�2�i�b �m�b�B�M�; �Q�M�H�v �}�p�2 �H�2�p�2�H�b �B�M �i�?�2
�+�B�`�+�m�H���` �p���`�B���M�+�2�X �a�B�M�+�2 �i�?�2 �b�m�#�i�H�2 �p���`�B���i�B�Q�M�b �2�t�B�b�i �r�?�2�`�2 �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2 �B�b �#�2�H�Q�r
�y�X�k�- �K���M�v �K�Q�`�2 �H�2�p�2�H�b �i�?���M �}�p�2 ���`�2 �`�2�[�m�B�`�2�/�- �7�Q�` �i�?�2 �b�2�i�b �i�Q �#�2 �m�b�2�7�m�H �7�Q�` �K���i�+�?�B�M�;
�T�m�`�T�Q�b�2�b�X �h�Q �K���F�2 �#�2�b�i �m�b�2 �Q�7 �H�2�p�2�H �b�2�i�b �7�Q�` �K���i�+�?�B�M�; �T�m�`�T�Q�b�2�b�- �i�2�b�i�b �?���p�2 �b�?�Q�r�M �i�?���i
�R�y�y �H�2�p�2�H �b�2�i�b �r�Q�`�F�b �r�2�H�H�X

�h�Q �b�m�K�K���`�B�b�2�- �m�b�B�M�; �H�2�p�2�H �b�2�i�b ���i �`�2�;�m�H���` �B�M�i�2�`�p���H�b �Q�M �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2�- �i�?�2 �T���H�K
�+���M �#�2 �b�2�;�K�2�M�i�2�/ �B�M�i�Q �`�2�;�B�Q�M�b�X �h�?�B�b �K�2�i�?�Q�/ �`�2�b�m�H�i�b �B�M �� �+�Q�M�i�Q�m�` �K���T �Q�7 �i�?�2 �+�B�`�+�m�H���`
�p���`�B���M�+�2�- �i�?���i �+�Q�M�i���B�M�b �`�2�;�B�Q�M�b ���M�/ �b�m�# �`�2�;�B�Q�M�b �U���H�b�Q �F�M�Q�r�M ���b �b�m�# �H�2�p�2�H�b �7�Q�` �H�2�p�2�H �b�2�i�b�V
�r�?�B�+�? �?���b �� �?�B�2�`���`�+�?�B�+���H �i�`�2�2�@�H�B�F�2 �b�i�`�m�+�i�m�`�2�X �A�i �r�B�H�H �#�2 �b�?�Q�r�M �B�M �i�?�2 �M�2�t�i �b�2�+�i�B�Q�M �i�?���i
�#�v �T�2�`�7�Q�`�K�B�M�; �i�?�B�b �`�2�;�B�Q�M �2�t�i�`���+�i�B�Q�M �K�2�i�?�Q�/ �Q�M �#�Q�i�?1 � �R ���M�/�R �B�M�/�2�T�2�M�/�2�M�i�H�v�- �i�r�Q
�+�Q�K�T�H�2�K�2�M�i���`�v �i�`�2�2 �b�i�`�m�+�i�m�`�2�b �+���M �#�2 �2�t�i�`���+�i�2�/�X



�d�X�9�X �_�2�;�B�Q�M�b �Q�7 �>�Q�K�Q�;�2�M�2�Q�m�b �o���`�B���M�+�2 �7�`�Q�K �6�`�B�+�i�B�Q�M �_�B�/�;�2 �P�`�B�2�M�i���i�B�Q�M �R�k�d

�G�2�p�2�H �A �b�i�`�m�+�i�m�`�2�b

�a�m�#�i�H�2 �p���`�B���i�B�Q�M�b

�G�2�p�2�H �A �b�i�`�m�+�i�m�`�2�b

�6�m�M�M�2�H

�6�B�;�m�`�2 �d�X�R�N�X�,�G�2�p�2�H �b�2�i�b �Q�7 �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2 ���i1 � �R � [0:1; 0:3; 0:5; 0:7; 0:9] �Q�p�2�`�@
�H���B�/ �m�T�Q�M �i�?�2 �T���H�K

�h�?�2 �7�Q�H�H�Q�r�B�M�; �i�r�Q �b�2�+�i�B�Q�M�b �/�2�b�+�`�B�#�2 ���M�/ �B�H�H�m�b�i�`���i�2 �?�Q�r �i�Q �2�t�i�`���+�i �i�?�2 �b�2�i�b ���M�/ �+�Q�M�b�i�`�m�+�i
�i�?�2 �i�`�2�2�b�X

�������������6�Q �-�F�W�F�M �4�F�U�T
�h�Q �2�t�i�`���+�i �H�2�p�2�H �b�2�i�b �7�`�Q�K �� �+�B�`�+�m�H���` �p���`�B���M�+�2 �B�K���;�21 � �R(i; j )�- �� �i�?�`�2�2 �/�B�K�2�M�b�B�Q�M���H
���`�`���v �B�b �+�`�2���i�2�/�- �/�2�M�Q�i�2�/U (i; j; n ) �r�?�2�`�2i ���M�/j ���`�2 �i�?�2 �M�m�K�#�2�` �Q�7 �`�Q�r�b ���M�/ �+�Q�H�m�K�M�b
�B�M1� �R(i; j )�- �`�2�b�T�2�+�i�B�p�2�H�v ���M�/n = 100 �X �h�?�2�M �2���+�? �B�M�i�2�`�p���Hn �B�b �/�2�}�M�2�/ �#�v1� �R(i; j ) �
n

100
�X �h�?�2�`�2�7�Q�`�2�- �7�Q�` �2���+�?n�,

U (i; j; n ) = 1 � �R(i; j ) �
n

100
�U�d�X�R�k�V

�a�Q �2���+�?n �B�MU (i; j; n )�- �+���M �#�2 �+�Q�M�b�B�/�2�`�2�/ ���b �� �#�B�M���`�v �K���T �r�?�B�+�? �`�2�T�`�2�b�2�M�i �`�2�;�B�Q�M�b �Q�7
�i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�21 � �R(i; j ) �7�Q�` �2���+�? �B�M�i�2�`�p���H�X

�� �+�Q�M�M�2�+�i�2�/ �+�Q�K�T�Q�M�2�M�i ���H�;�Q�`�B�i�?�K �(�N�k�) �B�b �M�Q�r �`�m�M �Q�p�2�` �i�?�2 �}�`�b�i �B�M�i�2�`�p���HU (i; j; 1) ���M�/
���M�v �B�M�/�2�T�2�M�/�2�M�i �`�2�;�B�Q�M�b �U�B�X�2 �B�b�Q�H���i�2�/ �3�@�+�Q�M�M�2�+�i�2�/ �`�2�;�B�Q�M�V ���`�2 �H���#�2�H�H�2�/ �M�m�K�2�`�B�+���H�H�v�X ���M�v
�`�2�;�B�Q�M �r�?�B�+�? �B�M�i�2�`�b�2�+�i�b �i�?�2 �b�m�T�2�` �b�2�i �U�B�X�2�X �i�?�2 �#�Q�m�M�/���`�v�V�- �Q�7 �i�?�2 �p���H�B�/ �T���H�K�T�`�B�M�i ���`�2��
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�U�B�X�2U (i; j; 1)�V�- �B�b �2�H�B�K�B�M���i�2�/�X �h�?�2�`�2�7�Q�`�2�- ���M �B�M�/�2�T�2�M�/�2�M�i �`�2�;�B�Q�M �7�`�Q�KU (i; j; 1) �B�b ��
�b�m�# �H�2�p�2�H �Q�7 �i�?�2 �#�Q�m�M�/���`�v �Q�71 � �R(i; j )�X �h�?�m�b ���M �B�M�/�2�T�2�M�/�2�M�i �`�2�;�B�Q�M �B�MU (i; j; 1) �?���b
�i�?�2 �T�Q�i�2�M�i�B���H �i�Q �+�Q�M�i���B�M �7�m�`�i�?�2�` �b�m�# �H�2�p�2�H�b ���M�/ �b�Q �+���M �#�2 �`�2�T�`�2�b�2�M�i�2�/ ���b �M�Q�/�2 �r�B�i�?�B�M ��
�i�`�2�2 �b�i�`�m�+�i�m�`�2�X

�����������������#�V�J�M�E�J�O�H �-�F�W�F�M �4�F�U �5�S�F�F�T
���M ���`�`���vL �B�b �+�`�2���i�2�/�- �r�?�2�`�2 �2���+�? �B�M�/�2�T�2�M�/�2�M�i �`�2�;�B�Q�M �B�MU (i; j; 1) �B�b �� �`�Q�r �2�M�i�`�v
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�U�B�X�2�X �#�2�H�Q�r �B�i �B�M �i�?�2 �i�`�2�2�V �i�?�2�M �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �`�2�;�B�Q�M �7�`�Q�KU (i; j; n ) �#�2�+�Q�K�2�b
�� �+�?�B�H�/ �M�Q�/�2 �Q�7U (i; j; n � 1)�X
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�`�2�;�B�Q�M �U�B�X�2 �� �`�2�;�B�Q�M �i�?���i �B�M�i�2�`�b�2�+�i�b �r�B�i�? �i�?�2 �#�Q�m�M�/���`�v�V �?���b ���M �m�M�F�M�Q�r�M ���`�2�� �7�Q�` �r�?�B�+�?
�b�i���i�B�b�i�B�+�b �+���M�M�Q�i �#�2 �/�2�`�B�p�2�/�X
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�Q�`���M�;�2 �`�2�T�`�2�b�2�M�i�b �i�?�2 �?�2�B�;�?�i �Q�7 �i�?�2 �M�Q�/�2 �B�M �i�?�2 �i�`�2�2�X
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�6�B�;�m�`�2�d�X�k�R�U���V �B�H�H�m�b�i�`���i�2�b �i�?�2 �`�2�;�B�Q�M�b �Q�7 �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2 ���M�/ �U�#�V �B�H�H�m�b�i�`���i�2�b �i�?�2�b�2
�b���K�2 �`�2�;�B�Q�M�b �`�2�T�`�2�b�2�M�i�2�/ ���b �� �i�`�2�2�X
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�R�j�y �d�X �6�2���i�m�`�2 �1�t�i�`���+�i�B�Q�M

�6�B�;�m�`�2�d�X�k�R�U�#�V �B�b �i�?�2 �i�`�2�2 �b�i�`�m�+�i�m�`�2�- �r�?�2�`�2 �2���+�? �M�Q�/�2 �?���b�,

�Ç �h�?�2 �`�2�;�B�Q�M �M�m�K�#�2�` �Q�M �i�?�2 �H�2�7�i�X

�Ç �h�?�2 �`�2�;�B�Q�M �b�B�x�2 �Q�M �i�?�2 �`�B�;�?�i�X

�Ç �h�?�2 �+�Q�H�Q�m�` �Q�7 �i�?�2 �M�Q�/�2 �B�b �`�2�T�`�2�b�2�M�i���i�B�p�2 �Q�7 �i�?�2 �H�2�p�2�H �i�?�2 �+�Q�M�i�Q�m�` ���i �r�?�B�+�? �B�i �2�t�B�b�i�b
�B�M �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2�X

�� �M�Q�/�2 �B�b �Q�m�i�H�B�M�2�/ �B�M �#�H���+�F �B�7 �2�B�i�?�2�`�,

�Ç �h�?�2 �M�Q�/�2 �B�b �� �H�2���7�X

�Ç �h�?�2 �M�Q�/�2 �B�b �� �T���`�2�M�i �Q�7 �i�r�Q �Q�` �K�Q�`�2 �#�`���M�+�? �b�i�`�m�+�i�m�`�2�b�X

�h�?�2 �H�2���7 �M�Q�/�2�b �?���p�2 �#�2�2�M �H���#�2�H�H�2�/ �B�M �}�;�m�`�2�d�X�k�R�U���V�- ���b �?���p�2 �i�?�2 �T���`�2�M�i�b �Q�7 �i�r�Q �Q�`
�K�Q�`�2 �#�`���M�+�? �b�i�`�m�+�i�m�`�2�b�X �h�?�2 �i�`�m�M�F �U�Q�` �`�Q�Q�i�V �M�Q�/�2 �B�M�d�X�k�R�U�#�V �`�2�T�`�2�b�2�M�i�b �i�?�2 �p���H�B�/
�T���H�K�T�`�B�M�i ���`�2�� �+�Q�M�i���B�M�2�/ �r�B�i�?�B�M �i�?�2 �#�Q�m�M�/���`�v�- �r�?�B�+�? �r���b �b�2�;�K�2�M�i�2�/ �#�v �i�?�2 ���H�;�Q�`�B�i�?�K
�e�X�k�U���G�L�6�V �B�M �+�?���T�i�2�`�8�X

�������������%�P�X�O �-�F�W�F�M �4�F�U�T
�q�?�2�M �+�`�2���i�B�M�; �i�?�2 �/�Q�r�M �H�2�p�2�H �b�2�i�b�- �i�?�2 �b���K�2 �K�2�i�?�Q�/ �B�b �m�b�2�/ ���b �i�?�2 �m�T �H�2�p�2�H �b�2�i�b�- �2�t�+�2�T�i
R (i; j ) �B�b �m�b�2�/ �B�M�b�i�2���/ �Q�71 � R (i; j ) ���M�/ �i�?�2 �M�Q�i���i�B�Q�M �m�b�2�/ �B�bD (i; j; n ) �B�M�b�i�2���/ �Q�7
U (i; j; n )�X �a�Q �B�M�b�i�2���/ �Q�7 �2�t�i�`���+�i�B�M�; �H�2�p�2�H �b�2�i�b �b�i���`�i�B�M�; �B�M �i�?�2 �#���b�2 �Q�7 �� �p���H�H�2�v�- �r�2 �?���p�2
�~�B�T�T�2�/ �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2�- �b�Q �i�?�2�Q�`�2�i�B�+���H�H�v�- �b�H�B�+�2�b ���`�2 �#�2�B�M�; �`�2�K�Q�p�2�/ �7�`�Q�K �i�?�2 �i�Q�T�b �Q�7
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�H�2�p�2�H �b�2�i�b �Q�p�2�`�H���B�/ �m�T�Q�M �i�?�2 �T���H�K�T�`�B�M�i�X �� �T�m�`�T�H�2 �i�Q �#�H�m�2 �+�Q�H�Q�m�` �K���T �B�b �i�Q �B�H�H�m�b�i�`���i�2 �i�?�2
�/�Q�r�M �H�2�p�2�H �b�2�i�b �B�M �T���H�K�T�`�B�M�i�X

�������������$�P�N�C�J�O�F�E �6�Q �B�O�E �%�P�X�O �-�F�W�F�M �4�F�U�T
�6�B�;�m�`�2�d�X�k�j�B�H�H�m�b�i�`���i�2�b �#�Q�i�? �i�?�2 �m�T ���M�/ �/�Q�r�M �H�2�p�2�H �b�2�i�b �Q�p�2�`�H���B�/ �m�T�Q�M �i�?�2 �T���H�K�T�`�B�M�i
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�B�M�; �T�`�Q�+�2�b�b�X �h�?�2 �K�2�i�`�B�+�b ���`�2 �+���i�2�;�Q�`�B�b�2�/ �#�2�H�Q�r �B�M �i�2�`�K�b �Q�7 �;�2�Q�K�2�i�`�v �Q�7 �i�?�2 �`�2�;�B�Q�M�- �B�i�b
�+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b ���M�/ �b�i�`�m�+�i�m�`���H �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �i�?�2 �`�2�;�B�Q�M�b�X

�R�X�S�?�v�b�B�+���H �b�B�x�2 ���M�/ �b�?���T�2 �Q�7 �i�?�2 �B�M�/�2�T�2�M�/�2�M�i �`�2�;�B�Q�M�b�,

���V���`�2��

�#�V�*�2�M�i�`�Q�B�/ �T�Q�b�B�i�B�Q�M

�+�V�S�2�`�B�K�2�i�2�`

�/�V�h�?�2 �b�2�p�2�M �>�m �K�Q�K�2�M�i�b �(�N�j�)

�k�X�*�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b �7�Q�` �2���+�? �T���`�i�B�+�m�H���` �`�2�;�B�Q�M�,

���V�J�2���M �Q�`�B�2�M�i���i�B�Q�M

�#�V�o���`�B���M�+�2

�+�V�a�F�2�r

�/�V�E�m�`�i�Q�b�B�b

�j�X�a�i�`�m�+�i�m�`���H �B�M�7�Q�`�K���i�B�Q�M �Q�7 �i�?�2 �i�`�2�2�,

���V�h�?�2 �H�2�p�2�H �Q�7 �i�?�2 �`�2�;�B�Q�M

�#�V�h�?�2 �H���#�2�H �Q�7 ���M�v �b�m�T�2�` �`�2�;�B�Q�M

�+�V�h�?�2 �i�v�T�2 �Q�7 �M�Q�/�2 �U�H�2���7�- �#�`���M�+�?�V

�/�V�h�?�2 �M�m�K�#�2�` �Q�7 �M�Q�/�2�b �+�Q�M�i���B�M�2�/ �r�B�i�?�B�M �2���+�? �`�2�;�B�Q�M

�2�V�h�?�2 �M�m�K�#�2�` �Q�7 �H�2���p�2�b �+�Q�M�i���B�M�2�/ �r�B�i�?�B�M �i�?�2 �b�m�# �i�`�2�2

�1���+�? �Q�7 �i�?�2 �K�2�i�`�B�+�b �T�`�Q�p�B�/�2�b �� �m�M�B�[�m�2 �p���H�m�2 �i�Q �� �`�2�;�B�Q�M�- �r�?�B�+�? �B�b ���H�b�Q �B�M�p���`�B���M�i �i�Q
�`�Q�i���i�B�Q�M �r�B�i�? �`�2�b�T�2�+�i �i�Q �B�i�b �/�Q�K�B�M���M�i ���t�2�b�X

�h�Q �+���H�+�m�H���i�2 �i�?�2 �K�2�i�`�B�+�b �Q�7 �2���+�? �`�2�;�B�Q�M�- �� �#�B�M���`�v �K���b�FR (i; j ) �r�?�B�+�? �`�2�T�`�2�b�2�M�i�b �i�?�2
�T�Q�b�B�i�B�Q�M �Q�7 �2���+�? �Q�7 �i�?�2 �T�B�t�2�H�b �r�B�i�?�B�M �i�?�2 �`�2�;�B�Q�M �B�b �+�`�2���i�2�/�,

R (i; j ) = f U (i; j; n ) = rg �U�d�X�R�j�V

�q�?�2�`�2n �B�b �i�?�2 �H�2�p�2�H ���i �r�?�B�+�? �i�?�2 �`�2�;�B�Q�M �2�t�B�b�i�b ���M�/r �B�b �i�?�2 �`�2�;�B�Q�M�b �M�m�K�2�`�B�+���H �H���#�2�H�X

�:�2�Q�K�2�i�`�B�+ �J�2�i�`�B�+�b

�U���V �h�?�2 ���`�2�� �Q�7 �i�?�2 �`�2�;�B�Q�M �B�b �+���H�+�m�H���i�2�/ �m�b�B�M�;�,

���`�2��=
X

R (i; j )

�U�#�V �h�?�2 �+�2�M�i�`�Q�B�/ �T�Q�b�B�i�B�Q�M �B�b �+���H�+�m�H���i�2�/ �m�b�B�M�;�,



�d�X�9�X �_�2�;�B�Q�M�b �Q�7 �>�Q�K�Q�;�2�M�2�Q�m�b �o���`�B���M�+�2 �7�`�Q�K �6�`�B�+�i�B�Q�M �_�B�/�;�2 �P�`�B�2�M�i���i�B�Q�M �R�j�j

�*�2�M�i�`�Q�B�/ �T�Q�b�B�i�B�Q�M=
(
P

i n ;
P

j n )
Area

�q�?�2�`�2i n ���M�/j n ���`�2 �i�?�2i ���M�/j �+�Q�Q�`�/�B�M���i�2�b �Q�7 �2���+�? �p���H�B�/ �T�B�t�2�H �7�`�Q�KR (i; j )�X

�U�+�V �h�?�2 �T�2�`�B�K�2�i�2�` �Q�7 �� �`�2�;�B�Q�M�- �`�2�H�B�2�b �m�T�Q�M �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7 �7�Q�m�`�@�+�Q�M�M�2�+�i�2�/�- �`�2�7�2�`�`�2�/ ���b
�9�+ �#�2�H�Q�r�,

�S�2�`�B�K�2�i�2�`=
X

f (4c(R (i; j )) < 4) \ (4c(R (i; j )) > 0)g

�U�/�V �h�?�2 �}�M���H �b�B�x�2 ���M�/ �b�?���T�2 �b�i���i�B�b�i�B�+�b ���`�2 �i�?�2 �b�2�p�2�M �>�m �K�Q�K�2�M�i�b�X �h�?�2 �b�2�p�2�M �>�m
�K�Q�K�2�M�i�b ���`�2 �+���H�+�m�H���i�2�/ �m�b�B�M�;R (i; j ) ���M�/ �i�?�2 �K�2�i�?�Q�/�b �B�M �(�N�j�)�X

�*�B�`�+�m�H���` �J�2�i�`�B�+�b

�h�?�2 �7�Q�m�` �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b ���`�2 �+���H�+�m�H���i�2�/ �7�`�Q�K �i�?�2 �b�2�i� r (i; j ) �r�?�B�+�? �B�b �i�?�2 �T�`�Q�/�m�+�i �Q�7
R (i; j ) ���M�/� f r (i; j )�,

� r (i; j ) = R (i; j ) � f r (i; j )

�a�Q� r (i; j ) �B�b �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �2�b�i�B�K���i�2�b� f r (i; j ) �+�Q�M�i���B�M�2�/ �r�B�i�?�B�M
�i�?�2 �`�2�;�B�Q�MR (i; j )�X �h�?�2 �K�2���M �Q�`�B�2�M�i���i�B�Q�M�- �p���`�B���M�+�2�- �b�F�2�r ���M�/ �F�m�`�i�Q�b�B�b ���`�2 �+���H�+�m�H���i�2�/
�m�b�B�M�; �2�[�m���i�B�Q�M�b�9�X�R�N�-�9�X�R�k�-�9�X�R�e���M�/�9�X�R�d�Q�M �i�?�2 ���t�B���H �/���i��� r (i; j )�X

�a�i�`�m�+�i�m�`���H �J�2�i�`�B�+�b

�h�?�2 �b�i�`�m�+�i�m�`���H �K�2�i�`�B�+�b �Q�7 �i�?�2 �i�`�2�2 ���`�2 �+���H�+�m�H���i�2�/ ���b �7�Q�H�H�Q�r�b�X �h�?�2 �H�2�p�2�H �Q�7 �i�?�2 �`�2�;�B�Q�M �B�b
�F�M�Q�r�M �U�B�X�2�Xn�V�- �i�?�2 �H���#�2�H �Q�7 �i�?�2 �T���`�2�M�i �M�Q�/�2 �7�Q�` �2�p�2�`�v �M�Q�/�2 �r���b �b�i�Q�`�2�/ �7�`�Q�K �b�2�+�i�B�Q�M
�d�X�9�X�k�X�R�- �i�?�2�b�2 �K�2�i�`�B�+�b ���`�2 �b�i�Q�`�2�/ �7�Q�` �2�p�2�`�v �`�2�;�B�Q�M�X �l�b�B�M�; �i�?�2 �i�`�2�2 �b�i�`�m�+�i�m�`�2�- �B�i �B�b �T�Q�b�b�B�#�H�2
�i�Q �b�+���M �i�?�`�Q�m�;�? �i�?�2 �`�2�;�B�Q�M�b �i�Q �}�M�/ �i�?�2 �i�v�T�2 �Q�7 �M�Q�/�2�- �M�m�K�#�2�` �Q�7 �b�m�# �H�2�p�2�H�b ���M�/ �i�?�2
�M�m�K�#�2�` �Q�7 �H�2���p�2�b �+�Q�M�i���B�M�2�/ �r�B�i�?�B�M �2���+�? �b�m�# �i�`�2�2 �Q�7 �2���+�? �`�2�;�B�Q�M�X

�����������������&�Y�B�N�Q�M�F �P�G �U�I�F �3�F�H�J�P�O �.�F�U�S�J�D�T
�h�Q �B�H�H�m�b�i�`���i�2 �i�?�2 �K�2�i�`�B�+�b ���#�Q�p�2�- �+�Q�M�b�B�/�2�` �i�?�2 �`�2�;�B�Q�M �B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2�d�X�k�8�- �r�?�B�+�? �B�b
�i�?�2 �`�2�;�B�Q�M �H���#�2�H�H�2�/ �8�3�k�- �r�?�B�+�? �2�t�B�b�i�b �B�MU (i; j; n = 20)�X



�R�j�9 �d�X �6�2���i�m�`�2 �1�t�i�`���+�i�B�Q�M

�U���V�_�2�;�B�Q�M �Q�p�2�`�H���B�/ �m�T�Q�M �i�?�2 �T���H�K�U�#�V�_�2�;�B�Q�M �Q�p�2�`�H���B�/ �m�T�Q�M �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2

�6�B�;�m�`�2 �d�X�k�8�X�,�h�?�2582nd �`�2�;�B�Q�M �7�`�Q�K �i�?�2 �m�T �H�2�p�2�H �b�2�i�b �B�MU (i; j; n = 20)

�h�?�2�`�2�7�Q�`�2�- �� �K���b�F �Q�7 �i�?�B�b �`�2�;�B�Q�M �U�/�2�M�Q�i�2�/�-M 582 ���M�/ �B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2�d�X�k�e�U�#�V�V �+���M
�#�2 �+���H�+�m�H���i�2�/ �#�v�,

M 582 = f U (i; j; n = 20) = 582g

�"�v �m�b�B�M�;M 582�- �i�?�2 �;�2�Q�K�2�i�`�B�+ �K�2�i�`�B�+�b �+���M �#�2 �+���H�+�m�H���i�2�/�X �h�?�2 �`�2�;�B�Q�M�b ���`�2�� �B�b �e�k�e �m�M�B�i�b�-
�i�?�2 �+�2�M�i�`�Q�B�/ �T�Q�b�B�i�B�Q�M �B�b(132:63; 151:14) �i�Q �8 �b�B�;�M�B�}�+���M�i �}�;�m�`�2�b ���M�/ �B�b �B�H�H�m�b�i�`���i�2�/ �#�v
�i�?�2 �`�2�/ �/�Q�i �B�M �}�;�m�`�2�d�X�k�8�X �h�?�2 �b�2�p�2�M �>�m �K�Q�K�2�M�i�b ���`�2 �y�X�e�e�9�e�- �y�X�j�d�9�9�- �y�X�R�y�N�9�- �y�X�y�e�N�j�d�-
�y�X�y�y�e�y�R�3�- �y�X�y�j�3�d ���M�/ �y�X�y�y�y�8�8�8�d �i�Q �9 �b�B�;�M�B�}�+���M�i �}�;�m�`�2�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2 �T�2�`�B�K�2�i�2�` �Q�7
�i�?�2 �`�2�;�B�Q�M �B�b �R�8�j �m�M�B�i�b�X

�6�B�;�m�`�2�d�X�k�e�U���V �B�H�H�m�b�i�`���i�2�b �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �Q�7 �i�?�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2�b�̂ (i; j )�X �h�?�2 �`�2�;�B�Q�M�b
�Q�`�B�2�M�i���i�B�Q�M �}�2�H�/ �B�b �+���H�+�m�H���i�2�/ �m�b�B�M�; �2�[�m���i�B�Q�M�d�X�R�9�-

M 582; � = M 582 � �̂ (i; j ) �U�d�X�R�9�V

M 582; � �B�b �B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2�d�X�k�e�U�+�V�- �7�`�Q�K �r�?�B�+�? �i�?�2 �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b �Q�7 �i�?�2 �`�2�;�B�Q�M
�+���H�+�m�H���i�2�/ �r�?�B�+�? ���`�2 �B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2�d�X�k�e�U�/�V�X �h�?�2 �+�B�`�+�m�H���` �b�i���i�B�b�i�B�+�b �Q�7 �`�2�;�B�Q�M
M 582; � ���`�2 ���b �7�Q�H�H�Q�r�b�,ŝ = 0:05952�-k̂ = 0:5679�- �R = 0:9677���M�/�� = 2:4298�X



�d�X�9�X �_�2�;�B�Q�M�b �Q�7 �>�Q�K�Q�;�2�M�2�Q�m�b �o���`�B���M�+�2 �7�`�Q�K �6�`�B�+�i�B�Q�M �_�B�/�;�2 �P�`�B�2�M�i���i�B�Q�M �R�j�8

�U���V̂� (i; j ) �U�#�VM 582

�U�+�V� r (i; j )

1
2 �

3
2 �

0�

1
4 �3
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5
4 � 7

4 �

�U�/�V

�6�B�;�m�`�2 �d�X�k�e�X�,�*���H�+�m�H���i�B�M�;� r (i; j )

�A�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�?���T�i�2�`�- �i�r�Q �K���i�+�?�B�M�; �i�2�+�?�M�B�[�m�2�b ���`�2 �/�2�b�+�`�B�#�2�/�- �Q�M�2 �7�Q�` �H�2�p�2�H �A �b�i�`�m�+�@
�i�m�`�2�b ���M�/ �Q�M�2 �7�Q�` �i�?�2 �?�Q�K�Q�;�2�M�2�Q�m�b �H�2�p�2�H �b�2�i�b�X





�*�?���T�i�2�` �3

�J���i�+�?�B�M�;

���������*�O�U�S�P�E�V�D�U�J�P�O
�a�B�M�+�2 �Q�M�2 �Q�7 �i�?�2 ���B�K�b �Q�7 �i�?�B�b �i�?�2�b�B�b �B�b �i�Q �K���i�+�? �H���i�2�M�i �T���H�K�T�`�B�M�i�b �Q�7 ���M �m�M�F�M�Q�r�M
�Q�`�B�2�M�i���i�B�Q�M�- �K���i�+�?�B�M�; �i�2�+�?�M�B�[�m�2�b �r�?�B�+�? ���`�2 �B�M�p���`�B���M�i �i�Q �#�Q�i�? �T�Q�b�B�i�B�Q�M ���M�/ �`�Q�i���i�B�Q�M
�K�m�b�i �#�2 �/�2�p�2�H�Q�T�2�/�X �h�?�B�b �+�?���T�i�2�` �/�2�b�+�`�B�#�2�b �K���i�+�?�B�M�; �i�2�+�?�M�B�[�m�2�b �r�?�B�+�? ���`�2 �B�M�p���`�B���M�i �i�Q
�i�`���M�b�H���i�B�Q�M ���M�/ �`�Q�i���i�B�Q�M �7�Q�` �i�?�2 �7�2���i�m�`�2�b �/�2�`�B�p�2�/ �B�M �+�?���T�i�2�`�d�X �h�?�2 �+�?���T�i�2�` �+�Q�M�b�B�b�i�b �Q�7
�i�r�Q �K���B�M �b�2�+�i�B�Q�M�b�,

�R�X�J���i�+�?�B�M�; �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2�b�U�b�2�+�i�B�Q�M�3�X�k�V
�A�M �r�?�B�+�? �B�M�/�B�p�B�/�m���H �K���i�+�?�B�M�; �T�`�Q�+�2�/�m�`�2�b ���`�2 �/�2�p�2�H�Q�T�2�/ �7�Q�` �H�Q�Q�T�b ���M�/ �/�2�H�i���b�-
�#���b�2�/ �m�T�Q�M �i�?�2�B�`�T���i�?�b�`�2�T�`�2�b�2�M�i ���b �� �H�B�b�i �Q�7 �*���`�i�2�b�B���M �+�Q�Q�`�/�B�M���i�2�b�X �h�?�2 �b�2�+�i�B�Q�M
�+�`�2���i�2�b �B�M�p���`�B���M�i �7�2���i�m�`�2�b �7�Q�` �i�?�2 �H�B�b�i�b�- �r�?�B�+�? ���`�2 �i�?�2�M �m�b�2�/ �i�Q �K���i�+�? �i�?�2 �B�M�/�B�p�B�/�m���H
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�h�?�2 �`�2�b�m�H�i�b �Q�7 �i�?�2 �B�M�/�B�p�B�/�m���H �K���i�+�?�B�M�; �K�2�i�?�Q�/�b ���`�2 �m�b�2�/ �b�2�T���`���i�2�H�v �B�M �+�?���T�i�2�`�N�- �i�Q
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�*�Q�M�b�B�/�2�` �� �T���i�?�-Tn = ( xn ; yn ) �7�Q�`n = 1; 2; ::; m ���M�/ �r�?�2�`�2�K �B�b �M�m�K�#�2�` �Q�7 �T�Q�B�M�i�b
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�U���V�V�X

�� �/�2�H�i�� �B�b �/�2�M�Q�i�2�/ ���b
E� i; n = ( x i; n ; yi; n ) �U�3�X�j�V

�r�?�2�`�2�-

i = 1; 2; 3 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �2���+�? �T���i�? �Q�7 �� �/�2�H�i��

n = 1; 2; ::; m �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2nth �T�Q�B�M�i �Q�7 �� �T���i�?�- �r�?�B�+�? �B�bm �T�Q�B�M�i�b �H�Q�M�;

�h�?�2 �/�2�H�i�� �B�b �i�?�2�M �T�`�Q�+�2�b�b�2�/�- �b�m�+�? �i�?���i�- �7�Q�`�2���+�?�T���i�?i �-� i; n (E � ) �B�b �i�`���M�b�7�Q�`�K�2�/ �m�b�B�M�;
�2�[�m���i�B�Q�M�3�X�R�-

� i; n (E � ) = ���i���M�k((yi; n +1 � yi; n ) ; (x i; n +1 � x i; n )) 2 [� �; � ) �U�3�X�9�V

�b�Q �i�?���i �i�?�2 �i�?�`�2�2 �i�`���+�2�b �Q�7 �i�?�2 �/�2�H�i���-� i; n (E � ) ���`�2 �B�M�p���`�B���M�i �i�Q �i�`���M�b�H���i�B�Q�M�X �h�?�2 �T���i�?
� i; n (E � ) �+���M �M�Q�r �#�2 �K���/�2 �B�M�p���`�B���M�i �i�Q �`�Q�i���i�B�Q�M �m�b�B�M�; �i�?�2 �K�2�i�?�Q�/ �B�M �b�2�+�i�B�Q�M�3�X�k�X�R�X�R���b
�b�?�Q�r�M �B�M �2�[�m���i�B�Q�M�3�X�8�X

�� i; n (E � ) = ���i���M�k(( � i; n (E � ) � � 1; 1 (E � )) ; (� i; n (E � ) � � 1; 1 (E � ))) �U�3�X�8�V

�q�?�2�`�2�� i; n (E � ) 2 [� �; � )�X �"�m�i �r�?�2�`�2�� i; n (E � ) �B�b �M�Q�r ���M ���`�`���v �Q�7 �i�?�`�2�2 �+�Q�H�m�K�M�b �Q�7
�H�2�M�;�i�?n �r�?�2�`�2 �2���+�? �+�Q�H�m�K�M �`�2�T�`�2�b�2�M�i�b �� �T���i�?�X

E� 1; n

E� 2; n

E� 3; n

�U���V�h�?�`�2�2 �T���i�?�b �Q�7 �� �/�2�H�i��E � i; n

�� 1; n (E � )

�� 2; n (E � )

�� 3; n (E � )

�U�#�V�h�?�2 �B�M�p���`�B���M�i �T���i�?�b�� i; n (E � )�- �r�?�2�`�2
�� 1; n (E � ) �b�i���`�i�b �7�`�Q�K(0; 0)

�6�B�;�m�`�2 �3�X�9�X�,�� �T���i�? �7�`�Q�K �i�?�2 �/�2�H�i�� ���M�/ �B�i�b �B�M�p���`�B���M�i �7�2���i�m�`�2 �b�T���+�2

�1���+�? �Q�7 �i�?�2 �B�M�p���`�B���M�i �i�`���+�2�b�� 1; n (E � )�- �� 2; n (E � ) ���M�/�� 3; n (E � ) ���`�2 �B�H�H�m�b�i�`���i�2�/ �#�v �i�?�2
�`�2�/ �T���i�? �H�B�M�2�b �B�M�3�X�9���M�/ �2�t�T�`�2�b�b�2�/ �B�M �i���#�H�2 �7�Q�`�K ���b �b�?�Q�r�M �B�M �}�;�m�`�2�3�X�k�X



�3�X�k�X �J���i�+�?�B�M�; �H�2�p�2�H �A �a�i�`�m�+�i�m�`�2�b �R�9�R

� �R; n (E � ) � �k; n (E � ) � �j ; n (E � )

�y
�X�X�X

�X�X�X
�X�X�X

�X�X�X
�X�X�X

�X�X�X
�X�X�X

�X�X�X

�h���#�H�2 �3�X�k�X�,�_�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 ���M �B�M�p���`�B���M�i �/�2�H�i���- �r�?�2�`�2 �2���+�? �+�Q�H�m�K�M �+�Q�`�`�2�b�T�Q�M�/�b �� �T���i�?

�����������������.�B�U�D�I�J�O�H �B �M�B�U�F�O�U
�L�Q�r�- �+�Q�M�b�B�/�2�` �� �b�2�+�Q�M�/ �/�2�H�i��L � i; n �Q�7 �m�M�F�M�Q�r�M �Q�`�B�2�M�i���i�B�Q�M �U�b�?�Q�r�M �B�M �}�;�m�`�2�3�X�8�U���V�V
�r�?�B�+�? �B�b �i�Q �#�2 �K���i�+�?�2�/ �i�Q�� i; n (E � )�XL� i; n �B�b �}�`�b�i �i�`���M�b�7�Q�`�K�2�/ �m�b�B�M�; �2�[�m���i�B�Q�M�b�3�X�8�i�Q
�;�B�p�2 �i�?�2 �-� i; n (L � )�- �r�?�B�+�?�Q�M�H�v �B�M�p���`�B���M�i �i�Q �i� �̀��M�b�H���i�B�Q�M�X

�a�B�M�+�2 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �Q�7 �i�?�2 �/�2�H�i��� i; n (L � ) �B�b �m�M�F�M�Q�r�M�- �i�?�2�`�2 ���`�2 �i�?�`�2�2 �T�Q�b�b�B�#�H�2 �Q�`�B�2�M�i�@
���i�B�Q�M�b �B�M �r�?�B�+�?� i; n (L � ) �+�Q�m�H�/ �K���i�+�?�� i; n (E � )�X �h�?�2 �i�?�`�2�2 �Q�`�B�2�M�i���i�B�Q�M�b ���`�2 �B�H�H�m�b�i�`���i�2�/
�B�M �}�;�m�`�2�3�X�8�U�#�V�- �U�+�V ���M�/ �U�/�V�X

�h�Q �2���b�2 �i�?�2 �M�Q�i���i�B�Q�M �7�Q�` �i�?�2 �K���i�+�?�B�M�; �K�2�i�`�B�+�- �i�?�2 �M�Q�i���i�B�Q�M �7�Q�` �i�?�2 �i�?�`�2�2 �T���i�?�b �B�M
� i; n (L � ) �r�B�H�H �#�2 �2�t�i�2�M�/�2�/ �i�Q�� i; 1; j (L � )�- �r�?�2�`�2 �2���+�? �Q�7 �`�Q�i���i�B�Q�M�b �B�M �}�;�m�`�2�3�X�8�- �B�b �M�Q�r
�`�2�T�`�2�b�2�M�i�2�/ �#�vj = 1; 2; 3 ���M�/ �r�?�2�`�2i = 1; 2; 3 �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �B�M�/�B�p�B�/�m���H �T���i�?�b
�r�B�i�?�B�M �2���+�? �Q�7 �i�?�2 �`�Q�i���i�B�Q�M�b�X �h�?�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �b�2�T���`���i�2�b �Q�`�B�2�M�i���i�B�Q�M�b ���`�2 �b�?�Q�r�M �B�M
�i���#�H�2�3�X�j�X

j = 1 j = 2 j = 3
� i; n; �R(L � )

� �R; n (L � ) � �k; n (L � ) � �j ; n (L � )

� �R; �R
�X�X�X

�X�X�X
�X�X�X

�X�X�X
�X�X�X

�X�X�X
�X�X�X

�X�X�X

� i; n; �k (L � )

� �k; n (L � ) � �j ; n (L � ) � �R; n (L � )

� �k; �R
�X�X�X

�X�X�X
�X�X�X

�X�X�X
�X�X�X

�X�X�X
�X�X�X

�X�X�X

� i; n; �j (L � )

� �j ; n (L � ) � �R; n (L � ) � �k; n (L � )

� �j ; �R
�X�X�X

�X�X�X
�X�X�X

�X�X�X
�X�X�X

�X�X�X
�X�X�X

�X�X�X

�h���#�H�2 �3�X�j�X�,�h�?�2 �i�?�`�2�2 �T�Q�b�b�B�#�H�2 �`�Q�i���i�B�Q�M�b �Q�7 �� �H���i�2�M�i �/�2�H�i��

�h�?�2 �/�2�H�i���b �b�?�Q�r�M �B�M �i���#�H�2�3�X�j���`�2 �M�Q�i �B�M�p���`�B���M�i �i�Q �`�Q�i���i�B�Q�M�- �B�i �B�b �M�Q�r �M�2�+�2�b�b���`�v �i�Q
�K���F�2 �i�?�2 �/�2�H�i�� �B�M�p���`�B���M�i �i�Q �`�Q�i���i�B�Q�M�X �h�?�B�b �B�b �/�Q�M�2 �#�v ���T�T�H�v�B�M�; �i�?�2 �`���i�B�Q�M���H�H�v �B�M�p���`�B���M�i
�Q�T�2�`���i�B�Q�M �B�M �2�[�m���i�B�Q�M �B�M�3�X�8�i�Q �2���+�? �T���i�? �r�B�i�?�B�M �i�?�2 �i���#�H�2�X

�>�Q�r�2�p�2�`�- �B�M �i�?�B�b �+���b�2 �i�?�2 �}�`�b�i ���M�;�H�2 �Q�7 �i�?�2 �}�`�b�i �T���i�? �U�K���`�F�2�/ �B�M �#�H�m�2 �B�M �i���#�H�2�3�X�j�V �r�B�H�H
�#�2 �m�b�2�/ ���b �i�?�2 �`�2�7�2�`�2�M�+�2 �B�M ���H�H ���T�T�H�B�+���i�B�Q�M�b �Q�7 �2�[�m���i�B�Q�M�3�X�8�X �h�?�m�b �i�?�2 �/�2�H�i�� �`�2�T�`�2�b�2�M�i�2�/
�B�M �2���+�? �i���#�H�2 �r�B�H�H �#�2 �+�2�M�i�`�2�/ ���i �i�?�2 �b���K�2 �T�Q�B�M�i ���M�/ �� �T���i�? �r�B�i�?�B�M �i�?�2 �/�2�H�i�� �r�B�H�H �#�2
���H�B�;�M�2�/ �r�B�i�? �� �T���i�? �r�B�i�?�B�M �i�?�2 �2�t�2�K�T�H���` �/�2�H�i���X �h�?�B�b �B�b �b�?�Q�r�M �/�B���;�`���K�K���i�B�+���H�H�v �B�M
�}�;�m�`�2�3�X�8�X



�R�9�k �3�X �J���i�+�?�B�M�;

L� 1; n;

L� 2; n

L� 3; n

�U���V�h�?�`�2�2 �T���i�?�b �Q�7 �� �/�2�H�i��L � i; n

�� 1; n; 1 (L � )

�� 2; n; 1 (L � )

�� 3; n; 1 (L � )

�U�#�V�h�?�2 �B�M�p���`�B���M�i �T���i�?�b �Q�7�� i; n; 1 (L � )

�� 1; n; 2 (L � )

�� 2; n; 2 (L � )

�� 3; n; 2 (L � )

�U�+�V�h�?�2 �B�M�p���`�B���M�i �T���i�?�b �Q�7�� i; n; 2 (L � )

�� 1; n; 3 (L � )

�� 2; n; 3 (L � )

�� 3; n; 3 (L � )

�U�/�V�h�?�2 �B�M�p���`�B���M�i �T���i�?�b �Q�7�� i; n; 3 (L � )

�6�B�;�m�`�2 �3�X�8�X�,�h�?�2 �i�?�`�2�2 �T�Q�b�b�B�#�H�2 �b�2�i�b �Q�7 �T���i�?�b �7�`�Q�K �i�?�2 �/�2�H�i��L � i; n ���M�/ �i�?�2�B�` �B�M�p���`�B���M�i
�7�2���i�m�`�2 �b�T���+�2

�h�?�2�b�2 �Q�T�2�`���i�B�Q�M�b ���`�2 �/�2�}�M�2�/ �B�b �2�[�m���i�B�Q�M�3�X�e�- �r�?�2�`�2 �2���+�? �b�m�#�@�2�[�m���i�B�Q�M �+�Q�`�`�2�b�T�Q�M�/�b �i�Q
�i�?�2 �T���`�i�B�+�m�H���` ���M �Q�T�2�`���i�B�Q�M �Q�M �� �b�T�2�+�B�}�2�/ �i���#�H�2�-j = 1; 2; 3�X

j = 1; �� i; n; 1 (L � ) = ���i���M�k(( � �R; �R(L � ) � � i; n; �R(L � )) ; (� �R; �R(L � ) � � i; n; �R(L � )))

j = 2; �� i; n; 2 (L � ) = ���i���M�k(( � �k; �R(L � ) � � i; n; �k (L � )) ; (� �k; �R(L � ) � � i; n; �k (L � )))

j = 3; �� i; n; 3 (L � ) = ���i���M�k(( � �j ; �R(L � ) � � i; n; �j (L � )) ; (� �j ; �R(L � ) � � i; n; �j (L � )))

�U�3�X�e�V



�3�X�k�X �J���i�+�?�B�M�; �H�2�p�2�H �A �a�i�`�m�+�i�m�`�2�b �R�9�j

�U���Vj = 1 �U�#�Vj = 2 �U�+�Vj = 3

�6�B�;�m�`�2 �3�X�e�X�,�h�?�2 �i�?�`�2�2 �T�Q�b�b�B�#�H�2 �K���i�+�?�2�b �Q�7�� 3; n (E � ) ���M�/�� 3; n; j (L � )

�L�Q�r�- �i�Q �K���i�+�? ���M �2�t�2�K�T�H���`�ö�b �/�2�H�i���� 3; n (E � ) �i�Q �� �H���i�2�M�i�ö�b �/�2�H�i���� 3; n; j (L � )�- �2���+�? �Q�7 �i�?�2
�T���i�?�b �7�`�Q�K�� 3; n; j (L � ) �U�B�X�2 �r�?�2�`�2j = 1; 2; 3�V ���`�2 �B�M�/�2�T�2�M�/�2�M�i�H�v �K���i�+�?�2�/ �i�Q�� 3; n (E � )�X
�h�?�B�b �T�`�Q�+�2�b�b �B�b �B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2�3�X�e�- �r�?�2�`�2 �i�?�2 �2�t�2�K�T�H���`�b �/�2�H�i�� �T���i�? �B�b �`�2�/ ���M�/ �i�?�2
�H���i�2�M�i�b �/�2�H�i�� �T���i�?�b ���`�2 �#�H�m�2�X

�:�B�p�2�M �i�?�2 �i�r�Q �b�2�i�b �Q�7 �/�2�H�i�� �T���i�?�b�� 3; n (E � ) ���M�/�� 3; n; 1 (L � )�- �i�?�2 �K���i�+�?�B�M�; �K�2�i�`�B�+ �B�b
�+���H�+�m�H���i�2�/ �#�v �i���F�B�M�; ���M�;�m�H���` �/�B�z�2�`�2�M�+�2 �U�2�[�m���i�B�Q�M�9�X�R�V �#�2�i�r�2�2�M �i�?�2 �`�2�b�T�2�+�i�B�p�2 �T���i�?�b �Q�7
�i�?�2 �2�t�2�K�T�H���` ���M�/ �H���i�2�M�i ���b �b�?�Q�r�M �B�M �}�;�m�`�2�3�X�e�- �r�?�2�`�2m �B�b �i�?�2 �+���`�/�B�M���H�B�i�v �Q�7�� 3; n (E � )
���M�/�� 3; n; 1 (L � )�X

�
� �� 3; n (E � ) ; �� 3; n; 1 (L � )

�
=

1
�m

X �
� �

�
� � �

�
� �� 3; n (E � ) � �� 3; n; 1 (L � )

�
�
�
� � 2 [0; 1]

�U�3�X�d�V

�h�?�2 �K�2�i�`�B�+ �B�b �x�2�`�Q �7�Q�` ���M �2�t���+�i �K���i�+�?�X �h�?�2 �K���i�+�?�B�M�; �T�`�Q�+�2�b�b �B�b �T�2�`�7�Q�`�K�2�/ �i�?�`�2�2 �i�B�K�2�b
�U�Q�M�2 �7�Q�` �2���+�? �`�Q�i���i�B�Q�M�V�X �h�?�2 �}�M���H �b�+�Q�`�2 �B�b �+���H�+�m�H���i�2�/ �#�v �i���F�B�M�; �i�?�2 �K�B�M�B�K�m�K �Q�7 �i�?�2
�B�M�/�B�p�B�/�m���H �b�+�Q�`�2�b �U�B�X�2 �i�?�2 �#�2�b�i �K���i�+�?�V�- ���b �b�?�Q�r�M �B�M �2�[�m���i�B�Q�M�3�X�3�X

��
� �� 3; n (E � ) ; �� 3; n; j (L � )

�
= �K�B�M

0

@
�

� �� 3; n (E � ) ; �� 3; n; 1 (L � )
�

;
�

� �� 3; n (E � ) ; �� 3; n; 2 (L � )
�

;
�

� �� 3; n (E � ) ; �� 3; n; 3 (L � )
�

1

A �U�3�X�3�V

�h�?�B�b �Q�T�2�`�i���B�Q�M �B�b �T�2�`�7�Q�`�K�2�/ �7�Q�` �2�p�2�`�v �/�2�H�i�� �B�M �i�?�2 �2�t�2�K�T�H���` �/���i���#���b�2 ���M�/ �`���M�F�2�/ �#�v
�B�M�+�`�2���b�B�M�; �p���H�m�2�- �i�?�m�b �i�?�2 �+�H�Q�b�2�b�i �K���i�+�? �B�b �i�?�2 �}�`�b�i �B�M �H�B�b�i�X

�������������-�P�P�Q �.�B�U�D�I�J�O�H
�a�B�M�+�2 �H�Q�Q�T�b �?���p�2 �Q�M�H�v �i�r�Q �T���i�?�b �� �b�H�B�;�?�i�H�v �/�B�z�2�`�2�M�i ���T�T�`�Q���+�? �B�b �`�2�[�m�B�`�2�/�X �h�?�2 �K���i�+�?�B�M�;
�Q�7 �H�Q�Q�T�b �+���M �#�2 �b�B�K�T�H�B�}�2�/�- �b�B�M�+�2 �2���+�? �B�M�/�B�p�B�/�m���H �H�Q�Q�T �?���b �� �T�`�B�K���`�v ���M�;�H�2�X �h�?�2 �T�`�B�K���`�v
���M�;�H�2�-Ee � �- �/�2�}�M�2�/ �i�Q �#�2 �i�?�2 ���M�;�H�2 �b�m�#�i�2�M�/�2�/ �#�v �i�?�2 �b�B�M�;�H�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �r�?�B�+�? �~�Q�r�b
�/�B�`�2�+�i�H�v �Q�m�i �7�`�Q�K �i�?�2 �+�2�M�i�`�2 �H�Q�Q�T �U�b�2�+�i�B�Q�M�d�X�k�X�8�X�9�V ���M�/ �i�?�2 �x�2�`�Q �/�B�`�2�+�i�B�Q�M�X

�*�Q�M�b�B�/�2�` �i�?�2 �H�Q�Q�T �B�M �}�;�m�`�2�3�X�d�U���V�- �r�?�B�+�? �?���b �i�?�2 �i�r�Q �T���i�?�bEe i; n �r�?�2�`�2i = 1; 2
�b�T�2�+�B�}�2�b �i�?�2 �T���i�? ���M�/n �B�b �i�?�2 �H�2�M�;�i�? �Q�7 �2���+�? �T���`�i�B�+�m�H���` �T���i�?�X �h�?�2 �#�H���+�F �T�Q�B�M�i �B�b �i�?�2
�+�2�M�i�`�2 �Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2�X �h�?�2 �i�r�Q �T���i�?�b �r�?�B�+�? �/�2�b�+�`�B�#�2 �i�?�2 �H�Q�Q�T ���`�2 �B�M �`�2�/�- �2���+�? �Q�7
�r�?�B�+�? �2���+�? �b�i���`�i�b ���i �i�?�2 �#�H�m�2 �/�Q�i ���M�/ �i�?�2�M �K�Q�p�2 �B�M �Q�T�T�Q�b�B�i�2 �/�B�`�2�+�i�B�Q�M�b�X �h�?�2 �#�H�m�2 �T�Q�B�M�i



�R�9�9 �3�X �J���i�+�?�B�M�;

�`�2�T�`�2�b�2�M�i�b �i�?�2 �T�Q�B�M�i �r�?�B�+�? �B�b �Q�T�T�Q�b�B�i�2 �i�?�2 �b�B�M�;�H�2 �7�`�B�+�i�B�Q�M �`�B�/�;�2 �r�?�B�+�? �~�Q�r�b �/�B�`�2�+�i�H�v �Q�m�i
�Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2�X

�G�B�F�2 �/�2�H�i���b�- �i�?�2 �`�2�b�m�H�i �Q�7 �i�?�2 �7�2���i�m�`�2 �2�t�i�`���+�i�B�Q�M �U�+�?���T�i�2�`�d�X�k�V �B�b �� �b�2�i �Q�7 �+�Q�Q�`�/�B�M���i�2�b
Ee i; n �7�Q�` �2���+�? �T���i�? �U�B�X�2�Xi = 1; 2�V�X �h�Q �K���F�2 �i�?�2�b�2 �T���i�?�b �B�M�p���`�B���M�i �i�Q �i�`���M�b�H���i�B�Q�M �2���+�?
�T���i�? �B�b �i�`���M�b�7�Q�`�K�2�/�- ���b �#�2�7�Q�`�2�- �m�b�B�M�; �2�[�m���i�B�Q�M�3�X�R

� i; n (Ee) = ���i���M�k((yi; n +1 � yi; n ) ; (x i; n +1 � x i; n )) �K�Q�/2� 2 [0; 2� ) �U�3�X�N�V

�h�?�m�b� i; n (Ee) �7�Q�`n = f 1; 2g ���`�2 �i�?�2 �i�r�Q �i�`���+�2�b �Q�7 �i�?�2 �H�Q�Q�T �r�?�B�+�? ���`�2 �B�M�p���`�B���M�i �i�Q
�i�`���M�b�H���i�B�Q�M�X

�h�Q �2�M�b�m�`�2 �2���+�? �Q�7 �i�?�2 �T���i�?�b �B�b �B�M�p���`�B���M�i �i�Q �`�Q�i���i�B�Q�M�- �i�?�2 ���M�;�m�H���` �/�B�b�i���M�+�2 �-�� i; n (Ee)�-
�#�2�i�r�2�2�M �2���+�? ���M�;�H�2 ���M�/ �i�?�2 �M�Q�`�K���H�B�b�2�/ �T�`�B�K���`�v ���M�;�H�2�-� � Ee � �- �B�b �i�?�2�M �+���H�+�m�H���i�2�/ �7�Q�`
�2���+�? �T�Q�B�M�i �Q�M �2���+�? �T���i�?�X �h�?�m�b �i�?�2 �M�2�r �/�B�`�2�+�i�B�Q�M �Q�7 �i�?�2 �T�`�B�K���`�v ���M�;�H�2 �r�B�H�H ���H�r���v�b �#�2
� �- ���b �b�?�Q�r�M �B�M �}�;�m�`�2�3�X�d�U�#�V�X �h�?�B�b �T�`�Q�+�2�b�b �B�b �b�m�K�K���`�B�b�2�/ �B�M �2�[�m���i�B�Q�M�3�X�R�y�X

�� i; n (Ee) = ���i���M�k(( � i; n (Ee) � (� � Ee � )) ; (� i; n (Ee) � (� � Ee � ))) �U�3�X�R�y�V

�h�?�m�b�� i; n (Ee) �+���M �#�2 �`�2�T�`�2�b�2�M�i�2�/ ���b ���M ���`�`���v �Q�7�i�r�Q�+�Q�H�m�K�M�b �Q�7 �H�2�M�;�i�?n�- �r�?�2�`�2 �2���+�?
�+�Q�H�m�K�M �+�Q�M�i���B�M�b �2���+�? �T���i�? ���M�/ �B�b �M�Q�r �B�M�p���`�B���M�i �i�Q �`�Q�i���i�B�Q�M�X

Ee1;n

Ee2;n

Ee �

�U���V�h�r�Q �T���i�?�b �Q�7 �� �H�Q�Q�TEe i; n �r�?�2�`�2 �i�?�2
�T�`�B�K���`�v ���M�;�H�2 �B�b2:48 �_���/�B���M�b�X

�� 1; n (Ee)

�� 2; n (Ee)

�U�#�V�h�?�2 �B�M�p���`�B���M�i �T���i�?�b�� i; n (Ee)

�6�B�;�m�`�2 �3�X�d�X�,�� �H�Q�Q�T ���M�/ �B�i�b �B�M�p���`�B���M�i �7�2���i�m�`�2 �b�T���+�2

�����������������.�B�U�D�I�J�O�H �-�P�P�Q�T
�*�Q�M�b�B�/�2�` �i�?�2 �+���b�2 �Q�7 �� �H���i�2�M�i �H�Q�Q�T�-Le�- �r�?�B�+�? �B�b �i�Q �#�2 �K���i�+�?�2�/ ���;���B�M�b�i ���M �2�t�2�K�T�H���` �H�Q�Q�T�-
�� i; n (Ee)�- �b�?�Q�r�M �B�M �}�;�m�`�2�3�X�3�X �6�B�;�m�`�2�3�X�3�U���V �b�?�Q�r�b �� �H�Q�Q�T �i���F�2�M �7�`�Q�K �i�?�2 �?�v�T�Q�i�?�2�M���`�-
�}�;�m�`�2�3�X�3�U�#�V ���M�/ �i�?�2 �`�2�b�m�H�i �Q�7 �i�?�2 ���T�T�H�B�+���i�B�Q�M �Q�7 �2�[�m���i�B�Q�M�b�3�X�N���M�/�3�X�R�y�- �� i; n (Le)�X



�3�X�k�X �J���i�+�?�B�M�; �H�2�p�2�H �A �a�i�`�m�+�i�m�`�2�b �R�9�8

Le1;n

Le2;n

Le �

�U���V�h�r�Q �T���i�?�b �Q�7 �� �H�Q�Q�TLe i; n

�� 1; n (Le)

�� 2; n (Le)

�U�#�V�h�?�2 �B�M�p���`�B���M�i �T���i�?�b�� i; n (Le)

�6�B�;�m�`�2 �3�X�3�X�,�� �H�Q�Q�T ���M�/ �B�i�b �B�M�p���`�B���M�i �7�2���i�m�`�2 �b�T���+�2

�h�?�2 �K���i�+�?�B�M�; �K�2�i�`�B�+ �B�b �B�/�2�M�i�B�+���H �i�Q �2�[�m���i�B�Q�M�3�X�d�- �r�?�2�`�2 �?�Q�r�2�p�2�`�- �B�M �i�?�B�b �+���b�2�- �B�i �M�2�2�/
�Q�M�H�v �#�2 ���T�T�H�B�2�/ �Q�M�+�2�X

e
� �� i; n (Ee) ; �� i; n (Le)

�
=

1
�m

X �
� �

�
� � �

�
� �� i; n (Ee) ; �� i; n (Le)

�
�
�
� � 2 [0; 1] �U�3�X�R�R�V

�q�?�2�`�2 �Q�M�+�2 ���;���B�Mm �B�b �i�?�2 �+���`�/�B�M���H�B�i�v �Q�7�� i; n (Ee) ���M�/�� i; n (Le)�X

���M �2�t���K�T�H�2 �Q�7 �K���i�+�?�B�M�; �B�b �B�H�H�m�b�i�`���i�2�/ �B�M�3�X�N�- �7�Q�` �/�B�b�b�B�K�B�H���` �H�Q�Q�T�X �h�?�2 �K���i�+�?�B�M�; �K�2�i�`�B�+
�U�2�[�m���i�B�Q�M�3�X�R�R�V �7�Q�`�� i; n (Ee) �U�`�2�/�V ���M�/�� i; n (Le) �U�#�H�m�2�V �B�b �y�X�9�8�e�R �i�Q �9 �/�X�T�X

�a�Q �B�M �i�?�2 �b���K�2 �K���M�M�2�` ���b �7�Q�` �/�2�H�i���b�c �B�7 �� �H�Q�Q�T �2�t�B�b�i�b �B�M �� �H���i�2�M�i �T���H�K�T�`�B�M�i�- �i�?�2 �H�Q�Q�T
�� i; n (Le) �B�b �K���i�+�?�2�/ ���;���B�M�b�i �2�p�2�`�v �H�Q�Q�T �B�M �i�?�2 �2�t�2�K�T�H���` �/���i���#���b�2 �m�b�B�M�; �2�[�m���i�B�Q�M�3�X�R�R�-
���M�/ �i�?�2 �`�2�b�m�H�i �B�b �b�i�Q�`�2�/�X �h�?�2 �`�2�b�m�H�i�B�M�; �K�2�i�`�B�+�b ���`�2 �i�?�2�M �b�Q�`�i�2�/ �B�M�i�Q �� �H�B�b�i �Q�7 �B�M�+�`�2���b�B�M�;
�p���H�m�2�- �i�?�2�M �i�?�2 �+�H�Q�b�2�b�i �K���i�+�?�2�b ���`�2 ���i �i�?�2 �i�Q�T �Q�7 �i�?�2 �H�B�b�i�X

�6�B�;�m�`�2 �3�X�N�X�,�J���i�+�?�B�M�;�� i; n (Ee) �U�`�2�/�V ���M�/�� i; n (Le) �U�#�H�m�2�V�- �;�B�p�B�M�; �� �K���i�+�?�B�M�; �b�+�Q�`�2 �Q�7
�y�X�9�8�e�R �i�Q �9 �b�B�;�M�B�}�+���M�i �}�;�m�`�2�b�X



�R�9�e �3�X �J���i�+�?�B�M�;

�������������4�V�N�N�B�S�Z �P�G �-�F�W�F�M �* �4�U�S�V�D�U�V�S�F �.�B�U�D�I�J�O�H
�l�b�B�M�; �i�?�2 �T���i�?�b �i�?���i �/�2�b�+�`�B�#�2 �b�i�`�m�+�i�m�`�2�b �U�7�`�Q�K �b�2�+�i�B�Q�M�d�X�k�X�8�X�j�V�- �i�?�B�b �b�2�+�i�B�Q�M �?���b �B�M�i�`�Q�@
�/�m�+�2�/ ���M ���m�i�Q�K���i�B�+ �K���i�+�?�B�M�; �T�`�Q�+�2�/�m�`�2 �r�?�B�+�? �B�b �b�m�K�K���`�B�b�2�/ �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �T�Q�B�M�i�b�,

�R�X�� �K�2�i�?�Q�/ �?���b �#�2�2�M �/�2�p�2�H�Q�T�2�/ �i�?���i �+���H�+�m�H���i�2�b �� �b�2�i �Q�7 �B�M�p���`�B���M�i �7�2���i�m�`�2�b �i�?���i
�/�2�b�+�`�B�#�2 �i�?�2 �T���i�? �Q�7 �� �b�i�`�m�+�i�m�`�2�, �B�M�p���`�B���M�i �i�Q �T�Q�b�B�i�B�Q�M ���M�/ �`�Q�i���i�B�Q�M�X

�k�X�h�?�2�b�2 �B�M�p���`�B���M�i �7�2���i�m�`�2�b ���`�2 �m�b�2�/ �i�Q �K���i�+�? �i�?�2 �T���i�?�b �Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2�b�X

�j�X�S���`�i�B�+�m�H���` �K�2�i�?�Q�/�b �?���p�2 �#�2�2�M �/�2�p�2�H�Q�T�2�/ �7�Q�` �/�B�z�2�`�2�M�i �i�v�T�2�b �Q�7 �b�i�`�m�+�i�m�`�2�X

�9�X�q�2 �K���i�+�? �� �b�i�`�m�+�i�m�`�2 �i�Q �2�p�2�`�v �b�i�`�m�+�i�m�`�2 �B�M �Q�m�` �/���i���#���b�2 ���M�/ �`���M�F �i�?�2 �`�2�b�m�H�i�b�X

�h�?�2 �`�2�b�m�H�i�b �Q�7 �i�?�2 �K���i�+�?�B�M�; �K�2�i�?�Q�/�b ���T�T�H�B�2�/ �i�Q ���M �2�t�2�K�T�H���` �/���i���#���b�2 �T�`�2�b�2�M�i�2�/ �B�M
�+�?���T�i�2�`�N�X



�3�X�j�X �*�m�K�m�H���i�B�p�2 �_�2�;�B�Q�M ���/�/�B�M�; ���H�;�Q�`�B�i�?�K �R�9�d

���������$�V�N�V�M�B�U�J�W�F �3�F�H�J�P�O �"�E�E�J�O�H �"�M�H�P�S�J�U�I�N
�h�?�2 �T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M �/�2�b�+�`�B�#�2�/ �?�Q�r �B�i �r���b �T�Q�b�b�B�#�H�2 �i�Q �K���i�+�? �T���B�`�b �Q�7 �/�2�H�i���b ���M�/ �H�Q�Q�T�b�X
�>�Q�r�2�p�2�`�- �� �H���i�2�M�i �K���v �M�Q�i �B�M�+�H�m�/�2 �2�B�i�?�2�` �G�2�p�2�H �A �b�i�`�m�+�i�m�`�2 ���M�/ �i�?�2�`�2�7�Q�`�2�- ���M ���/�/�B�i�B�Q�M���H
�K���i�+�?�B�M�; �i�2�+�?�M�B�[�m�2 �B�b �`�2�[�m�B�`�2�/ �i�Q �K���F�2 �m�b�2 �Q�7 �i�?�2 �B�M�7�Q�`�K���i�B�Q�M �+�Q�M�i���B�M�2�/ �B�M �i�?�2 �`�2�@
�K���B�M�B�M�; �G�2�p�2�H �A �/�2�i���B�H �U�B�X�2�X �i�?�2 �B�M�7�Q�`�K���i�B�Q�M �+�Q�M�i���B�M�2�/ �B�M �l�T ���M�/ �.�Q�r�M �i�`�2�2�b �V�X �h�?�2
�*�m�K�m�H���i�B�p�2 �_�2�;�B�Q�M ���/�/�B�M�; ���H�;�Q�`�B�i�?�K�U�*�_�����V�- �T�2�`�7�Q�`�K�b �K���i�+�?�B�M�; �Q�7 �i�?�2 �G�2�p�2�H �A �/�2�i���B�H
�m�b�B�M�; �`�2�;�B�Q�M �7�2���i�m�`�2�b ���M�/ �b�i�`�m�+�i�m�`�2 �Q�7 �i�?�2 �l�T ���M�/ �.�Q�r�M �i�`�2�2�b�X

�������������"�O �0�W�F�S�W�J�F�X �P�G �$�V�N�V�M�B�U�J�W�F �3�F�H�J�P�O �"�E�E�J�O�H �"�M�H�P�S�J�U�I�N
�:�B�p�2�M �i�?�2 �`�2�;�B�Q�M���H �7�2���i�m�`�2�b �Q�7 �� �H���i�2�M�i ���M�/ �� �b�B�M�;�H�2 �2�t�2�K�T�H���` �T���H�K�T�`�B�M�i�- �i�?�2 �H���i�2�M�i
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�h�?�B�b �b�2�+�i�B�Q�M �/�2�b�+�`�B�#�2�b �i�?�2 �� �K�2�i�`�B�+ �m�b�2�/ �i�Q �K���i�+�? �i�?�2 �i�r�Q �b�2�i�b �Q�7 �`�2�;�B�Q�M �/���i���X �q�?�2�M
�K���i�+�?�B�M�; �m�b�B�M�; �i�?�2 �m�T ���M�/ �/�Q�r�M �H�2�p�2�H �b�2�i�b�- �i�r�Q �b�m�#�i�H�v �/�B�z�2�`�2�M�i ���H�;�Q�`�B�i�?�K�b ���`�2 �m�b�2�/�X

�h�?�2 �m�T �i�`�2�2 �B�b �/�Q�K�B�M���i�2�/ �#�v �`�2�;�B�Q�M�b �Q�7 �?�B�;�? �p���`�B���M�+�2�X �h�?�2 �b�F�2�r �b�i���i�B�b�i�B�+ �U�b�2�2 �+�?���T�i�2�`
�9�V�- �r�?�B�+�? �B�b �m�b�2�/ �B�M �/�Q�r�M �i�`�2�2 �K���i�+�?�B�M�;�- �B�b �K�2���M�B�M�;�H�2�b�b �r�?�2�M �i�?�2 �p���`�B���M�+�2 �B�b �?�B�;�? �(�d�k�)�X
�:�2�M�2�`���H�H�v�- �i�?�2 �/�Q�r�M �i�`�2�2 �`�2�;�B�Q�M�b �?���p�2 �H�Q�r �p���`�B���M�+�2�- �i�?�2�`�2�7�Q�`�2�- �i�?�2 �b�F�2�r �b�i���i�B�b�i�B�+ �B�b �m�b�2�/
�2�t�+�H�m�b�B�p�2�H�v �B�M �i�?�2 �/�Q�r�M �i�`�2�2 �K���i�+�?�B�M�; �b�2�i�b�X

�h�?�2 �b�+�Q�`�2 �T�`�Q�/�m�+�2�/ �#�v �i�?�2�m�T �i� �̀2�2�K���i�+�?�B�M�; �2�[�m���i�B�Q�M�3�X�R�j�- �B�b ���M ���p�2�`���;�2 �Q�7 �Q�7 �7�Q�m�`
�Q�i�?�2�` �b�m�#�@�b�+�Q�`�2�b�X �h�?�2 �b�m�#�@�b�+�Q�`�2�b ���`�2 �#���b�2�/ �m�T�Q�M �i�?�2 �K�2�i�`�B�+ �B�M �2�[�m���i�B�Q�M�3�X�R�k�- �r�?�B�+�? �B�b
�� �K�2���b�m�`�2 �Q�7 �i�?�2 �b�B�K�B�H���`�B�i�v�- �r�?�2�`�2f �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �7�2���i�m�`�2 �B�M �[�m�2�b�i�B�Q�M ���M�/a ���M�/
b ���`�2 �i�?�2 �b�+���H���` �p���H�m�2�b �Q�7 �i�?�2 �7�2���i�m�`�2�X

	 f (a; b) =
�K�B�M(a; b)
�K���t(a; b)

�U�3�X�R�k�V

�h�?�2�m�T �i� �̀2�2�K�2�i�`�B�+ �B�b �;�B�p�2�M �#�v �2�[�m���i�B�Q�M�3�X�R�j�-

urm (Lur ; Eur ) =
1
4

(	 area (a; b) + 	 perimeter (a; b) + 	 �R(a; b) + 	 h(a; b)) �U�3�X�R�j�V

�q�?�2�`�2h �B�b �i�?�2 �?�2�B�;�?�i �B�M �Q�7 �i�?�2 �H�2�p�2�H �b�2�i �r�B�i�?�B�M �i�?�2 �i�`�2�2�X

�h�?�2�/�Q�r�M �i� �̀2�2�K�2�i�`�B�+ �B�b �;�B�p�2�M �#�v �2�[�m���i�B�Q�M�3�X�R�9�-



�R�8�y �3�X �J���i�+�?�B�M�;

drm (Ldr ; Edr ) =
1
5

(	 area (a; b) + 	 perimeter (a; b) + 	 �R(a; b) + 	 h(a; b) + 	 ŝ(a; b))

�U�3�X�R�9�V

�q�?�2�`�2 �#�Q�i�?urm (Lur ; Eur ) 2 [0; 1] ���M�/drm (Ldr ; Edr ) 2 [0; 1] ���M�/ �r�?�2�`�2 �R �+�Q�`�`�2�b�@
�T�Q�M�/�b ���M �2�t���+�i �K���i�+�?�X

�������������4�F�F�E �(�S�P�X�U�I
�h�?�2 �b�2�2�/ �;�`�Q�r�i�? �T�`�Q�+�2�b�b �B�b �/�2�b�+�`�B�#�2�/ �B�M ���H�;�Q�`�B�i�?�K�3�X�k�X ���H�;�Q�`�B�i�?�K�3�X�k�T�`�Q�+�2�b�b�2�b �i�?�2
�Q�`�/�2�`�2�/ �H�B�b�i�b �Q�7 �T���B�`�2�/ �K���i�+�?�2�bSl ���M�/Se ���M�/ �i�Q �T�`�Q�/�m�+�2 �� �+���M�p���b �7�Q�` �K���i�+�?�B�M�;�X �h�?�2
���H�;�Q�`�B�i�?�K �B�b �T�Q�i�2�M�i�B���H�H�v �i�B�K�2 �+�Q�M�b�m�K�B�M�; ���M�/ �b�Q �i�?�2�`�2 ���`�2 �� �M�2�b�i�2�/ �b�2�[�m�2�M�+�2 �Q�7 �+�`�B�i�2�`�B��
�U�H�B�M�2�b �j�@�8�V�- �� �7���B�H�m�`�2 �Q�7 ���M�v �Q�7 �r�?�B�+�? �r�B�H�H �i�2�`�K�B�M���i�2 �i�?�2 �K���i�+�?�B�M�; �Q�7 �i�?���i �T���`�i�B�+�m�H���` �T���B�`
�Q�7 �`�2�;�B�Q�M�b�X

�h�?�2 �}�`�b�i �Q�7 �i�?�2�b�2 �+�`�B�i�2�`�B���- �`�2�D�2�+�i�b �i�?�2 �+���M�/�B�/���i�2 �b�2�2�/ �`�2�;�B�Q�M�- �B�7 �B�i�b �B�M�/�B�p�B�/�m���H �K���i�+�?�B�M�;
�b�+�Q�`�2 �B�b �H�2�b�b �i�?���M �y�X�N�8�X

�h�?�2 �b�2�+�Q�M�/ �Q�7 �i�?�2 �+�`�B�i�2�`�B���- �i�2�b�i�b �r�?�2�i�?�2�` �i�?�2 �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�?�2 ���`�2���b �Q�7 �i�?�2 �`�2�;�B�Q�M
�T���B�` �B�b �H�2�b�b �i�?���M �9�y�W �Q�7 �i�?�2 �`�2�;�B�Q�M �r�?�Q�b�2 ���`�2�� �B�b �H���`�;�2�b�i�X

�h�?�2 �}�M���H �+�`�B�i�2�`�B�Q�M �i�2�b�i�b �r�?�2�i�?�2�` �K���t�B�K�m�K ���#�b�Q�H�m�i�2 �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�?�2 �>�m �K�Q�K�2�M�i�b
�Q�7 �i�?�2 �`�2�;�B�Q�M �T���B�` �B�b �H�2�b�b �i�?���M �8�W�X

�h�?�2 �b�2�+�Q�M�/ �+�`�B�i�2�`�B�� �2�z�2�+�i�B�p�2�H�v �/�2�i�2�`�K�B�M�2�b �B�7 �i�?�2 �b�B�x�2 ���M�/ �b�?���T�2 �Q�7 �i�?�2 �`�2�;�B�Q�M �T���B�` �B�b
�b�m�{�+�B�2�M�+�v �b�B�K�B�H���` �i�Q �r���`�`���M�i �7�m�`�i�?�2�` �T�`�Q�+�2�b�b�B�M�;�X �A�7 �i�?�B�b �B�b �i�?�2 �+���b�2�- �i�?�B�b �B�b �T�2�`�7�Q�`�K�2�/
�B�M �H�B�M�2�b �e�@�d�X �A�7 �� �`�2�;�B�Q�M �T���B�` �B�b ���+�+�2�T�i�2�/ �Q�M �i�Q �i�?�2 �+���M�p���b�b�2�b ���H�H �Q�+�+�m�`�`�2�M�+�2�b �Q�7 �i�?���i
�H���i�2�M�i ���M�/ �2�t�2�K�T�H���` �`�2�;�B�Q�M�b ���`�2 �`�2�K�Q�p�2�/ �7�`�Q�KSl ���M�/Se �U�b�?�Q�r�M ���i �H�B�M�2 �R�y ���M�/ �k�8�V�X
�S�`�2�@�+���H�+�m�H���i�B�Q�M ���M�/ �b�i�Q�`���;�2 �Q�7 �i�?�2 �`�2�;�B�Q�M�ö�b �+�2�M�i�`�Q�B�/ �i���F�2�b �T�H���+�2 �B�M �H�B�M�2 �3�@�N�- �7�Q�` �H���i�2�` �m�b�2�X

�q�2 �r�B�H�H �M�Q�r �/�2�b�+�`�B�#�2 �i�?�2 �Q�T�2�`���i�B�Q�M �Q�7 �i�?�2 ���H�;�Q�`�B�i�?�K�3�X�k�B�M �H�B�M�2�b �R�R�@�k�8�- �B�M �r�?�B�+�? �B�i
�B�b �/�2�i�2�`�K�B�M�2�/ �r�?�2�i�?�2�` �i�?�2 �`�2�;�B�Q�M �T���B�` �b�?�Q�m�H�/ �#�2 �T�2�`�K���M�2�M�i�H�v ���/�/�2�/ �i�Q �i�?�2 �+���M�p���b�b�2�b�X
�G�B�M�2�b �R�k�@�R�N �T�`�2�@�+���H�+�m�H���i�2 �i�?�2 �p���H�m�2�b �`�2�[�m�B�`�2�/ �7�Q�` �� �i�2�b�i ���i �H�B�M�2 �k�y�- �r�?�B�+�? �B�K�T�H�2�K�2�M�i�b �i�?�2
�}�M���H �+�`�B�i�2�`�B�� �7�Q�` �T�2�`�K���M�2�M�i �B�M�+�H�m�b�B�Q�M �Q�M �i�?�2 �+���M�p���b�b�2�b�X �h�?�2�b�2 �}�M���H �+�`�B�i�2�`�B�� ���`�2 �H�B�b�i�2�/
�#�2�H�Q�r ���M�/ ���H�H �+�`�B�i�2�`�B�� �K�m�b�i �#�2 �7�m�H�}�H�H�2�/ �7�Q�` �� �`�2�;�B�Q�M �T���B�` �i�Q �#�2 �T�2�`�K���M�2�M�i�H�v �T�H���+�2�/ �Q�M
�i�?�2�B�` �`�2�b�T�2�+�i�B�p�2 �+���M�p���b�b�2�b�X

�*�`�B�i�2�`�B�� �7�Q�` �A�M�+�H�m�b�B�Q�M �Q�7 �� �_�2�;�B�Q�M�S���B�`�,
�R�X���b �� �T�Q�i�2�M�i�B���H �`�2�;�B�Q�M �T���B�` �B�b ���/�/�2�/ �i�Q �i�?�2 �+���M�p���b�b�2�b�- �i�?�2 �/�B�b�i���M�+�2 �#�2�i�r�2�2�M �i�?�2

�+�2�M�i�`�Q�B�/ �Q�7 �i�?�2 �b�2�2�/ ���M�/ �i�?�2 �+�2�M�i�`�Q�B�/ �Q�7 �i�?�2 �M�2�r �`�2�;�B�Q�M �B�b �K�2���b�m�`�2�/ �Q�M �#�Q�i�?
�+���M�p���b�b�2�b �U�b�2�2 �}�;�m�`�2�3�X�R�y�V�X �6�Q�` �i�?�2 �`�2�;�B�Q�M �i�Q �#�2 ���+�+�2�T�i�2�/ �i�?�2 �/�B�z�2�`�2�M�+�2 �Q�7 �i�?�2
�/�B�b�i���M�+�2�b �K�m�b�i �#�2 �H�2�b�b �i�?���i �9�y�W �Q�7 �i�?�2 �H���`�;�2�b�i �Q�7 �i�?�2 �i�r�Q �/�B�b�i���M�+�2�b�X

�k�X	 area (Cl ; Ce) � 0:9

�j�X	 �R (Cl ; Ce) � 0:95

�9�X	 Hu (Cl ; Ce) � 0:05

�q�?�2�`�2	 area �-	 �R ���M�/	 Hu �`�2�7�2�` �i�Q �i�?�2 ���`�2���- �i�?�2 �+�B�`�+�m�H���` �p���`�B���M�+�2 �7�`�Q�K �i�?�2 �`�2�b�m�H�i�B�M�;
���M�/ �>�m �K�Q�K�2�M�i�b �Q�7 �i�?�2 �+�Q�M�i�2�M�i�b �Q�7 �i�?�2 �#�B�M���`�v �+���M�p���b�- ���b �i�?�2 �+���M�p���b �Q�7 �i�?�2 �}�M���H �K���i�+�?
�B�b �#�m�B�H�i �m�T�X



�3�X�j�X �*�m�K�m�H���i�B�p�2 �_�2�;�B�Q�M ���/�/�B�M�; ���H�;�Q�`�B�i�?�K �R�8�R

�U���V�G���i�2�M�i�, �/�B�b�i���M�+�2�b �#�2�i�r�2�2�M
�`�2�;�B�Q�M �+�2�M�i�`�Q�B�/�b

�U�#�V�1�t�2�K�T�H���`�, �/�B�b�i���M�+�2�b �#�2�i�r�2�2�M �`�2�;�B�Q�M �+�2�M�i�`�Q�B�/�b

�6�B�;�m�`�2 �3�X�R�y�X�,���M �2�t���K�T�H�2 �Q�7 �i�?�2 �/�B�b�i���M�+�2 �#�2�i�r�2�2�M �i�?�2 �+�2�M�i�`�Q�B�/�b �Q�7 �K���i�+�?�2�/ �`�2�;�B�Q�M �T���B�`�b�X
�h�?�2 �}�M���H �+���M�p���b�b�2�b �Q�7 �*�_�����- �r�?�2�`�2 �i�?�2 �`�2�;�B�Q�M�b ���`�2 �b�?�Q�r�M ���b �i�?�2�B�` �Q�`�B�@
�2�M�i���i�B�Q�M �2�b�i�B�K���i�2�b �i�Q �;�B�p�2 �i�?�2 �`�2���/�2�` �`�2�7�2�`�2�M�+�2 �i�Q �p�B�b�m���H�H�v �B�/�2�M�i�B�7�v �`�2�;�B�Q�M
�T���B�`�b�X �1���+�? �`�2�;�B�Q�M �?���b �� �/�Q�i �B�M �i�?�2 �+�2�M�i�`�2 �r�?�B�+�? �`�2�T�`�2�b�2�M�i�b �i�?�2 �+�2�M�i�`�Q�B�/
�Q�7 �2���+�? �`�2�;�B�Q�M�X �h�?�2 �H�2�M�;�i�? �Q�7 �2���+�? ���`�`�Q�r �`�2�T�`�2�b�2�M�i �i�?�2 �/�B�b�i���M�+�2�b �#�2�i�r�2�2�M
�2���+�? �`�2�;�B�Q�M�X �L�Q�i�B�+�2 �i�?�2 �b�B�K�B�H���` �H�2�M�;�i�?�b �Q�7 �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; ���`�`�Q�r�b �U�7�`�Q�K
�H���i�2�M�i �i�Q �2�t�2�K�T�H���`�V�- �i�?�B�b �B�b�*�`�B�i�2�`�B�� �R�7�Q�` �i�?�2 �B�M�+�H�m�b�B�Q�M �Q�7 �� �`�2�;�B�Q�M �T���B�`�-
�r�?�B�+�? �K�m�b�i �#�2 �7�m�H�}�H�H�2�/ �7�Q�` �+���M�p���b �B�M�+�H�m�b�B�Q�M�X



�R�8�k �3�X �J���i�+�?�B�M�;

���H�;�Q�`�B�i�?�K �3�X�k�a�2�2�/ �:�`�Q�r�i�?
�_�2�[�m�B�`�2�,Sl �-Se . �P�`�/�2�`�2�/ �H�B�b�i�b �Q�7 �`�2�;�B�Q�M �T���B�`�b
�1�M�b�m�`�2�,Cl �-Ce . C l �-Ce ���`�2 �i�?�2 �+���M�p���b�b�2�b

�R�,�*�`�2���i�2Cl;� �-Ce;� . C l;� �-Ce;� ���`�2 �i�?�2 �2�K�T�i�v �+���M�p���b�b�2�b �7�Q�` �b�2�2�/�
�k�, �7�Q�`i �B�M1 : � �/�Q . � �h�?�2 �M�m�K�#�2�` �Q�7 �a�2�2�/�b
�j�, �B�7�_�A�_�J(Sl;i ; Se;i ) � 0:95 �i�?�2�M
�9�, �B�7	 area (Cl;i ; Ce;i ) � �y�X�e�i�?�2�M
�8�, �B�7�1�p�2�`�vj	 Hu (Cl;i ; Ce;i )j � �y�X�y�8�i�?�2�M
�e�, �.�Gx;y = ( Sl;i;x ; Sl;i;y ) �R

�d�, �.�1x;y = ( Se;i;x ; Se;i;y ) �k

�3�, . �.�G �B�b �� �H�B�b�i �+�Q�M�i���B�M�B�M�; �i�?�2 �+�Q�Q�`�/�B�M���i�2�b �Q�7 �i�?�2 �+�2�M�i�`�Q�B�/ �Q�7Sl;i

�N�, . �.�1 �B�b �� �H�B�b�i �+�Q�M�i���B�M�B�M�; �i�?�2 �+�Q�Q�`�/�B�M���i�2�b �Q�7 �i�?�2 �+�2�M�i�`�Q�B�/ �Q�7Se;i

�R�y�, �_�2�K�Q�p�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �`�2�;�B�Q�M�b �7�`�Q�KSl;i ���M�/Se;i
�j

�R�R�, �7�Q�`j �B�M1 :�H�2�M�;�i�?�USl;i �V�/�Q
�R�k�, �.�G���i�4

p
(Sl;j;x � �.�Gx )2 + ( Sl;j;y � �.�Gy)2

�R�j�, �.�1�t�2�4
p

(Se;j;x � �.�1x )2 + ( Se;j;y � �1�Gy)2

�R�9�, �.�4�K�B�M�U	 �U�.�G���i�-�.�1�t�2�V�V. �. �B�b �i�?�2 �K�B�M	 �7�`�Q�K ���H�H �+�2�M�i�`�Q�B�/�b
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�R�e�, Ce;j = Ce + Se;j . �`�2�;�B�Q�MSe;j �B�b ���/�/�2�/ �i�Q �+���M�p���bCe;j

�R�d�, ���4 	 area (Cl ; Ce)
�R�3�, �o�4	 �R(Cl ; Ce)
�R�N�, �>�m= �K���tj	 Hu (Cl;i ; Ce;i )j
�k�y�, �B�7�. � �y�X�e���M�/�� � �y�X�N���M�/�o� �y�X�N�8���M�/�>�m� 0:05 �i�?�2�M
�k�R�, Cl = Cl;j . �K���F�2Cl;j �T�2�`�K���M�2�M�i
�k�k�, Ce = Ce;j . �K���F�2Ce;j �T�2�`�K���M�2�M�i
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1

�k�e�, �2�M�/�B�7
�k�d�, �2�M�/�7�Q�`
�k�3�, �2�M�/�B�7
�k�N�, �2�M�/�B�7
�j�y�, �2�M�/�B�7
�j�R�,�2�M�/�7�Q�` . �a�i�Q�`�2�6�B�M���H �b�+�Q�`�2�4Cl;� � �M�Q�X �Q�7 �`�2�;�B�Q�M�b
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�k�USl;j;x ; Sl;j;y �V ���`�2 �i�?�2 �+�Q�Q�`�/�B�M���i�2�b �Q�7 �i�?�2 �+�2�M�i�`�Q�B�/ �Q�7Sl;j
�j �USe;j;x ; Se;j;y �V ���`�2 �i�?�2 �+�Q�Q�`�/�B�M���i�2�b �Q�7 �i�?�2 �+�2�M�i�`�Q�B�/ �Q�7Se;j
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�p�Q�H�X �j�8�- �M�Q�X �R�y�- �T�T�X �k�j�y�d���k�j�k�k�- �k�y�R�j�X

�(�8�y�)�C�X �.���B ���M�/ �C�X �w�?�Q�m�- �ó�J�m�H�i�B�7�2���i�m�`�2�@�#���b�2�/ �?�B�;�?�@�`�2�b�Q�H�m�i�B�Q�M �T���H�K�T�`�B�M�i �`�2�+�Q�;�M�B�i�B�Q�M�-�ô
�A�1�1�1 �h� �̀��M�b���+�i�B�Q�M�b �Q�M �S���i�i�2�`�M ���M���H�v�b�B�b ���M�/ �J���+�?�B�M�2 �A�M�i�2�H�H�B�;�2�M�+�2�- �p�Q�H�X �j�j�- �M�Q�X �8�-
�T�T�X �N�9�8���N�8�d�- �k�y�R�R�X
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�7�Q�` �+�?���`���+�i�2�` �`�2�+�Q�;�M�B�i�B�Q�M�-�ô�A�1�1�1 �h� �̀��M�b���+�i�B�Q�M�b �Q�M �S���i�i�2�`�M ���M���H�v�b�B�b ���M�/ �J���+�?�B�M�2
�A�M�i�2�H�H�B�;�2�M�+�2�- �p�Q�H�X �k�9�- �M�Q�X �R�k�- �T�T�X �R�e�d�k���R�e�d�3�- �k�y�y�k�X

�(�8�k�)�u�X �w�?���M�;�- �h�X ���M�/ �u�X �a�m�2�M�- �*�X�- �ó�� �7���b�i �T���`���`�H�H�2�H ���H�;�Q�`�B�i�?�K �7�Q�` �i�?�B�M�M�B�M�; �/�B�;�B�i���H
�T���i�i�2�`�M�b�-�ô�A�K���;�2 �S� �̀Q�+�2�b�b�B�M�; ���M�/ �*�Q�K�T�m�i�2�` �o�B�b�B�Q�M�- �p�Q�H�X �k�d �L�Q�X �j�- �T�T�X �k�j�e���k�9�y�-
�R�N�3�9�X

�(�8�j�)�G�X �G���K ���M�/ �*�X �u�X �a�m�2�M�- �ó���M �2�p���H�m���i�B�Q�M �Q�7 �T���`���H�H�2�H �i�?�B�M�M�B�M�; ���H�;�Q�`�B�i�?�K�b �7�Q�` �+�?���`���+�@
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�(�8�9�)�u�X �G�B�m�- �u�X �w�?�2�M�;�- �:�X �a�?�B�- ���M�/ �Z�X �q���M�;�- �ó�_�2�b�2���`�+�? �Q�M �b�F�2�H�2�i�Q�M�B�x���i�B�Q�M �Q�7 �T���H�K�T�`�B�M�i
�B�K���;�2�-�ô �B�M�a�B�;�M���H�@�A�K���;�2 �h�2�+�?�M�Q�H�Q�;�B�2�b ���M�/ �A�M�i�2�`�M�2�i�@�"���b�2�/ �a�v�b�i�2�K�- �k�y�y�d�X �a�A�h�A�a �ö�y�d�X
�h�?�B� �̀/ �A�M�i�2�`�M���i�B�Q�M���H �A�1�1�1 �*�Q�M�7�2� �̀2�M�+�2 �Q�M�- �.�2�+ �k�y�y�d�- �T�T�X �e�d�N���e�3�e�X

�(�8�8�)�6�X �w�?���Q ���M�/ �s�X �h���M�;�- �ó�S�`�2�T�`�Q�+�2�b�b�B�M�; ���M�/ �T�Q�b�i�T�`�Q�+�2�b�b�B�M�; �7�Q�` �b�F�2�H�2�i�Q�T�M�@�#���b�2�/ �}�M�@
�;�2�`�T�`�B�M�i �K�B�M�m�i�B���2 �2�t�i�`���+�i�B�Q�M�-�ô�S���i�i�2�`�M �_�2�+�Q�;�M�B�i�B�Q�M�- �p�Q�H�X �9�y�- �T�T�X �R�k�d�y���R�k�3�R�- �k�y�y�e�X

�(�8�e�)���X �E�X �C���B�M�- �G�X �>�Q�M�;�- ���M�/ �_�X �"�Q�H�H�2�- �ó�P�M�@�H�B�M�2 �}�M�;�2�`�T�`�B�M�i �p�2�`�B�}�+���i�B�Q�M�-�ô�S���i�i�2�`�M
���M���H�v�b�B�b ���M�/ �J���+�?�B�M�2 �A�M�i�2�H�H�B�;�2�M�+�2�- �A�1�1�1 �h� �̀��M�b���+�i�B�Q�M�b �Q�M�- �p�Q�H�X �R�N�- �M�Q�X �9�- �T�T�X
�j�y�k���j�R�9�- �R�N�N�d�X

�(�8�d�)���X �E�X �C���B�M�- �C�X �6�2�M�;�- ���X �L���;���`�- ���M�/ �E�X �L���M�/���F�m�K���`�- �ó�P�M �K���i�+�?�B�M�; �H���i�2�M�i �}�M�;�2�`�@
�T�`�B�M�i�b�-�ô �B�M�*�Q�K�T�m�i�2�` �o�B�b�B�Q�M ���M�/ �S���i�i�2�`�M �_�2�+�Q�;�M�B�i�B�Q�M �q�Q�`�F�b�?�Q�T�b�- �k�y�y�3�X �*�o�S�_�q
�ö�y�3�X �A�1�1�1 �*�Q�K�T�m�i�2�` �a�Q�+�B�2�i�v �*�Q�M�7�2� �̀2�M�+�2 �Q�M�- �k�y�y�3�- �T�T�X �R ���3�X

�(�8�3�)�q�X �>�m���M�;�- �s�X �G�B�M�- ���M�/ �s�X �.���B�- �ó�� �M�Q�p�2�H ���T�T�`�Q���+�? �7�Q�` �T���H�K�T�`�B�M�i �`�B�/�;�2�b �7�2���i�m�`�2�b
�2�t�i�`���+�i�B�Q�M�-�ô �B�M�A�K���;�2 ���M�/ �a�B�;�M���H �S� �̀Q�+�2�b�b�B�M�;�- �k�y�y�N�X �*�A�a�S �ö�y�N�X �k�M�/ �A�M�i�2�`�M���i�B�Q�M���H
�*�Q�M�;� �̀2�b�b �Q�M�- �k�y�y�N�- �T�T�X �R���8�X
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�B�M�/�2�t�B�M�;�-�ô�S���i�i�2�`�M �_�2�+�Q�;�M�B�i�B�Q�M�- �p�Q�H�X �9�8�- �T�T�X �k�8�j�k���k�8�9�k�- �k�y�R�k�X
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