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Abstract

Modeling citation counts is an important subject because of its impact on providing a

fair assessment for journals, researchers, articles, universities and countries. When fitting

statistical models to citation count data it frequently occurs that the number of uncited

articles (0s) differs from that expected under the best fitting model. This problem might

be remedied by fitting a zero-modified, i.e. zero-inflated or a zero-deflated, distribution

that allows the predicted number of zeros to more closely approximate the number

of zeros in a dataset. Whilst previous scientometric studies have fitted zero-inflated

distributions to citation count data, none have fitted zero-deflated or zero-modified

distributions. In this thesis, a new procedure for fitting zero-modified models is proposed

with its base distribution set separately as a discretised lognormal, hooked power-law or

Weibull distribution, resulting in comprehensive statistical inferences including estimates,

confidence intervals and p-values for all parameters of the models, including the zero-

modification parameter. The procedure enables us to estimate both positive and negative

zero-modification parameters corresponding to zero-inflation and zero-deflation (fewer

uncited articles than expected), respectively. Based on real citation count datasets,

it is shown that zero-modification can change by altering the base distribution. In

addition, it is illustrated that the nature of the distribution of the observed citation

counts is an important indicator for determining the distribution that best fits. We

also focus on quantile regression (QR) for citation analysis. Unlike linear regression,

where only the conditional mean of a dependent variable is modeled, in QR the different

conditional quantiles of the dependent variable, such as the median, are modeled based on

a set of independent variables, presenting a deep description of the relationship between

independent variables and a dependent variable. It is a useful technique for analysing

the entire citation count distribution. In this thesis we address two challenges for the

analysis of citation counts by QR: discontinuity and substantial mass points at lower

counts, such as zero, one, two, and three. To address these challenges, an update of the

Bayesian two-part hurdle QR introduced by King and Song (2019a) is proposed. The

original Bayesian two-part QR with hurdle at zero was introduced for count data with a

mass point at zero. For citation counts, there are also substantial mass points at one, two,



and three, which influence the estimates of the model parameters. In our new update of

the model, the hurdle point is shifted forward to minimise the effect of the mass points

on the estimation of the model, resulting in more precise estimates for the QR part of

the model. The new model enables analyses of the citation counts of low cited articles

simultaneously but separately from those of the moderately and highly cited articles.
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1
Introduction

Citation data show the number of times that an article has been cited. They are a type of

count data with specific characteristics. They have substantial mass points at zeros (refer

to a vast number of uncited articles) and lower counts (many articles have only been cited

a few times). They are also intrinsically heteroskedastic which means that the variance of

citation counts increases as the counts increase. In addition, they are highly right-skewed

because just a few articles have been cited greatly. Using a model that takes into account

all of these characteristics is still a challenging and open problem in scientometrics, despite

many research conducted to identify the best statistical distributions to model citation

count data. This chapter will discuss citation analysis, aims, and research questions.

1.1 Why is citation analysis important?

Academic centres and universities have become very publication-oriented. The number

of publications and citations for the academics and scientists are key measures for the

evaluation of their academic standing in some contexts, especially in the medical and

physical sciences. Non-specialists in governments and funding bodies or even researchers in

different scientific disciplines sometimes use citation counts to help judge the importance

of a piece of scientific research (Meho, 2007). Citation analysis is a way of estimating

1
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the relative scholarly importance or scientific impact of publications by counting the

number of times that they have been cited by other works. Smith (1981) defined citation

analysis as a process of evaluating and interpreting citations. It has a key role in

constructing and evaluating citation-based metrics with the ultimate goal of supporting

a fair assessment of the research outputs at different levels such as researchers, articles,

journals, universities, and countries. A well-known journal level indicator is the journal

impact factor (JIF), estimating the average citation impact of a journal based on the

citations that its papers have received in a two-year window. The h index (Hirsch, 2005)

is also another citation-based metric at the level of researchers, indicating the given

author has published h papers, all of which have been cited at least h times. Citation

analysis is statistically non-trivial in scientometrics due to the special characteristics

of the citation count data (substantial mass points at lower counts and zero, highly

right skewness, and heteroskedasticity). The mass point at zero sometimes stems partly

from articles that are inherently uncitable, and the right skewness is because a relatively

small proportion of articles receive a large number of citations. Other points concerning

citation analysis must also be considered for research evaluation. Citation patterns differ

across disciplines (fields), journal article types, and over time (Hicks et al., 2015). For

example, JIF for journals publishing review articles is higher, and JIF for the field of

health sciences is higher than for social sciences because health sciences receive the

majority of their citations shortly after publication. Regarding the h index, it is also

unconcerned about an author’s highly and low cited articles, and it generally favours older

scientists and researchers. Furthermore, the sentiment of citation counts is not taken

into account in citation analysis. In practice, there is no distinction between a negative

citation (one that discredits an article) and a positive citation (the one that credits an

article). Authors benefit from both types. Another limitation of citation analysis is

that, in the case of articles with multiple authors, it assigns the same importance to all

authors, regardless of their individual contribution to the article. All of these points

emphasise the importance of citation analysis, as well as the need for citation-based

metrics to be scrutinised and updated on a regular basis in order to provide valid research
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assessment and decision-making (DORA, 2012; Wilsdon et al., 2015). It is critical for

this goal to use robust and rich statistical techniques for citation analysis to obtain

valid statistical inferences, and it is the concern of this thesis. Various statistical models

have been proposed for citation counts (e.g. Brzezinski, 2015; Djokoto et al., 2020; Eom

and Fortunato, 2011; Fu and Aliferis, 2008; Garanina and Romanovsky, 2016; Li et al.,

2019; Low et al., 2016; Redner, 1998; Seglen, 1992; Thelwall, 2016a; Thelwall and

Wilson, 2014b; Xiao et al., 2016; Yuan et al., 2018), but most have sought to model the

conditional mean of citation counts with or without independent variables. As a result,

providing inference about low, moderately, and highly cited articles (rather than just

articles with the average level of citation) and adjusting models to cover the number of

zero citation as closely as possible in real citation data are beneficial. Citation counts

are usually obtained from a commercial citation index. Web of Science (WoS), Scopus,

and Google Scholar are the most important resources, each with its own strengths and

weaknesses, but widely covering the publications of scholars.

1.2 Objectives and research questions

In this thesis, two main problems in citation analysis and our strategies for addressing

them will be discussed separately.

The difference between the number of uncited articles (0s) and the number expected

under a well fitting model is one of the most problematic challenges in modeling citation

counts. One approach is to fit a zero-inflated or a zero-deflated (i.e., a zero-modified)

model, allowing the number of zeros to be taken into account separately from the main

distribution. In spite of the frequent applications of zero-inflated models for citation

analysis, previously no one has applied zero-deflated or zero-modified models. In this

thesis, as our first strategy, a new procedure for fitting zero-modified models is introduced,

providing complete statistical inference about all parameters of the model as well as the

zero-modification parameter. It allows the estimation of both positive and negative zero-

modification parameters corresponding to zero-inflation and zero-deflation, respectively.
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In the procedure, the discretised lognormal, hooked power law, and Weibull distributions

will be considered as a base distribution separately and zero-modified versions of these

distributions will model real citation count datasets. Moreover, by considering the

observed citation count distribution, circumstances are proposed that offer clues to the

choice of base distribution such that its zero-modified version has the best fit to the data.

As a second problem, the majority of the statistical models applied for citation

analysis only model the conditional mean of citation counts given certain values of

independent variables. In other words, they generate a formula for the expected value

of the mean for given values of research-related parameters, such as article age, topic,

and the number of authors. In this thesis, we will instead investigate using quantile

regression (QR) to model citation data. It has many advantages over more standard

regression techniques. QR is a robust, and scalable method of building explanatory

and predictive statistical models. The standard regression curve is a summary of the

averages of the distributions corresponding to the set of independent variables, but QR

enables us to compute several different regression curves corresponding to the various

percentage points of the distributions and thus obtains a more complete picture of the

impact of the independent variables. Despite previous uses of QR for citation analysis,

the problem of the influence of mass points (low citation counts having high frequencies

in a set of articles) has not been fully resolved, weakening the value and quality of

the results. This thesis addresses two challenges for the analysis of citation counts by

QR: discontinuity and substantial mass points at low counts, such as zero, one, two,

and three. For this goal, an update of the Bayesian two-part QR model introduced

by King and Song (2019a) is proposed as our second strategy: this updated model

results in more precise estimates for the QR part of the model. The model enables

analyses of the citation counts of low cited articles simultaneously but separately from

those of the moderately and highly cited articles.

Both our mentioned strategies seek to effectively model citation count data, or any

similar data that typically possesses a substantial mass point at zero, heteroskedasticity

and right skewness. The first method seeks to appropriately model expected values
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and achieves this by first choosing a based distribution suitable for modeling data with

the latter two properties, and then addresses the substantial mass points at zero by

incorporating zero-modification into the model. The second method seeks to effectively

model the various quantiles of citation count distribution, and achieves this by splitting

off the zeros, or alternatively the count values at which substantial mass points occur,

and modelling these values and the greater values separately but simultaneously. Thus,

both approaches share the concept of modelling the data via a two-part process.

In general, the aims of the thesis are:

• First strategy: The new procedure

∗ Introduce a new procedure for fitting zero-modified models.

∗ Assess the applicability and importance of the proposed procedure by using

three base distributions: discretised lognormal, hooked power law, and Weibull.

∗ Compare the results of the fits based on real citation count data.

• Second strategy: The Modified Bayesian two-part QR model

∗ Investigate the appropriateness of QR for citation analysis.

∗ Assess the challenges that “standard” QR has for modeling citation counts.

∗ Propose and assess a new modification of QR to address challenges for citation

analysis.

∗ Investigate both positive and negative aspects of the proposed model based

on simulated citation counts.

∗ Apply the proposed model to real citation data.

The research questions for both strategies are:

1. The new procedure



6 1.3. Thesis structure

(a) Is zero-modification beneficial for citation analysis?

(b) What are the advantages and disadvantages of this procedure?

(c) Which distributions should be used as a base distribution for this procedure

for citation analysis?

(d) Which base distribution gives the zero-modified model the best fit?

(e) How important is the nature of citation count distribution for determining

the best zero-modified model?

2. The Modified Bayesian two-part QR model

(a) What are the advantages and disadvantages of the proposed solution?

(b) What is the most effective method for estimating the parameters of the

proposed model?

1.3 Thesis structure

This thesis consists of 7 chapters: introduction, preliminary concepts, quantile regression,

Bayesian statistics, zero-modified models, and Bayesian two-part QR models.

After this chapter, in Chapter 2, a set of statistical distributions and models

used for citation analysis (hooked power law, discretised lognormal distributions) and

hurdle and zero-inflated models are reviewed. In addition, the common criteria for

model selection such as Akaike Information Criterion (AIC) as well as a few subjects

corresponding to the optimisation algorithm, Bootstrap for estimation, and hypothesis

test for parameters will be discussed.

In Chapter 3, for the first step, the technical aspects of QR and the method of

parameter estimation will be discussed. Then, a version of QR suitable for count data

without excess zeros is explained. Finally, QR in scientometrics will be reviewed.

In Chapter 4, the idea behind the Bayesian approach including Bayes’ theorem, prior

distributions, and posterior distributions are reviewed. Then, Bayesian statistics and

classical statistics are compared. In this chapter also Markov chain Monte Carlo (MCMC)
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and its important samplers including Gibbs, Metropolis-Hastings, and Hamiltonian

Monte Carlo (HMC) will be discussed for model estimation. Finally, convergence

diagnostics in MCMC such as trace plot, effective sample size, Geweke diagnostic, and

Heidelberg-Welch diagnostic will be explained. Finally, a review of Bayesian statistics

in scientometrics is presented.

The focus of Chapter 5 will be on zero-modified models. For the first step, the concepts

of zero-inflation and deflation in citation counts will be discussed. Then, zero-modified

models and the interpretation of the zero-modification parameter in the models will be

explained. A new procedure for fitting the zero-modified models with different base

distributions including discretised lognormal, hooked power law, and Weibull will be

proposed, and based on real datasets of citation counts, the performances of the models

will be compared. Following this, the circumstances in which one of the models under

consideration may be the best fitting model are suggested.

In Chapter 6, the challenges of the standard QR for citation analysis will be discussed.

The details of providing a Bayesian version of QR based on considering the Asymmetric

Laplace distribution (ALD) will be explained. A short review of two-part models is

presented. Then, a new update of the Bayesian two-part QR model introduced by King

and Song (2019a) will be proposed for citation analysis. Based on both simulated citation

count and real citation datasets, the usefulness and applicability of the proposed method

are illustrated and compared with the King and Song model. Both MCMC characteristics

of the models and convergence indicators will be also discussed.

Chapter 7 includes the overall conclusion of this research, its limitations and also

some recommendations for future studies.
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2
Preliminary concepts

2.1 Introduction

In this chapter, some of the preliminary concepts and ideas used in the following chapters

are discussed. These include models used for citation analysis, common criteria for model

selection, optimisation, Bootstrapping, and hypothesis testing.

2.2 Statistical models

Three distributions are reviewed in this section: discretised lognormal, hooked power

law, and Weibull, which have previously been shown to well approximate the typical

distribution of citation counts (in comparison to distributions such as negative binomial)

and meet their special characteristics such as high right skewness and mass point at zero

(Brzezinski, 2015; Low et al., 2016; Thelwall, 2016b; Thelwall and Wilson, 2014b). In

addition, zero-inflated and hurdle models are discussed, and their potential for modeling

substantial mass points at zero in citation counts has been demonstrated (Didegah

and Thelwall, 2013a; Thelwall, 2016a).

9
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2.2.1 The hooked power law distribution

The hooked power law distribution, introduced by Pennock et al. (2002) has prob-

ability mass function:

f(x;B,α) =











A
(B+x)α x = 0, 1, 2, 3 . . .

0 otherwise
(2.1)

where B and α are model parameters, and A is a constant chosen so that:

∞
∑

x=0

f(x;B,α) = 1

The hooked power law has been applied for citation count analysis in scientometrics

research such as Eom and Fortunato (2011) and Thelwall and Wilson (2014a). Thelwall

(2016a) mentioned that the α parameter in the model shows how large citation counts can

be and the shift parameter B influences the occurrence of the low citations. By considering

B = 0, the hooked power law distribution is equivalent to a power-law distribution.

2.2.2 The lognormal distribution

A (continuous) random variable is lognormally distributed if its logarithm is normally

distributed, thus it has probability density function:

f(x;µ, σ) =











1
σ

√
2π

exp
(

− (ln(x)−µ)2

2σ2

)

x ≥ 1

0 otherwise
(2.2)

where µ ∈ (∞,−∞) and σ > 0 are location and scale parameters of the natural

log of the data respectively. Citation counts are inherently discrete, so the lognormal

distribution needs to be discretised to be applicable to them.

To discretise distribution, i.e. to convert it into a form that models the situation

where x is a positive integer, Thelwall and Wilson (2014b) integrated f(x;µ;σ) over

unit intervals for positive integer values of x, and divided by K =
∫∞

0.5 f(x;µ;σ)dx,

where f is as defined in Equation 2.2. Thus the probability mass function of the

discretised lognormal distribution is:
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g(x;µ, σ) =











1
K

∫ x+0.5
x−0.5 f(x;µ, σ)dx x = 1, 2, 3 . . .

0 otherwise

The lognormal distribution has support x ≥ 1, so for citation counts which may take

zero values (corresponding to the uncited articles), the value of 1 should be added to

all citations. The discrete lognormal distribution has been applied for citation analysis

(Thelwall, 2016b; Thelwall and Wilson, 2014a).

2.2.3 Discrete Weibull distribution

The discrete Weibull distribution was introduced by Nakagawa and Osaki (1975). It

has probability mass function:

f(x; q, β) =











qxβ − q(x+1)β

x = 0, 1, 2, 3 . . .

0 otherwise
(2.3)

where 0 < q < 1 and β > 0 are scale and shape parameters respectively, the latter

determining the skewness of the distribution. The discrete Weibull distribution has the

potential for tackling underdispersion and overdispersion as well as high skewness in a

dataset. The distribution has also been used for citation analysis (Brzezinski, 2015).

2.2.4 Zero-inflated models

A zero-inflated model (see, for example, Lambert (1992)) has probability mass function :

f(x; Θ, ω) =















ω + (1 − ω)f ∗(x; Θ) x = 0

(1 − ω)f ∗(x; Θ) x = 1, 2, 3, ...

0 otherwise

(2.4)

Where Θ is a set of parameters, f ∗(x; Θ) is a probability mass function, and ω is the

probability of observing a “perfect” zero. The zero-inflated model can be considered as

a method of modeling the number of excess zeros (zero counts greater than expected

under the model f ∗). Zeros can stem from two distinct processes, one process where

zeros occur by chance (known as count or sampling zeros), in the same manner as
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1s, 2s,. . . occur; and another process by which some data are constrained to be zeros

(perfect or structural zeros). In the context of ecology, Zuur et al. (2009) used the

words True and False to denote count and perfect zeros, respectively, where perfect

zeros could occur due to observation error.

Didegah and Thelwall (2013b) used zero-inflated models for analysing citation counts

in different fields without presenting any special interpretation of perfect zeros. In

addition, Thelwall (2016a) applied the zero-inflated version of both discrete lognormal

and hooked power law distributions and considered uncitable articles as perfect zeros.

2.2.5 Hurdle models

A hurdle model is a two-part model, introduced by Mullahy (1986) and King (1989),

for modeling the number of excess zeros. It has two components: the binary model and

the count model. The first models (usually) the zeros and the second (usually) models

positive counts. The hurdle model analyses the zeros and the nonzeros separately but

simultaneously while, as previously mentioned, the zero-inflated model analyses some of

the zeros along with the nonzeros. The hurdle model has the probability mass function:

f(x; Θ, ω) =



















ω x = 0

(1 − ω) f∗(x;Θ)
1−f∗(0;Θ)

x = 1, 2, 3, ...

0 otherwise

(2.5)

Where ω is the probability of observing zeros, Θ is a set of parameters, and f ∗(x; Θ) is

a probability mass function for modeling the nonzeros. The f ∗(x; Θ) gets zero-truncated

by its denaminator. For citation analysis, Didegah and Thelwall (2013a) applied negative

binomial hurdle models and showed their superiority to both standard and zero-inflated

versions of the negative binomial distribution for different fields of WoS.
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2.3 Model selection

2.3.1 Maximum likelihood estimation

One method for model comparison and parameter estimation is the maximum likelihood

(ML) technique. Suppose y1, y2, · · · , yn are independent random variables with probability

density or mass function f(y; θ). In the following, for clarity, f(y; θ) is written f(y|θ).
Suppose θ is a vector with length n of θ. The likelihood function of the data can be defined:

L(θ|y) = f(y|θ)

=
n
∏

i=1

f(yi|θ) (2.6)

Mathematically, a likelihood function is the joint probability density or mass function

of the data (which are independently distributed) when viewed solely as a function of

the parameters, with the data held constant. Among different models fitted to the data,

the best fitting is the one that has a highest likelihood function. One disadvantage of

this technique is that an increase in the number of parameters in the model leads to an

increase in the likelihood function, even if the model is poor.

The ML method is also applied to estimate the vector of parameters of f(y; θ) such

that it maximises Equation 2.6, making the observed data most probable. This process

is known as the maximum likelihood estimation (MLE). It is a complicated task to

differentiate Equation 2.6, so in practice, the monotone increasing log function of it

(known as the log-likelihood function) is used, resulting in an easier estimation process.

2.3.2 Akaike Information Criterion (AIC)

Akaike’s information criterion (AIC), introduced by Akaike (1998), is a statistical

criterion for model selection. It measures the amount of information lost based on

using the fitted model to approximate the true process that generated the data. Among

different models fitted to the data, the best fitting is the one that has the least lost
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information, indicating with the smallest AIC. The Kullback-Leibler (KL) Divergence

(Kullback and Leibler, 1951) is used to quantify the lost information. By assuming a

true unknown model f and g as an approximating model fitted to the data, the KL

Divergence computes the distance between f and g as

I(f, g) =
∫

f(y) log(
f(y)

g(y; θ)
) dy (2.7)

Equation 2.7 can be rewritten as

I(f, g) = Ef (log(f(y))) − Ef (log(g(y; θ))) (2.8)

Smaller values for KL indicate a better fit of the model g. In practice, because of

unknown f , Equation 2.8 is uncomputable and needs to be estimated. Akaike (1998)

approximated the distance with an asymptotically unbiased estimator defined as

AIC = −2 log(L(θ̂)) + 2k. (2.9)

where L(θ̂) is the maximum value of the likelihood function of the model g and k

is the number of estimated parameters in the model. It has been shown that AIC is

suitable for comparing nested or non-nested models (Burnham and Anderson, 2003), but

it does not present a probability that one model fits better than another.

2.4 Standard errors of parameter estimates

The standard errors corresponding to the estimates of parameters in a model can be

obtained by the inverse of the corresponding Hessian matrix (see Faraway (2006)). The

Hessian matrix is defined based on the negative of the Fisher information matrix I(θ).

The I(θ) is a symmetric k × k matrix as:

I(θ) = −E
( ∂2

∂θi∂θj

log (L(θ)) |θ
)

, 1 ≤ i, j ≤ k

where k and L(θ) are the number of parameters and the likelihood function of the

model respectively. In fact, the I(θ) is the second derivative of the log-likelihood function
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with respect to the parameters. By replacing θ with its ML estimator (θ̂), an estimate

of I(θ) can be obtained. The estimate of the asymptotic covariance variance matrix

relative to the parameters can be computed by

V ar(θ̂) =
[

I(θ̂)
]−1

then the standard errors can be produced by the square roots of the diagonal elements

of the covariance variance matrix.

SE(θ̂) =
1

√

I(θ̂)
.

In general, the ML estimator follows asymptotically a normal distribution as:

θ̂ ∼ N (θ̃,
[

I(θ̂)
]−1

)

where θ̃ is the true value of the parameters.

2.5 Wald test

The Wald test is a statistical method for testing the hypothesis corresponding to the

parameters of the model. Let θ and θ̂ be the unknown parameter of the model and its

relative ML estimate. The Wald test is used to test the null hypothesis

H0 : θ = θ0 vs. H1 : θ 6= θ0.

where θ0 is a value of our interest observed for θ. The Wald statistic in the test is

W =
θ̂ − θ0

SE(θ̂)
=

θ̂ − θ0
√

V ar(θ̂)

where SE(θ̂) is the standard error of θ̂. Under the null hypothesis, W asymptotically

follows a standard normal distribution, so it is straightforward to construct the confidence

interval for θ̂ and also to find the p-value corresponding to the hypothesis test. A

100(1 − α)% confidence interval can be obtained as
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θ̂ ± Z1− α
2
SE(θ̂)

where Z1− α
2

is the
[

(1 − α
2
) × 100

]

th percentile of the standard normal distribution.

suppose w denotes the observed value of the Wald statistic based on the null hypothesis.

The p-value can be computed by:

p− value = Pθ0
(|W | > |w|) ≈ Pθ0

(|Z| > |w|) = 2Φ(−|w|)

where Φ corresponds to the standard normal distribution. If the p− value is less than or

equal to a threshold (critical) value of c, the null hypothesis will be rejected. The Wald

test is useful for examining the significance of zero-inflation or zero-deflation parameter

in a model without requiring the non-zero-inflated or non-zero-deflated model to be

fitted, which lowers the computational burden.

2.6 Nelder-Mead optimisation

The algorithm proposed by Nelder and Mead (1965) is a simplex method for optimising

an objective function of several variables. It seeks to find an optimal point such that

the objective function achieves its minimum or maximum at that point. If the goal is

maximisation, in every step of the algorithm the greatest value of the objective function

is considered, while for minimisation, the least value of the objective function is desirable.

In the following, this method will be discussed for the case of the minimisation of the

objective function of two variables, but the principle is the same for multidimensional

space. For the case of two variables, the geographical shape of the simplex is a triangle.

The values of the objective function are computed for all three vertices of the triangle and

vertex with the greatest value of the objective function being discarded. The discarded

vertex is replaced with a new vertex, forming a new triangle. By continuing this process,

there is a sequence of the vertices and their corresponding triangles which tend to become

smaller. Finally, the coordinate of the optimal point with the least values of the objective

function for its vertices will be chosen as an optimal solution.
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The algorithm has special characteristics that justify its widespread application in a

variety of fields. It is a derivative-free algorithm without any need for the computation

of the gradient. It is a robust optimisation method to the discontinuities of the objective

surface. In addition, for reaching convergence, just a few function evaluations should be

implemented. The algorithm is preferable to other techniques such as Newton-Raphson

and Fisher Scoring because, in this algorithm, the optimisation of parameters in the

objective function is performed simultaneously as opposed to individually, resulting in

the more efficient estimates of the parameters. A disadvantage of this approach is lack of

convergence in a few cases, even when the objective function is smooth and well-behaved.

Nevertheless, thanks to considerable improvements in computational power, this method

is now widely applied to optimisation problems in different fields.

2.7 The Bootstrap method and confidence intervals

The Bootstrap method introduced by Efron (1979) is a resampling technique of a sample

set corresponding to a population for modeling relative statistical inference. The inference

is applicable to hypothesis tests or confidence intervals for the desired quantities such as

mean or variance of the population. In Bootstrap the following steps should be taken:

• Draw a sample of size n from the target population

• For a large iterative number B, draw sample set with size n of the original sample

set with replacement. In this step, a sequence of B datasets of the samples known

as Bootstrap samples with size n is provided.

• Compute the desirable target quantity for all the B Bootstrap samples.

• Based on the previous step, the sampling distribution of the B quantities should

be made for further statistical inference, for example, the computation of the

confidence intervals.
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Different methods have been proposed for constructing the confidence intervals

based on the Bootstrap sample distribution (Davison and Hinkley, 1997; Efron and

Tibshirani, 1993), and the percentile Bootstrap is one of the most widely used. Based

on this method, by considering two empirical percentiles of the sampling Bootstrap

distribution, θ∗
( α

2
) and θ∗

(1− α
2

), a 100(1 − α)% confidence interval corresponding to the

desirable quantity can be obtained by:

(θ∗
( α

2
), θ

∗
(1− α

2
))

An example of this type of confidence interval is to find a confidence interval for the

mean parameter of a population.

2.8 Summary

This chapter focused on explanations of preliminary concepts used in the subsequent

chapters. As a first step, the models and distributions including discretised lognormal,

hooked power law, and Weibull distributions, that have been used for citation analysis

were reviewed. In Chapter 5, these will be used as base distributions for our proposed

procedure for fitting zero-modified models. Then, some criteria for model selection such

as AIC were explained. AIC will be used for comparing zero-modified models with

different base distributions. In addition, Nelder-Mead was discussed as an optimisation

algorithm. This algorithm will be crucial in estimating the parameters of the zero-

modified models. Finally, the Bootstrap and Wald tests for hypothesis testing were

described. The bootstrap method will be used to calculate the confidence intervals for

the AICs corresponding to zero-modified models, and the Wald test will be applied to

determine the significance of the parameters in the zero-modified models.
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Quantile Regression

3.1 Introduction

Quantile regression (QR) is a statistical technique to estimate the conditional quantiles

of the distribution of a response variable based on a set of independent variables. In QR,

the entire distribution of the dependent variable is considered and not just its centre.

This chapter discusses the definition of quantiles, the details of the technical aspects of

QR, an update of QR for count data, and the application of QR in scientometrics.

3.2 What are Quantiles?

Gilchrist (2000) describes a quantile as “the value that corresponds to a specified

proportion of an (ordered) sample of a population”. The quantiles are the values which

divide the distribution such that there is a given proportion of observations below the

quantile. The τth quantile splits the area under the density curve into two parts: one

with area τ below the τth quantile and the other with area 1 − τ above it. The best

known quantile is the median, which is the 0.5 quantile. The median is a measure of the

central tendency of the distribution: half the data are less than or equal to it and half are

greater than or equal to it. In general, for any τ in the interval (0, 1) and any random

variable Y , the τth quantile of Y can be defined as any number yτ ∈ R that satisfies:

19
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P (Y < yτ ) ≤ τ ≤ P (Y ≤ yτ )

Where F is the probability distribution function of Y defined by:

FY (yτ ) = P (Y ≤ yτ ) = τ

The empirical quantile distribution function can be defined as:

yτ = F−1
Y (τ) = inf{y|FY (y) ≥ τ}.

3.3 Quantile regression

QR models are powerful statistical techniques that describe the different conditional

quantiles of the dependent variable based on a set of independent variables, unlike the

ordinary least square (OLS) that just focuses on the mean of the dependent variable.

In the following, the QR is introduced with an example.

The dataset used for this example is the “Engel data” (Koenker and Bassett, 1982),

consisting of 235 observations on income and expenditure on food for Belgian working-

class households. In comparison to typical citation count data, the Engel dataset has few

zeros and is closer to continuous because it has a much larger set of different values.

In QR the conditional function of QY |X(τ |x) is segmented by the τth quantile. In

Figure 3.1, four estimated QR lines for τ ∈ {0.25, 0.50, 0.75, 0.95}, and also the conditional

mean line of the OLS estimate are plotted. We expect to see τ% of observations below the

τth QR line. It can be seen that the relationship is markedly different for those households

with a high expenditure (0.95 quantile) compared to those with a low expenditure (0.25

quantile). From the summary of Table 3.1, at the 0.25 quantile the estimated model is:

E(yi|xi) = 95.48 + 0.47xi whereas at the 0.95 quantile it is: E(yi|xi) = 64.10 + 0.71xi

where xi denotes household income.

For households whose income is at the 0.25 quantile a unit increase in household income is

estimated on average to result in an increase of 0.47 units on food, whereas for those at the

0.95 quantile the corresponding estimate is 0.71. Note that the estimate of the OLS model
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Figure 3.1: Estimated OLS and QR lines for food expenditure data

is E(yi|xi) = 147.4 + 0.49xi, which indicates that if OLS regression were to be applied

here to investigate the relationship between increases in household income and food

expenditure, the rate of increase would be overestimated for households below about the

0.30 quantile and underestimated for those above it. Other aspects of the Figure and the

model summaries of Table 3.1 also indicate the unsuitability of OLS regression in relation

to the data. From Figure 3.1, we see that the variance of food expenditure increases with

household income. This is also indicated by the differing estimates of the coefficients of

the various QR models presented in Table 3.1, which would all be approximately equal

if homoscedasticity held. Even if the data were perfectly suited for analysis by OLS

regression, it may still be advantageous to employ QR, for example, to focus on the

relationship between household income and food expenditure at a given quantile level.



22 3.3. Quantile regression

Figure 3.2: Parameter estimates for houshold income over the quantiles of the food expenditure
distribution, with 95% confidence intervals. The parameter estimate based on OLS is the red
dashed line.

Table 3.1: OLS and QR models of food expenditure on household income

Parameter Estimates, OLS

Parameter DF Estimate Standard Error 95% Confidence limits t Value Pr > |t|
Intercept 1 147.475 15.957 116.036 178.910 9.240 <0.0001
Household income 1 0.485 0.014 0.457 0.513 33.770 <0.0001

Parameter Estimates, Quantile Level = 0.25

Parameter DF Estimate Standard Error 95% Confidence limits t Value Pr > |t|
Intercept 1 95.484 23.374 49.433 141.535 4.09 <0.0001
Household income 1 0.474 0.026 0.423 0.526 18.130 <0.0001

Parameter Estimates, Quantile Level = 0.50

Parameter DF Estimate Standard Error 95% Confidence limits t Value Pr > |t|
Intercept 1 81.482 26.066 30.127 132.838 3.130 0.002
Household income 1 0.560 0.030 0.501 0.619 18.720 <0.0001

Parameter Estimates of Quantile Level = 0.75

Parameter DF Estimate Standard Error 95% Confidence limits t Value Pr > |t|
Intercept 1 62.397 31.049 1.224 123.568 2.010 0.046
Household income 1 0.644 0.036 0.574 0.715 17.990 <0.0001

Parameter Estimates of Quantile Level = 0.95

Parameter DF Estimate Standard Error 95% Confidence limits t Value Pr > |t|
Intercept 1 64.104 22.351 20.068 108.140 2.870 0.005
Household income 1 0.709 0.025 0.659 0.759 27.980 <0.0001

Figure 3.2 shows the parameter estimates of household income for different quantile

levels. The OLS estimate of 0.485 is represented by the horizontal line. The blue

band represents 95% confidence intervals for the QR coefficients estimates. Clearly, the

coefficient estimates of household income are increasing as the quantile level increases. The
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coefficient estimates of OLS and QR. (for τ ∈ {0.25, 0.50, 0.75, 0.95}) of food expenditure

on household income, including coefficient estimates, standard errors, confidence intervals,

and p-values are shown in Table 3.1. household income is significant in the OLS model

and all QR models. As the quantile level increases, the size effect of household income

on food expenditure increases. For example, a one unit increase in income causes an

average 0.474, 0.560, 0.644, and 0.709 increase in mean food expenditure, respectively,

for quantile levels τ ∈ {0.25, 0.50, 0.75, 0.95} (Seabold and Perktold, 2010).

3.3.1 Technical aspects of quantile regression

An OLS regression model is primarily concerned with estimating the conditional means of

data that are themselves conditionally normally distributed. Such a model may be denoted

yi = β0 + β1xi + ri

where β0, β1 denote the regression parameters and the error terms ri are normally

distributed with mean 0 and constant variance. Or, alternatively:

E[yi|xi] = β0 + β1xi

Where E(·) denotes the mean of the conditional distribution of yi as a dependent variable

for the ith subject, and xi denotes an independent variable. By “conditional distribution”

we mean that whilst the nature of the distribution is the same regardless of the value of the

independent variable, the parameters of the distribution may vary with xi. For example,

whilst food expenditure may be normally distributed for all fixed values of household

income, the mean of the normal distribution might increase as household income increases.

For the purposes of this section we shall assume that only one independent variable

is present in the model, but the arguments presented may easily be extended to any

amount of independent variables.
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In OLS regression, the coefficient estimates are chosen to minimise the sum of the

squared residuals from the regression line:

n
∑

i=1

r2
i =

n
∑

i=1

(yi − (β0 + β1xi))
2 (3.1)

QR modifies the general linear regression model described in (3.1) so that the outcome

of interest is any specified quantile of the conditional distribution. If τ denotes the quantile

of the conditional distribution to model, define the following function:

hi =

{

τ if ri > 0
1 − τ otherwise

The regression coefficients are then chosen so as minimise:

n
∑

i=1

hi|ri|

For example, to estimate the 0.50 quantile (median), hi is equal to 0.5, and the

coefficients are then chosen to minimize the sum of the absolute deviations from the

regression line. To estimate the third quartile, hi = 0.75 for positive residuals and

hi = 0.25 for negative residuals. Thus, the positive residuals, (i.e. those where the

observed data point is above the QR line), are weighted by 0.75 and the absolute value

of the negative residuals, (i.e. those where the observed data point is below the QR line),

by 0.25 (Austin et al., 2005). The estimated quantile of the distribution of the dependent

variable, conditional on the values of the independent variable is given by:

Qτ [yi|xi] = β0(τ) + β1(τ)xi

where Qτ (.) denotes the predicted τth quantile, and τth quantile of ri is zero at every

point of the distribution of x, to guarantee the consistency of the coefficient estimates.

The regression coefficient β1(τ) indicates how the specified (τth) quantile changes with

a one unit change in xi.
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3.3.2 The estimation methods of quantile regression

In the following, the formula for QR for a set of independent variables is rewritten

with different notation. The regression model for quantile level τ of the dependent

variable is (Koenker and Bassett, 1978)

QYi
(τ |xi) = xi

T βτ (3.2)

where βτ is estimated by solving the minimization of the sample objective function:

min
βτ

n
∑

i=1

ρτ

(

yi − xi
T βτ

)

(3.3)

where ρτ (r) = τ max(r, 0) + (1 − τ) max(−r, 0) is known as the check loss function.

When τ = 0.5, the β extracted from Equation 3.3 is known as the L1 estimators. The

solution of Equation 3.3 can be obtained by linear programming techniques. There

are three common methods: the simplex method, the interior-point method, and the

smoothing method for estimation. In the following, the methods mentioned are discussed

in general. For greater detail see Koenker and D’Orey (1987).

Dantzig (1963) proposed the simplex method for solving linear programming problems.

It is an iterative process that starts from a solution that is compatible with specific

constraints and requirements in the problem. It tries to find a better solution specified

by the lower or higher values of Equation 3.3. A final solution is obtained such that

there is no improvement to reach after that, achieving convergence. The interior-point

method proposed by Portnoy and Koenker (1997) finds the optimal solution based on

the interior of a feasible set instead of just focusing on the boundary values of Equation

3.3. The feasible set is the set of all points that satisfies the problems’ constraints. In

the smoothing method applied by Clark and Osborne (1986) and Madsen and Nielsen

(1993), a smooth function of the objective function as its approximation is used for the

optimisation process. All these optimization methods have both positive and negative

points. Based on the characteristic of the data a suitable method should be considered.

For example, for a case with a modest sample size, the simplex method is a good
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candidate. However, for samples larger than 100, 000 with few independent variables,

the interior-point method is faster and hence preferable to the simplex method. For

extremely large datasets with many independent variables, the smoothing method should

be used because of its considerable speed. For more details about the comparisons

of these algorithms, see Chen and Wei (2005).

3.3.3 When and why quantile regression?

Here are some cases that outline the motivation for using QR:

• The conditional distribution of the dependent variable has a heavy tail.

• The conditional distribution of the dependent variable is bimodal or multimodal.

• The conditional distribution of the dependent variable is asymmetric.

• The shape of the distribution, (as well as the location and scale parameters), are

modeled by the independent variables.

• Where there are outliers in the dependent variable, pushing the mean of the variable

toward one of its tails.

• In cases that we need to have a complete picture of the distribution of the dependent

variable (its location, scale, and shape) based on a set of independent variables.

There are no assumptions related to the errors of a QR model. QR is practical for the

case of heteroskedastic errors (Koenker, 2005). Furthermore, it is robust to non-normality

of errors and the presence of outliers. Unlike OLS regression, it is also invariant to

monotonic transformation; for example, the 0.75 quantile of the log of a given set of

data is the log of the 0.75 quantile of the non-log transformed data. In general, let h

be a non-decreasing function of R, then for any response variable Y :

Qh(Yi)(τ |xi) = h(QYi
(τ |xi))
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3.4 Quantile regression for count data without ex-

cess zeros

Standard QR assumes that the data stems from a continuous population, but there

are cases where we are interested in applying QR to count data. The main issue in

applying QR for count data is their discontinuity, which causes the nondifferentiality of

the sampling objective function in Equation 3.3, resulting in problems for the estimation

of conditional quantiles of the dependent variable.

Some research has been conducted into this issue. Horowitz (1992) and Manski (1975,

1985) worked on the maximum score estimation (MSE) approach for the conditional

median models in the case of a binary discrete dependent variable. The idea of this method

is to consider a continuous latent variable Y ∗ while the binary observed variable Y can

be produced by the formula Y = I(Y ∗ > 0), therefore, all the conditional quantiles of the

Y are achievable based on those of Y ∗. However, because of the nonconvex loss functions

in this approach, the process of estimating the parameters is computationally demanding.

In another study, Efron (1992) introduced the asymmetric maximum likelihood estimator

(AML) for modeling the count data based on smoothing of the objective function of the

QR. The disadvantage of this approach is that the estimator is not calculable for all the

quantiles smaller than the proportion of the zeros in the observed dataset.

Machado and Silva (2005) discussed a method based on imposing some degree

of smoothness on the data by applying the jittering method introduced by Stevens

(1950). According to this idea and assuming a smooth continuous transformation h(.), a

continuous variable Z = h(Y ) replaces the discrete dependent variable. In the following,

this method will be explained. More details of this approach are available in Cameron

and Trivedi (2013) and Machado and Silva (2005).

Denote the log-linear transformation of the conditional quantiles of Y as QY (τ |x) =

exp
{

xT βτ

}

, where the right hand side has support in R while for the left hand side it is

just the non-negative integers. To make the support of both side similar, Machado and
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Silva (2005) applied jitter by adding random noise Ui to the count data, i.e.

Zi = Yi + Ui

where Ui ∼ U(0, 1). There is a one-to-one relationship between the conditional

quantiles of the new variable (Zi) and the ones of the discrete variable. The conditional

quantile for Z is defined as

QZ(τ |x) = τ + exp
{

xT βτ

}

(3.4)

Because of the uniform jittering process, there is an additional term τ in Equation

3.4, that can be considered as a lower boundary for QZ(τ |x). Machado and Silva (2005)

showed that by considering Equation 3.4, approximately for every set of observations

of x, the conditional density of Z at every quantile level of interest is continuous. In

Equation 3.4, βτ can be estimated by QR of h(Z, τ) on x such that

h(Z, τ) =

{

log(Z − τ) for Z > τ
log(ζ) for Z ≤ τ

where ζ is also a small positive number (0 < ζ < τ). This transformation allows

the quantiles to be modeled based on the usual linear form of xT βτ . This operation

is allowable because of the equivariance characteristic of the quantiles to monotone

transformation and their invariance to the censoring from below up to the quantile of

interest (Machado and Silva, 2005). The conditional quantile of Y can be obtained by

QY (τ |x) = ⌈QZ(τ |x) − 1⌉ (3.5)

Where ⌈a⌉ shows the ceiling function, giving as an output the smallest integer greater

than or equal to a. From Equation 3.5, it can be deduced that to find how Y influences

x over the quantiles τ , it is easier to follow the conditional quantiles of Z instead of the

ones of Y . This is known as the magnifying glass effect on QZ(τ |x).
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One disadvantage of the jittering method is that it imposes more variation on the

estimates of parameters. To tackle this issue and provide a more efficient and robust

estimator, Machado and Silva (2005) proposed an average-jittering method. This method

is based on m independent sets of random samples with the size of n generated from a

uniform distribution, resulting in having sets of {yi + ui
j,xi}, where i = 1, . . . , n, and

j = 1, . . . ,m. The final estimator known as the average-jittering estimator is the average

of all these m sets of samples. The average-jittering estimator β̂τ

AJ
is

β̂τ

AJ
=

1

m

m
∑

j=1

β̂τ

j

where β̂τ

j
is the QR estimator corresponding to {yi + ui

j,xi}.

The Equation 3.5 can be rewritten as

Q̂Y (τ |x) =
⌈

Q̂Z(τ |x) − 1
⌉

=
⌈

τ + exp{xT β̂
AJ

τ } − 1
⌉

Machado and Silva (2005) show that the QR estimator β̂τ

AJ
follows an asymptotically

normal distribution.

A disadvantage the method proposed by Machado and Silva (2005) is that a mass

point at zero in the dataset makes zero all the conditional quantiles of Y smaller than

the percentage of the zeros, even if the conditional quantiles related to the Z are not

zero (showing the dependency of Z on x). Therefore, for this type of situation, it is

preferable to focus on the interpretation of the upper quantiles of the dependent variable

because the apparent variation in the lower tail might be a consequence of random noise

produced by the jittering process. In general, it is better to use the method of Machado

and Silva (2005) for modeling count data without excess zeros.

King and Song (2019b) found that the second transformation h(Z, τ) proposed by

Machado and Silva (2005) is unnecessary as P (Z > 0) = 1. In practice, the chance of

occurrence of the event of Zi = 0 is zero, so there is no need to consider h(Z, τ). King

and Song (2019b) proposed an alternative transformation

Zi = log(Yi + Ui)
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that simplified Equation 3.4 by eliminating τ . In practice, using this new trans-

formation should also be accompanied by the average-jittering process, resulting in

a more efficient estimator.

3.5 Quantile regression in scientometrics

QR was first proposed by Koenker and Bassett (1978) to complement classical linear

regression analysis (e.g., Coad and Rao, 2008; Koenker and Hallock, 2001). QR is a

statistical technique for modeling the different conditional quantiles of the dependent

variable using a set of independent variables. QR has been applied to Economics &

Finance (e.g., Melly, 2005; Rejeb and Arfaoui, 2016), Meteorology (e.g., Ben-Alaya

et al., 2016; Timofeev and Sterin, 2010), Atmospheric Sciences (e.g., Ouali et al., 2016),

Education(e.g., Hartog et al., 2001), Medicine (e.g., Austin et al., 2005; Huang and

Chen, 2016), and Ecology (e.g., Benjamin and Buffaz, 2008; Cade et al., 1999).

Researchers in scientometrics have already used QR and benefited from its advantages.

In scientiometrics, the response variable is nearly always discrete. As QR was originally

proposed for the continuous dependent variables, we can divide the previous literature

in scientometrics into two categories. In the first group, jittering or normalisation

methods, as well as proper transformations, were used to make the dependent variable

in QR continuous. In a few cases, the dependent variable was also continuous. The

second group of publications in scientometrics only used QR for analysis ignoring the

discontinuity of the dependent variable in QR.

First group

Danell (2011) applied QR to investigate whether the future citation rate of an article

(normalised by the articles published in the same year and field) can be predicted from

the author’s publication count and previous citation rate. Colen and Leuven (2014)

used QR to investigate the impact of university scientists as key partners for firms on

their innovative performance (assessed by citation-weighted patents) in basic research.

Stegehuis et al. (2015) proposed a QR-based model to estimate a probability distribution
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for the future number of citations of a publication in relation to variables such as the

publishing journal’s impact factor. Hutchins et al. (2015) applied QR in the formula

of the Relative Citation Ratio (RCR) as a new article-level, field-independent metric

that has a key role in determining influential papers.

Yu and Yu (2016) investigated the relationship between average journal impact factor

percentile and other bibliometric indicators using multivariate regression and QR. Ahlgren

et al. (2018) used QR to a wide range of fields to demonstrate how certain criteria, such

as the number of references cited in an article influence the field-normalized citation rate.

In the study of Scruggs et al. (2018), QR was applied to examine the research impact of

faculty in 106 doctoral higher education programs using h index as a dependent variable.

Combes and Givord (2018) employed QR to determine if the citations received by a

researcher for a publication correlate with indicators measuring the integration of this

researcher in the academic network. Fidrmuc and Paphawasit (2018) also used QR to

discover the relationship between the physical attractiveness of the authors and research

productivity as indicated by measures such as average normalized citation counts.

In the research of Forthmann et al. (2020), QR was applied to quantify the association

between the quantity of a scientist’s production and the quality of their work. Further,

Zhang et al. (2021) used QR and some other statistical techniques to evaluate the impact

of the author-editorial cooperation on academic research. Hasan and Breunig (2021)

used QR for investigating the impact of length of title on citation counts.

Second group

In the study of Stvilia et al. (2011), QR was used to investigate how the diversity of

science teams measured by several variables (such as disciplinary diversity, and gender

diversity) affects overall team productivity (number of publications). Hinnant et al. (2012)

applied QR at the 0.50 quantile (i.e., the median) to examine the relationships between

author-team characteristics and publication impact (measured by citation counts). In the

study of Tol (2013), the h index is used to determine the one-in-a-hundred economists

per age group using quantile kernel regression.
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In the study of Tinoco et al. (2015), the impact of the year of publication on the

number of coauthors and the number of institutions per article was studied separately

using QR. In a study of nanotechnology publications, QR was used to investigate

whether funding acknowledgements influence journal impact factors and citation counts

as two dependent variables in two separate models (Wang and Shapira, 2015). Anauati

et al. (2016) assessed the life cycle of articles across fields of economic research through

QR. Galiani and Gálvez (2017) applied QR to examine how citations change across

different fields of research as articles age. Wang (2017) employed the QR approach

to characterise the association between the number of editorial board members and

scientific output at 1,387 universities in chemistry.

Wang (2018) used QR models to investigate the relationship between SCI (Science

Citation Index) editorial board representation and research output of universities (in-

dicated by measures such as the number of articles, total number of citations). In the

field of computer science, Mäntylä and Garousi (2019) applied QR at the 0.50 quantile

to investigate the impact of independent variables such as publication venue and author

team past citations on the number of citations of software engineering papers. Galiani

and Gálvez (2019) modeled citation ageing by combining QR with a non-parametric

specification, capturing citation inflation.

As an aside, none of the mentioned articles explored the challenge of substantial

mass points at lower citation counts when fitting QR models.

3.6 Summary

This chapter focused on QR. The concept of quantiles as well as the idea and technical

aspects of QR were discussed. Following this, a section was allocated to the comparison

of QR with the usual statistical techniques. After that, an updating of QR proposed

for the case of count data was also explained. Finally, the application of QR in

scientometrics was reviewed.
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The QR technique described in this chapter will play an important role in Chapter

6, where we will discuss the necessity and importance of QR, as well as its problems

for modelling citation counts and our solution for dealing with them.
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4
Bayesian Statistics

4.1 Introduction

Since the 1980s, Bayesian statistics has become much more widespread, particularly

because of the considerable improvement in computational methodologies and Markov

chain Monte Carlo (MCMC) methods. It is a special method for incorporating probability

concepts with statistical problems. It updates the prior beliefs and knowledge about a

problem based on data as new evidence (relative to the problem) to provide posterior

beliefs for the next stage of the analysis and inference. The beliefs and knowledge

are probabilities that quantify and model the uncertainty of the problem with the

help of the evidence. “Bayesian” statistics refers to Thomas Bayes who was a British

Presbyterian minister, statistician, and philosopher. He proposed the concept of “inverse

probability”, known nowadays as “posterior probability”. In this chapter, a brief overview

of this Bayesian approach, the technique of Markov Chain Monte Carlo (MCMC) for

approximating the posterior distribution, MCMC convergence diagnostics, and the

application of Bayesian statistics in scientometrics will be discussed.

35



36 4.2. The idea behind Bayesian approach

4.2 The idea behind Bayesian approach

In the Bayesian method, the parameters θ of the model are treated as unknown random

variables. Based on the data and the prior information and beliefs, inferences about θ

are performed. In the following sections, the details of this method are discussed.

4.3 Bayes’ theorem

Bayes’ theorem (Bayes and Price, 1763) is expressed based on the following mathematical

formula:

P (A|B) =
P (B|A)P (A)

P (B)
(4.1)

where both A and B are events and P (B) 6= 0. P (B) is the probability of event

B, P (A|B) is the probability of the event A happening given the occurrence of the

event B. Similarly, the conditional probability P (B|A) is the probability of the event B

given that the event A has already happened. Bayes’ theorem computes the probability

of an event by considering relevant prior information and experience. For instance,

age is a variable that can influence the probability of cancer, so age can be used to

assess the probability of cancer more accurately in comparison to the situation that

the age information was not considered.

4.4 Posterior distribution

Based on Equation 4.1 and the Bayesian viewpoint, P (A) is known as the prior probability:

the probability that a belief or hypothesis A is true before having any data or evidence

to evaluate it. The probability P (B|A) is known as the likelihood function showing the

conditional probability of the data B given the belief A is true. P (B) can be considered

as a normalising constant to ensure that the sum of the Equation 4.1 (in the continuous

cases the integral of that) is one.
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Assume the density f(y|θ,x) =
n
∏

i=1

f(yi|θ,xi) is the likelihood function of the data

(for more explanation see 2.3.1). From Equation 4.1, the posterior distribution π(θ|y,x)

is a combination of the prior knowledge π(θ) and the information stems from the data

f(y|θ,x). It shows the information of the θ after observing the data, y:

π(θ|y,x) =
f(y|θ,x)π(θ)

p
∑

j=1

f(y|θj,x)π(θj)

(4.2)

where p is the number of the unknown parameters of the model and π(θj) is the

prior of the jth element of θ. Equation 4.2 is for the case that θ is a discrete random

variable. For the continuous situation, we have:

π(θ|y,x) =
f(y|θ,x)π(θ)

∫

f(y|θ,x)π(θ)dθ
(4.3)

In both Equations 4.2 and 4.3, the denominators are normalising constants to ensure

the sum or integral of the posterior density which is a probability function, is one. As the

denominators are not a function of θ, so a simpler formulation of the posterior function is

π(θ|y,x) ∝ f(y|θ,x) × π(θ) (4.4)

that is:

posterior ∝ likelihood× prior

Overall, the posteriors display the amount of uncertainty about the parameters after

observing the data.

4.5 Prior distribution

In classical statistics, the parameters of a model are assumed to be fixed but unknown

quantities, but in the Bayesian framework, parameters are random variables represented

by probability distributions. We denoted the prior distribution by π(θ), the distribution
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of θ before observing the data. The prior displays the amount of uncertainty about

the parameter before seeing the data. It can be obtained based on previous data and

studies, expert opinions, or available scientific knowledge. In the following, different

types of priors are explained.

The first one is to choose a prior with a large variance related to θ, for example,

considering a normal distribution with a large variance as a prior for the parameters

in a model. This kind of prior is known as a non-informative prior, diffuse prior or flat

prior which has a small contribution to the results of the posterior distribution. In this

thesis, this type of prior is used. The second type is the conjugate prior. Combining a

conjugate prior with the likelihood function of the data results in a posterior distribution

from the same parametric family as that prior. For example, by considering the beta

distribution as the prior and a binomial likelihood, the posterior distribution will have

a beta distribution as the prior, but with different parameters.

The third method is using a uniform prior with π(θ) = c where c is a positive known

constant. This prior assigns the same weight to all values of θ. For cases with the

unbounded θ, we get
∫

c dθ = ∞, resulting in an improper prior. A fourth method is

the Jeffreys’ prior. Jeffreys (1961) proposed a non-informative prior computed based on

the square root of the determinant of the Fisher information matrix,
√

det I(θ). Because

Jeffreys’ prior is based on Fisher information, it gives greater weight to parameter values

that cause large changes in likelihood function, ensuring that the influence of the data

and the prior essentially coincide. This type of prior is also invariant under monotone

transformations of the parameter. The fifth type of prior is the informative prior. It is

based on the knowledge, opinions, and beliefs of the experts. The role of this prior is very

important for restricting the parameter space of the posterior distribution, especially

when the information extracted from the data is not sufficient alone to do that, so the

information of the prior should be added to the model.
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4.6 Bayesian statistics versus classical statistical meth-

ods

The principal differences between the Bayesian and classical methods are:

• In the classical approach, the data are considered as random samples and stem

from a repeatable data-generating process, and the corresponding parameters are

unknown but fixed and non-random. Bayesian analysis regards the data as fixed,

and treats the parameters as random variables, explained probabilistically by the

prior knowledge.

• In the classical framework, confidence intervals are based upon the data so they

are random. To interpret a 95% confidence interval, if the intervals are computed

repeatedly based on the different samples of the data, 95 out of 100 times, the

observed intervals contain the true value of the parameter. The interpretation of

the credible intervals of Bayesian statistics differs due to the assumption that the

parameter is a random variable, a 95% credible interval having the interpretation

that the true value of the parameter lies in the interval with a probability 95%.

• Confidence intervals rely solely on the data while credible intervals stem from the

combination of the data and prior information.

• The objective of the classical method is to estimate the parameters of the model

in such a way that the relative likelihood of the data is maximised. However, in

the Bayesian analysis, the parameters have a special distribution called posterior

distribution that is a combination of the prior beliefs and the data. The mean or

mode of the posterior distribution can be considered as the estimates of the vector

of the parameters.

• There are different methods to assess the goodness of fit of the models based on

the Bayesian and classical methods. For example, Deviance information criteria

(DIC) in Bayes is comparable to the AIC in the classical method.
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4.7 Markov Chain Monte Carlo (MCMC)

The posterior distribution has a known form in few cases. More usually, it has a complex

distribution. In other words, its analytical expression is unavailable, so the computation

of statistics such as the mean, or median is difficult. Therefore, sampling methods such

as MCMC need to be used to generate samples from the posterior distributions. MCMC

constructs a Markov chain as a stochastic process that has Markov property, and its

stationary distribution is the target posterior distribution. Monte Carlo refers to the

process of simulating random numbers. Markov Chain refers to the sequences of events

(random samples) that are connected probabilistically. Because of the memorylessness

characteristic of Markov chains, for the prediction of the next event, only the information

of the current state will be needed, and no knowledge of previous states is required.

For example, in the process of generating the random samples θ(n), n = 1, 2, ...

(where n is the number of iterations in the MCMC) from the posterior π(θ|.), the

distribution of the samples θ(n) is just dependent on the samples θ(n−1) and not the

previous ones such as θ(n−2), θ(n−3), . . . .

The concept of “stationary” means that after a long run, regardless of the starting

event, the proportion of time spent by the chain in each event will remain constant

over all subsequent steps. In other words, the distribution of events will not change

after a sufficiently long period of time.

To ensure that the stationary distribution of the simulated samples follows the target

distribution, the MCMC algorithm should be run for a large number of iterations. It

is likely that the early iterations of the samples may not follow the target posterior

distribution, so they should be discarded: this is called burn−in. In addition, the

simulated samples are initially correlated to decrease the influence of this issue on the

posterior, they need to be thinned. For example, every kth point after the burn-in period

should be selected.

MCMC approaches, such as Gibbs sampling, Metropolis-Hasting, and HMC have been
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used in Bayesian analysis to generate the MCMC samples. In the following, these

methods are explained.

4.7.1 Gibbs sampling

Gibbs sampling was first applied by Smith and Roberts (1993) in Bayesian statistics.

The idea of this method is to draw samples related to each parameter from a univariate

conditional posterior distribution of the parameter given the current values of other

parameters. Suppose the parameter vector θ has p parameters θ = (θ1, ..., θp) and the

closed form of all the conditional posterior distributions related to the parameters exists.

The conditional posterior distributions are as below:

θ1 ∼ π(θ1|y, θ2, θ3, . . . , θp)

θ2 ∼ π(θ2|y, θ1, θ3, . . . , θp)

...

θp ∼ π(θp|y, θ1, θ2, . . . , θp−1)

By considering a vector of the initial values of parameters, θ(0), the first sequence

of random samples θ(1) is generated by following all the p steps as:

Step 1. Draw θ
(1)
1 ∼ π(θ1|y, θ(0)

2 , θ
(0)
3 , . . . , θ(0)

p )

Step 2. Draw θ
(1)
2 ∼ π(θ2|y, θ(1)

1 , θ
(0)
3 , . . . , θ(0)

p )

...

Step p. Draw θ(1)
p ∼ π(θ1|y, θ(1)

1 , θ
(1)
2 , . . . , θ

(1)
p−1)

Each sample for each parameter is generated based on the current values of the other

parameters. For the second iteration, there is a sample from π(θ1|y, θ(1)
2 , θ

(1)
3 , . . . , θ(1)

p )

and so on. This process should be continued for a large number of iteration to

produce a sequence of samples {θ(j)}, j = 1, 2, . . . , n. After discarding the burn-

in and thining the samples, the remainder follow the target posterior distribution,

reaching convergence (Ando, 2010).
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4.7.2 Metropolis-Hastings sampling method

The Metropolis-Hastings sampler was proposed by Hastings (1970) and Metropolis et al.

(1953) to generate samples of the target posterior distribution. In some cases, all of the

conditional posterior distributions corresponding to the vector of parameters do not exist

or have no known closed forms. For such cases, the Metropolis-Hastings sampling method

can be used. With this method, a distribution known as the “proposal distribution” is

provided to randomly generate a new location (that only depends on the current position)

for the next movement in the Markov chain. The domain of the proposal distribution

should be the same as the domain of the target posterior distribution, and it should allow

for simple data sampling. Then the acceptance or rejection of the new location proposed

can be assessed according to a proportional ratio dependent on the target posterior

distribution of the new and the current locations. If the new location is higher and more

likely than the current place, we should move to the new location, otherwise, we may stay

at the current position. This means that the algorithm would like to generate samples

from the areas of the posterior of interest that have high probabilities. This process will

be repeated for a large number of iterations n to ensure that we can reach different parts

of the parameter space of the posterior distribution, resulting in good mixing. A list of

all locations that the process (chain) has visited (traversed) every time is the MCMC

samples. In the following, the process is explained in more detail.

The most common proposal distributions are multivariate normal, Cauchy, and

uniform. In the following, the density corresponding to the proposal distribution will

be denoted by q(.). Let the multivariate normal distribution be selected as proposal

distribution for our case, q(.|θ(j)) = φ(.|θ(j)), and the new location θ(j+1) is generated

from it. The φ is just dependent on the current location, highlighting the memoryless

characteristic of the Markov chain. The new position is accepted or rejected based on

the acceptance ratio introduced in Equation 4.5.

α(θ(j),θ(j+1)) = min

{

1,
f(y|θ(j+1))π(θ(j+1))/q(θ(j+1)|θ(j)

k )

f(y|θ(j))π(θ(j))/q(θ(j)|θ(j+1))

}

(4.5)
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Now generate a random number in the interval (0, 1) and compare it with α(θ(j),θ(j+1)).

If the random number is smaller, then move to the next location θ(j+1), elsewhere, stay

at the current position θ(j). After repetition the mentioned steps for a large number n,

there is a list of all the locations that the chain passed, {θ(j)}, j = 1, 2, . . . , n. They

are the MCMC samples that after burn-in and thining, their stationary distribution

follows the target posterior distribution. It should be noticed that the Gibbs sampler

can be considered as a special case of the Metropolis-Hastings algorithm in which with

an acceptance probability of 1 the chain always moves to the new proposed location.

In general, in Gibbs, the conditional posterior distributions are replaced instead of the

proposal distribution in the Metropolis-Hastings method.

4.7.2.1 Independent Metropolis-Hastings

For the Independent Metropolis-Hastings algorithm, it is assumed that the generation

of the new location based on the proposal function q(.) is independent even of the

current location. This means

q(θ(j+1)|θ(j)) = q(θ(j+1))

Therefore, the Equation 4.5 changes to

α(θ(j),θ(j+1)) = min

{

1,
f(y|θ(j+1))π(θ(j+1))/q(θ(j+1))

f(y|θ(j))π(θ(j))/q(θ(j))

}

(4.6)

With this algorithm, all the generated random samples of the target posterior

distribution are still dependent because the acceptance ratio is dependent on the current

location. If possible, the proposal distribution should be similar to the target posterior

distribution to receive better MCMC results.
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4.7.2.2 Random-walk Metropolis-Hastings

In the Random-walk Metropolis-Hastings algorithm a new candidate θ is generated

based on this formula:

θ(j+1) = θ(j) + ǫ(j) (4.7)

where ǫ(j) is a vector of random samples with mean zero drawn by a symmetric known

proposal density function q(.), such as multivariate normal or Student-t. Because of

the symmetric nature of the proposal distribution, we have:

q(θ(j+1)|θ(j)) = q(θ(j)|θ(j+1))

it means that the probability of transitioning from θ(j+1) to θ(j) is equal to the

probability of transitioning from θ(j) to θ(j+1). Then new version of Equation 4.5

for this algorithm is

α(θ(j),θ(j+1)) = min

{

1,
f(y|θ(j+1))π(θ(j+1))

f(y|θ(j))π(θ(j))

}

(4.8)

The proposal distribution in this algorithm should also be selected similar to the

target posterior distribution to receive better MCMC results (Ando, 2010).

4.7.3 Hamiltonian Monte Carlo sampling method

Hamiltonian Monte Carlo (HMC) as a one of the MCMC samplers was originally applied

by Duane et al. (1987) in the field of Lattice Quantum Chromodynamics. Then for

the first time, it was used by Neal (1994) for Bayesian neural networks in the field of

applied statistics. For the case of a small sample size, determining a proper proposal

distribution in the Metropolis-Hastings sampling technique is difficult. In addition for

the case of high-dimensional parameter spaces, having a complex posterior distribution,

or having high autocorrelation for MCMC samples corresponding to the parameters

of a model, the usual MCMC sampling technique such as Metropolis-Hastings fails
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because of the random walk nature of its movement, then HMC is preferable because it

is more robust and efficient. HMC is based on Hamiltonian dynamics in physics which

accelerates the traversing process of the Markov chain throughout the parameter space

of the target posterior function, resulting in samples with a high level of acceptance

probability. In fact, HMC is a variant of Metropolis-Hastings but the process of proposing

a new location for the next movement is smarter, it is based on the derivative of the

logarithm of the target posterior distribution. The benefit of the derivative is to present

a clear image for the local shape of the posterior distribution, specifying the points

(areas) with higher probability density. HMC directs the Markov chain toward the higher

parts of the posterior density that we prefer to have more samples from there. HMC

considers momentum to make the Markov chain move in the parameter space of the

target posterior distribution. Starting from any point, HMC generates a new sample

from the posterior of interest by giving momentum to the point. Then, based on special

differential equations, called Hamiltonian equations, both the momentum and position

will be updated. In practice, these equations are proposal function in HMC in comparison

to the proposal probability function in Metropolis-Hastings, and this is the advantage

of HMC, efficiently accelerating the exploration process of the target distribution. In

physics, Hamiltonian equations specify how an object should move throughout a system

respecting its momentum and position at every time t.

4.8 Posterior Computation

In Bayesian analysis, the posterior distribution provides a complete picture of θ. The

mean or median of the final MCMC samples corresponding to the vector of parameters,

θ, can be used as a point Bayesian estimate for each parameter in the vector. It is

also possible to find the 100(1 − α)% credible intervals for each parameter. Assume

θ
( α

2
)

k and θ
(1− α

2
)

k are α
2

and (1 − α
2
) quantiles of the MCMC samples of θk, then its

corresponding credible interval is (θ
( α

2
)

k , θ
(1− α

2
)

k ). 100(1 − α)% is the probability that the

random parameter θk is in the observed credible interval.
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4.9 Markov Chain Monte Carlo convergence diag-

nostics

After running the MCMC chains, the next step is to assess the quality of the MCMC

samples obtained. Having samples with higher quality level leads to a more precise

approximation of the target distribution. MCMC samples need to converge to the

target posterior. In practice, it is not easy to check the convergence of the MCMC

samples, because the convergence is in distribution and not to a special point, so its

interpretation and assessment are difficult. There are two types of qualitative (graphical)

and quantitative diagnostics for the detection of the lack of convergence. To properly

detect convergence failure, a set of different diagnostics should be applied in practice

(Cowles and Carlin, 1996; Patz and Junker, 1999). Using several diagnostics with different

natures and conceptual backgrounds increases the accuracy of the convergence assessment

(Sinharay, 2003). In the following, detailed descriptions of the diagnostics are provided.

4.9.1 Trace plot or time series plot

A trace plot as a graphical diagnostic shows the time series of the Markov chains. It

displays the sample values of the parameter over iterations in the MCMC chain. Any

observed special trend or tendency is an alarm for a lack of convergence. For example,

when the chain is stuck in some regions of the parameter space, this can indicate bad

mixing and slow convergence. In a desirable situation, the chain should traverse to

explore all the parameter space, resulting in good mixing, and then the trace plot will

show a random pattern. When there is more than one chain, the time series of the means

on the plot are also useful. They should be balanced and fixed around the posterior

mean estimate of each parameter by increasing the number of iterations.

4.9.2 Autocorrelation function plots

Another graphical diagnostic is the autocorrelation plot that can be used for checking

the thinning situation of the MCMC. The autocorrelation for the lag-k represents the
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correlation between every sample and the sample k steps after. The plot shows the

correlations between the chain values and their close neighbours. It is expected that as k

is increased, the autocorrelation values approach zero sharply, indicating less correlation

between samples and faster mixing. A high autocorrelation for larger k indicates a strong

correlation between the samples as well as slow mixing. Thinning the samples returned

by MCMC is a good technique to ensure they are less correlated. For example, every

jth sample after the burn-in period should be selected. To have adequate thining, the

MCMC algorithm should be run for a large number of iterations.

4.9.3 Effective sample size (ESS)

The effective sample size (Gong and Flegal, 2016; Robert and Casella, 2005) is an estimate

of the number of uncorrelated (independent) samples generated from the target posterior

distribution, equivalent to the correlated Markov chain samples. The ESS indicates the

information size for the parameter based on the MCMC output (Sahlin, 2011). let n

be the actual number of MCMC samples. Then ESS can be defined as:

ESS =
n

1 + 2
∑∞

k=1 ρ(k)

where ρ(k) is the autocorrelation of the samples at lag k and can be estimated

by the variogram defined as

Vk =
1

n− k

n−k
∑

i=1

xixi+k

then

ρ(k) = 1 − Vk

2 V ar(x)

As the MCMC process generates the correlated samples, the effective sample size

is less than the number of samples. A larger value of ESS, at least a few thousand for

all parameters, is desirable, resulting in inferences with higher precision.
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4.9.4 Potential scale reduction factor (PSRF)

Gelman and Rubin (1992) proposed an MCMC convergence diagnostic by paying attention

to the difference between the Markov chains. The proposed “potential scale reduction

factor” (PSRF) is based on the estimates of two variances: between-chain and within-

chain. Let m and n be the numbers of chains and iterations respectively. Let θij and

θ̄j be the ith element of the jth chain and the mean of the jth chain respectively. We

consider W as an estimate for the within-chain variance with the formula:

W =
1

m

m
∑

j=1

s2
j

where s2
j = 1

n−1

∑n
i=1(θij − θ̄j)

2. In addition, the between-chain variance can be

estimated based on:

B =
n

m− 1

m
∑

j=1

(θ̄j − ¯̄θ)2

where ¯̄θ = 1
m

∑m
j=1 θ̄j. The pooled variance estimate of the target posterior distribution

can be formulated based on the linear weighted combination of the estimates of both

within-chain and between-chain variances:

V̂ (θ) =
n− 1

n
W +

B

n

Therefore, PSRF has the formula:

PSRF =

√

√

√

√
V̂ (θ)

W

=

√

n− 1

n
+

1

n

B

W

For the convergence situation with a large n, both B and W are roughly the same

scalars and PSRF approaches one. Values less than 1.1 still indicates convergence.

Values greater than 1.1 tend to indicate non-convergence, and values greater than 1.2

definitely do so (Gelman et al., 2004).
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4.9.5 Multivariate potential scale reduction factor (MPSRF)

Brooks and Gelman (1998) proposed a multivariate version of the PSRF (MPSRF)

to simultaneously monitor the convergence of the MCMC chains. Let θ and θ
(i)
j be

the vector of parameters and its generated value based on the ith iteration of the jth

chain. The estimate of the variance-covariance matrix corresponding to the posterior

chains of the vector of parameters is computed by:

V̂ (θ) =
n− 1

n
W +

(

1 +
1

m

)B

n

where

W =
1

m(n− 1)

m
∑

j=1

n
∑

i=1

(θ
(i)
j − θ̄.j)(θ

(i)
j − θ̄.j)

′

where θ̄.j = 1
n

∑n
i=1 θ

(i)
j and

B =
n

m− 1

m
∑

j=1

(θ̄.j − θ̄..)(θ̄.j − θ̄..)
′

where θ̄.. = 1
m

∑m
j=1 θ̄.j. Both W and B are respectively the estimates of the within-

chain and between-chain variance-covariance matrices corresponding to the vector of

parameters (Sinharay, 2003). Brooks and Gelman (1998) focused on the definition of

MPSRF as a scalar measure in such a way as to summarise all the univariate PSRFs

and be their upper bound. For this goal, summarisation of the distance between V̂ (θ)

and W was mathematically proposed by considering the eigenvalues of W −1V̂ (θ) as the

solution (for more details see Nogueira et al., 2012). For the computation of MPSRF,

the W −1V̂ (θ) needs to be a positive definite and symmetric matrix. Therefore, the

MPSRF has the formula

MPSRF =
n− 1

n
+
(m+ 1

mn

)

λ (4.9)

where λ is the largest eigenvalue of W −1V̂ (θ). The desirable value for the MPSRF

is near 1, showing the convergence of the MCMC chains.
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4.9.6 Geweke diagnostic

Geweke (1991) proposed a test statistic as a convergence diagnostic for the MCMC chain.

The test is specified for checking the equality of the means of the samples corresponding to

two different non-overlapping proportions of the chain (usually the first 10% with the last

50%). When the means are significantly different, it is an indicator of lack of convergence.

However, if the chain becomes stationary, the means are equal, and the test statistic will

follow an asymptotically standard normal distribution. Nearly all the test values are

expected to lie in the interval [−2, 2], and only 5% of them are expected to be outside.

4.9.7 Heidelberg-Welch diagnostic

Heidelberger and Welch (1983) proposed another convergence diagnostic for the MCMC

chains. The method is based on two statistical tests. The “stationarity test” checks

whether the chain reaches convergence (as the null hypothesis) or not. The “halfwidth”

test assesses whether the mean as the estimate of the parameter relative to the target

posterior distribution has adequate precision as predefined by an accuracy level ǫ (as

per the null hypothesis). The stationarity test is performed first and after that, the

halfwidth test is applied based on the samples left from the first test. In the following,

both tests are explained in more detail.

The stationarity test is used for all the samples of the MCMC chain. If the null

hypothesis is rejected, it means the chain did not reach convergence, so the first 10%

of the samples are discarded and the test is repeated again. If the null hypothesis is

still not accepted, the next 10% of the samples should be deleted. This process will be

continued up to the acceptance of the null hypothesis or until more than 50% of the

samples have been removed. If the null hypothesis is still rejected, the MCMC needs to

be run for a larger number of iterations to provide more samples. If the null hypothesis

of the stationarity test is accepted, the halfwidth test should be done with the remaining

samples. The test calculates the half-width of the (1 − α)% credible interval of the

mean corresponding to the parameter. Then a ratio of the obtained half-width and the

mean value (as the denominator) is computed and compared with the threshold value
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ǫ (default is 0.1). If the ratio is smaller than the threshold, the null hypothesis of the

halfwidth test is accepted. Otherwise, the MCMC should be run for longer iteration

to provide the parameter estimate with the expected accuracy.

Both the stationarity and halfwidth tests return their corresponding p-values. In

general, to have convergence based on Heidelberg-Welch diagnostic, just up to α% (mostly

5%) of the stationarity tests should show non-convergence (Sahlin, 2011).

4.10 Bayesian statistics in scientometrics

Researchers in scientometrics have used a Bayesian version of methodologies for data

analysis in their publications for a variety of reasons. It is worth noting that the reasons

are not exclusive to scientometrics; these are what may be perceived as general benefits of

the Bayesian framework, which also apply to scientometrics. The most common reasons

are for parameter estimation when a model structure is complex, updating the information

of an event based on previously available beliefs and information about that event, limiting

the parameter space of parameters in a model by specifying priors, compensating the

weaknesses of a classical framework for performing null hypothesis significance testing

(NHST) for decision-making, increasing the accuracy of classification and clustering

techniques by Bayes’ theorem, providing accurate measures of uncertainty (such as credible

intervals) for interpreting the parameters of a model, and accelerating the computation

of probabilities in a model. Some of these articles will be discussed further below.

Lee et al. (2006) presented a framework for online citation matching as well as

the generation of canonical document metadata. They benefited from using Bayes’

theorem to build a belief engine for all metadata elements of each document based

on evidence, which was used across all citations related to a document and additional

supporting information sources, having more resilience to erroneous data. Jerak and

Wagner (2006) applied a semi-parametric form of a set of independent variables such as

forward citations and claim numbers on the incidence of a patent opposition, resulting

in modeling the non-linearity aspects of the relationships. Then Bayesian framework

with MCMC technique was considered for parameter estimation.
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In the study of Calado et al. (2006), a Bayesian network model was applied to improve

classification results for Web documents by the combination of link-based similarity

measures (such as co-citation) with text-based classifiers. According to their experiments

on Web pages, this combination could improve results compared to just using the link

information or the text-only classifier. The Bayesian framework aided the computations

of probabilities in the model. Constant priors were considered because there was no

preference for which training documents were more likely to be observed. A Bayesian

network model was also used by Ibáñez et al. (2011) to investigate the relationships

among bibliometric indices (such as citation counts received by the journal of interest

and h index).The analyses were based on probabilistic conditional (in)dependencies

among triplets of indices.

The study of Schneider and Drongstrup (2013) focused on the hypothesis that if

citation behavior is supposed to be rational, articles that report larger effect sizes from

successful treatments in the studies (in psychiatry, clinical psychology, brain research,

psychotherapy, and educational research), should generally also have higher relative

citation rates. For examining the hypothesis, Bayes factors for assessing statistical

evidence in data were applied, giving researchers the ability to quantify the statistical

evidence related to both null and alternative hypotheses, in a manner that is not

possible with classical statistics.

Sgroi and Oswald (2013) concentrated on constructing Bayesian posterior beliefs about

whether a given paper is likely to make a significant contribution. Their methodology

relied heavily on the Bayesian framework where prior information about a journal in which

the article published was paired with information about citation counts (as likelihood)

to create a posterior distribution that gauges the quality of a publication. Choi and

Jun (2014) employed a Bayesian model to cluster patents with the goal of anticipating

emerging technologies. As a result of applying Bayesian statistics, all patent documents

were assigned to the most similar cluster with the largest posterior probability. Two

priors: normal and Laplace distributions were also used.
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Klein et al. (2015) developed a general class of Bayesian generalised additive models

(GAM) for zero-inflated and overdispersed count data (such as the number of citations of

patents), considering semiparametric predictors for several parameters of a count data

distribution. Based on simulations, the Bayesian aspect of the model was evaluated in

comparison to the classical technique of ML. The estimates based on MCMC provided

bias and mean squared errors roughly similar to those obtained with ML, whilst in

terms of coverage properties, the Bayesian method considerably outperformed the

existing ML technique. Malesios (2015) proposed a Bayesian regression-type model

to estimate the h index using metrics such as the number of articles and received

citations. He illustrated that the Bayesian aspect of the model allowed for more realistic

estimations of the parameters of interest, and also by considering prior distributions,

he put restrictions on parameters of the fitted model that were not fully unknown

but were limited to certain intervals.

Schneider (2015) also demonstrated the benefits of Bayesian statistics over the

classical framework for performing NHST, as classical NHST has no way to accept the

null hypothesis while the Bayesian framework can both accept and reject a null value.

According to citation performance of a postdoc group of researchers funded by the Danish

Research Council compared to a control group of researchers, It was shown that statistical

inferences based on the Bayesian perspective are far richer and more informative.

In the study of Cerchiello and Giudici (2016), a negative binomial distribution was

considered to model two important components of the h index: the number of papers

and their citations. A Bayesian model was suggested, which provides posterior inferences

on the parameters of the distribution and, in particular, a predictive distribution for the

h index. Bayesian statistics was also useful for estimating the parameters of the model.

By applying the predictive distribution, scientists could be compared based on their

predictive future performance in comparison to their past contributions. García et al.

(2016) also suggested a Bayesian-based formal model to study the author’s beliefs about

the causes of manuscript rejection in peer review. In this model, Bayes’ theorem was
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applied to update the beliefs of each author (about the causes of manuscript rejection)

once each review signal was received.

Bornmann et al. (2016) proposed using a Bayesian multilevel logistic regression to

estimate institutional networks for a number of Scopus subject areas. They emphasised

that they chose Bayesian statistics over classical statistics because Bayesian methods are

more capable of dealing with complex data structures and large data sets. Furthermore,

by employing Bayesian inference, some of the issues related to classical NHST can

be prevented. In the study of Brunswicker et al. (2016), by applying a Bayesian

spatial auto-correlative probit regression, it was shown that an individual scientific

programmer’s contribution to the digital practice increases the chance of citation for the

tools on which he or she worked. They applied a Bayesian framework to estimate

the parameters of the model.

Umar and Arandelovic (2017) applied a hierarchical Dirichlet process-based model,

a particularly powerful Bayesian nonparametric topic model, to infer automatically

nuanced descriptions of academic fields of study, facilitating the normalization of

citation-based research output metrics like the h index. Bayesian framework aided in

parameter estimation and also Bayes’ theorem allowed them to infer probabilities about

the unobserved value from the observations they could make. SoleimaniRoozbahani

et al. (2019) concentrated on the exploration of the knowledge from the published

research papers in Big Data in healthcare. Naive Bayes classifiers were also applied

to predict the methodologies used in various databases related to the publications.

The Bayesian aspect of the classifier aids a more accurate assignment of an article

to one of the nine methodology classes (examined by authors) with the highest a

posteriori probability. Amjad et al. (2020) also used Naive Bayes classifiers for the

prediction of trends in self-citations.

4.11 Summary

This chapter focused on Bayesian statistics. For the first step, the idea behind Bayesian

statistics with explanations of some concepts such as Bayes’ theorem, prior and posterior
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distributions was discussed. After that, a comparison of classical statistics with Bayesian

statistics was explained. Then, the MCMC technique and its important samplers

were discussed in relation to the parameter estimation of a Bayesian model. Then,

MCMC convergence diagnostics were explained to assess the quality of the MCMC

samples used for the estimation of parameters. Finally, the application of Bayesian

statistics in scientometrics was reviewed.

In Chapter 6, we will propose a modified version of the Bayesian two-part QR model

suggested by King and Song (2019a) to address two challenges of citation counts for fitting

QR. Concepts discussed in the current chapter will aid in making the posterior distribution

of our proposed model, which will then be approximated using MCMC samplers such as

Gibbs, resulting in the estimation of the model parameters. Furthermore, convergence

diagnostics described here will be used to evaluate the quality of the MCMC samples

corresponding to the parameters in the model.

In general, the next two chapters concentrate on our two new contributions to

scientometrics: a new procedure for fitting zero-modified models and a modified version

of the Bayesian two-part QR for citation analysis. In general, Chapter 2 mainly provides

necessary materials for our first contribution (in Chapter 5), while Chapter 3 and this

current chapter (4) will feed our second proposal (in Chapter 6).
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5
Zero-modified models for citation analysis

5.1 Introduction

Statistical modelling of citation count data is important for those seeking to understand

the citing process. As citation count data often include more or less zeros (uncited

articles) than would be expected under the base distribution, it is essential to deal

appropriately with them. This chapter proposes a new procedure for fitting zero-modified

models, using the discretised lognormal, hooked power-law and Weibull distributions as

base distributions. For this goal, for the first step, the concepts of zero-inflation and

zero-deflation in citation analysis are explained. Then, the details of the new procedure

for fitting zero-modified models are proposed. Finally, based on real citation datasets, the

applicability and importance of the proposed procedure will be explained. This chapter

is based on the findings of the article of Shahmandi et al. (2020).

5.2 Zero-inflation and deflation in citation counts

It is important to identify models that fit citation count distributions well for several

reasons. A correct model can be used to identify anomalous sets of articles that are

not fitted well by a model, suggesting indexing or classification errors, can help with

57



58 5.2. Zero-inflation and deflation in citation counts

the design of effective impact indicators and confidence intervals, and when performing

regression analyses to identify factors that influence citations.

A common problem for fitting statistical models to citation data is that the number

of uncited articles (0s) differs from that expected by the best fitting model, perhaps

due to citation indexing policies selecting the wrong balance of high and low impact

journals. This problem might be remedied by fitting a zero-inflated or a zero-deflated

(i.e., a zero-modified) model that allows the predicted number of zeros to more closely

approximate the number of zeros in a dataset.

In scientometrics research (Ajiferuke and Famoye, 2015; Chen, 2012; Didegah and

Thelwall, 2013b; Djokoto et al., 2020; Gök et al., 2016; He and Chen, 2019; Nabout

et al., 2018), zero-inflated models have been applied for citation analysis but without

presenting any interpretation for perfect zeros.

Thelwall (2016a) also fitted zero-inflated versions of the discretised lognormal and

hooked power law distributions to citation count data from 23 Scopus categories and

showed that zero-inflation occurred in nearly all cases. He also originally clarified the

concept of perfect zeros in citation analysis. The perfect zeros were hypothesised

to be a consequence of “inherently unciteable articles”, such as magazine articles,

resulting in zero-inflation.

In general, zero-counts due to unciteability are an example of “perfect” or “structural”

zeros: Data that are constrained to be zeros due to some feature of the data generating

process. In contrast, other zeros are referred to as non-perfect or count zeros. In this

context, a non-perfect zero would be a paper that is citeable but has not been cited.

In essence, zero-inflated models seek to estimate the proportion of the data that are

perfect zeros and fit a count distribution to the remaining data.

A less well-studied phenomenon is zero-deflation, where data is well-fitted by a given

count distribution, but there are fewer zeros present in the data than would be expected

under the distribution. Zero-deflation may arise for citation counts from the Web of

Science (WoS), Scopus or any other citation database with selective inclusion criteria

because uncited articles may be less likely to be indexed. For example, WoS and Scopus
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have poorer coverage of non-English journals than of English journals so non-English

journals may contribute to zero-deflation. This may be particularly relevant for fields

containing nation-specific agricultural, legal, cultural, or political research.

In spite of many scientometric studies that have fitted zero-inflated distributions to

citation count data, none have fitted zero-deflated or zero-modified distributions. In

this chapter, zero-modified versions of the hooked power law and discretized lognormal

distributions previously shown to fit citation data well (Thelwall, 2016a) are used as

well as a zero-modified version of the discrete Weibull distribution. The discrete Weibull

distribution is capable of modelling highly skewed count data with more zeros and

thus is a good candidate model for citation counts (Brzezinski, 2015). Discrete Weibull

distributions may be fitted to data using the R-Package DWreg (Vinciotti, 2016). The

pure power law distribution is not considered because it usually requires low cited articles

to be ignored for fitting and is therefore not a credible citation distribution.

This chapter also introduces a procedure that fits both negative and positive zero-

modification parameters and determines the standard errors of the zero-modification

(and other) parameters, which in turn enables the calculation of confidence intervals for

these parameters, and the performance of statistical tests on them. The procedures are

tested on a sample set of citation data from 23 fields to assess the extent to which the

new distributions fit citation count data. It is shown that zero-modified versions of these

distributions have better fits in comparison to their standard versions. The circumstances

in which one of the models under consideration may be the best fit is also discussed.

5.3 Zero-modified models

A zero-modified model (see, for example, Dietz and Böhning (2000)) has the prob-

ability mass function :

f(x; Θ, ω) =















ω + (1 − ω)f ∗(x; Θ) x = 0

(1 − ω)f ∗(x; Θ) x = 1, 2, 3, ... .

0 otherwise

(5.1)
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Where ω is a set of parameters and f ∗(x; Θ, ω) is a probability mass function. For

negative ω the distribution is known as a zero-deflated distribution and for positive ω, it

is known as a zero-inflated distribution. For ω = 0 the model reduces to the non-modified

model, f ∗, if ω = 1 the model is a “zero-model”, i.e. one where all data are zero. Zero-

inflated models may be used to model data that has excess zeros (more zero counts than

expected under the model f ∗). For example, if 100 data follow a Poisson distribution with

parameter 1, we would “expect” to observe about 100 × e(−1) = 36.8 zeros. Substantially

more zeros would therefore indicate possible zero-inflation. Zeros may stem from two

distinct processes, “Non-excess” zeros where zeros occur by chance, in the same manner

as 1s, 2s,. . . ; and another process by which some data are constrained to be zeros (perfect

or structural zeros). As mentioned in the introduction, in the context of citation-count

analysis, perfect zeros may correspond to articles that are inherently unciteable; as

discussed in Thelwall (2016a) such perfect zeros may arise as a consequence of highly

specialised articles, articles that are only of interest to practitioners or others unlikely to

publish articles themselves, or articles that close off an area of scientific research.

For a zero-deflated model, ω < 0, but may take values < −1. To see this, note that

f(0;ω,Θ) ≥ 0 ⇔ ω + (1 − ω)f ∗(0; Θ) ≥ 0 (5.2)

⇒ ω(1 − f ∗(0; Θ)) + f ∗(0; Θ) ≥ 0 (5.3)

⇒ ω > − f ∗(0; Θ)

1 − f ∗(0; Θ)
(5.4)

For example, if f ∗ is a Poisson distribution with parameter 0.5 then f ∗(0; 0.5) =

exp(−0.5) = 0.6065 and hence ω is valid provided

ω ≥ − 0.6065

1 − 0.6065
= −1.54

The interpretation of negative values of ω is not as straightforward as those of positive

values. The most straight forward interpretation is to regard 1 − ω as the proportionate

increase in the expected number of observed positive values. For example, if ω = −1.5,
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then we would expect to observe approximately 1 − (−1.5) = 2.5 times more 1s, 2s, 3s

etc. in the data than we would in the non-modified model. Zero-deflation in data can

be a consequence of some zero-counts not being included (e.g., Mendonca, 1995). For

example, Dietz and Böhning (2000) modelled zero-deflated DMFT index data from a

dental epidemiological study previously published by Mendonca (1995). Specifically, the

DMFT index quantifies the dental status of an individual through a count of “Decayed,

Missing and Filled Teeth”, and it was noted that an “incorrect sampling procedure” had

led to the non-inclusion of some children whose score was zero.

5.4 A new procedure for fitting zero-modified mod-

els

As previously mentioned, Thelwall (2016a) presented a procedure which fits zero-inflated

discrete lognormal and zero-inflated hooked power law models to covariate-free data

(the zero-inflation parameter is estimated to two decimal places). This model is easily

extended to zero-inflated versions of any count model but is unable to fit negative

zero-modification parameters. In this chapter, we propose a procedure that will enable

the fitting of negative (and positive) values of the zero-modification parameter, ω, will

estimate the value of ω to many decimal places, and is much faster.

This procedure is based upon maximization of the log-likelihood of the relevant

zero-modified models. This will be done via the optim command of R. The optim

function offers different optimisation algorithms, including conjugate gradient, quasi-

Newton, Nelder-Mead and simulated annealing. The Nelder-Mead algorithm, which is

the default of the optim function, is the focus of this work. It is worth noting that

any other optimisation functions in R or other relevant software can be replaced with

optim function if they can cover the Nelder-Mead optimisation.

The Nelder-Mead algorithm does not require the computation of the gradient, and

also is suitable for solving high-dimensional linear optimisation problems with constraints

that are non-sensitive and robust to discontinuities in the likelihood surface, and generally
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it requires relatively few function evaluations to get converged. For more informatione

related to this algorithm please see Section 2.6.

Nelder and Mead (1965) also proposed to use the final simplex, add all middle points

between two points and do a quadratic surface fit to provide the standard errors of the

parameter estimates. This is especially useful as it enables the calculation of confidence

intervals for the zero-modification parameter (as well as any other parameters). The

optim command has the advantage of returning an estimate of the matrix of second order

partial derivatives of the log-likelihood function, l(f), corresponding to the probability

mass function, f . This matrix is known as the Hessian matrix of l(f) introduced in

Subsection 2.4, the diagonal entries of its inverse are proportional to the standard

errors of the parameter estimates.

For the computation of the confidence intervals related to the zero-modification

parameter ω the following formula

ω̂ ± Z1− α
2
.se(ω̂)

is used where se is the standard error of the maximum likelihood estimate of

ω and Z1− α
2

is the
[

(1 − α
2
) × 100

]

th percentile of the standard normal distribution.

Values between the interval’s limits are compatible with the data, given the statistical

assumptions used to compute the interval.

Having the estimates of the standard deviations of the parameters also enables us

to perform hypothesis tests for the parameters. In particular it makes it possible

to perform the test

H0 : ω = 0 vs. H1 : ω 6= 0 (5.5)

to determine whether there is statistical evidence of zero-modification in the data.

Whilst American Statistical Association (Wasserstein and Lazar, 2016) guidelines concern-

ing the misuse of p-values and confidence intervals has led to debate about their use, the

guidelines are primarily concerned with the misuse use of p-values and confidence intervals
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and do not advise their abandonment. Indeed, the guidelines state that “P-values can

indicate how incompatible the data are with a specified statistical model”. Several tests

exist to test for zero-modification, including likelihood ratio tests, score tests, and the

Wilson-Einbeck test (Wilson and Einbeck, 2019). Note that whilst the Vuong test for

non-nested models has been used as a test of zero-inflation, this is erroneous (Wilson,

2015). In this chapter, the Wald test explained in Section 2.5 is applied for performing the

hypothesis test 5.5. The Wald test directly tests the significance of the estimate of the zero-

modification parameter without necessitating the fitting of the non-zero-modified model.

Finally, for assessment of the fitted model, the Akaike information criterion (AIC)

is used to show whether one model fits the data set better than another when the

models in question contain differing numbers of parameters or predictor variables. This

measure is chosen because it is appropriate for comparing nested or non-nested models

(Burnham and Anderson, 2003). The nested cases are when zero-modified versions of

the distributions are compared with the standard versions of them. The non-nested

cases refer to the comparison among the zero-modified versions of the distributions.

Then, the non-parametric bootstrap method is used to compute confidence intervals

for the AIC values of the mentioned models for all 23 categories, using the R package

“Boot” (Canty and Ripley, 2021).

5.5 Data description

The data used for analysis in this chapter consist of citation counts for journal articles

published in 2012 from 23 Scopus categories, with up to 5000 journal articles for most of

the categories. The citation counts were downloaded from Scopus in November 2017. The

5000 articles are the most recent 5000 for categories with more than 5000 articles. This

provides a coherent collection of articles with 5-6 years of citations. In Table 5.1 there

are a summary of the data as well as the abbreviated category names used for figures.
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Table 5.1: Data related to 23 Scopus categories used for the analysis

Subject Abbrivated subject name Number of articles Number of zeros Proportion of zeros
Food Science Food_Sci. 4999 799 0.159
Cancer Research Cancer_Res. 5000 712 0.142
Marketing Marketing 4762 676 0.141
Filtration & Separation Filtr_Sepa. 1728 50 0.028
Physical & Theoretical Chemistry Phys_Theo_Chem 4999 326 0.065
Computer Science Application Comp_Sci_Appli. 4999 970 0.194
Management Science & Operations Research Man_Sci_OPRes. 4999 674 0.134
GeoChemistry & Petrology GeoChem_Petr. 4997 325 0.065
Economics & Econometrics Economics_Emetr. 4999 1706 0.341
Energy Engineering & Power Technology Ener_Engi_PTech. 4995 1047 0.209
Computational Mechanics Comp_Mech. 2525 351 0.139
Global & Planetary Change Glob_PChange 3844 172 0.044
Virology Virology 5000 291 0.058
Metals & Alloys Metals_Alloys 4997 1065 0.213
Control & Optimization Contr_Optim. 3059 504 0.164
Critical Care & Intensive Care Medicine Crit_Care_ICMed. 4998 917 0.183
Developmental Neuroscience Dev_Neuro. 2006 163 0.081
Pharmaceutical Science Pharm_Sci. 5000 1122 0.224
Nuclear & High Energy Physics Nuclear_HEPhys. 4999 644 0.128
Neuropsychology & Physiological Psych Neuro_PPsych. 2827 207 0.073
Health Social Science Health_SoSci. 5000 1519 0.303
Cultural Studies Cultural_Stu. 5000 2637 0.527
Health Information Management Health_IMan. 993 137 0.137

Figure 5.1 shows that articles with zero citations are far more common is some

disciplines than in others. Cultural Studies, Economics & Econometrics, Health Social

Science, and Pharmaceutical science have the greatest proportions of zero counts

respectively, these disciplines accounting for 41% of zero counts. It appears that in

subjects such as Pharmaceutical Science large numbers of uncited articles might arise

from publications which are not fully peer reviewed that might be regarded as magazines

rather than journals being included in the database.



5. Zero-modified models for citation analysis 65

Figure 5.1: The proportions of uncited articles (zeros) in citation data from 23 Scopus
categories.

5.6 Model fitting results

5.6.1 Zero-modified discretised lognormal distribution

In Figure 5.2 the estimates of the zero-modification parameters from the discretised

lognormal distribution and their 95% confidence intervals for all the 23 subjects are

shown. All the estimates of the zero-modification parameter are positive. In Table

5.2 the details of the estimations related to all parameters are also reported. An

extended version of Table 5.2 that includes estimates and confidence intervals for all

parameters is given in Table B.1.

Based on Table 5.2, the greatest estimates for zero-modification parameter are for

Health Social Science and Economics & Econometrics and the least for Filtration &

Separation and Global & Planetary Change. There is almost universal zero-inflation

relative to the discretized lognormal distribution. The zero-inflation parameter estimates

for 22 of the 23 subjects are significant at a level of significance of α = 0.05, with only

Health Information Management returning a non-significant estimate.
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Figure 5.2: Zero-modification parameters and 95% confidence intervals relative to a zero-
modified discretised lognormal distribution for 23 Scopus categories.

Table 5.2: Parameter estimates: Zero-modified discretised lognormal for 23 Scopus categories.
SE, CIL, and CIU are acronyms for "standard error", "lower band of a confidence interval", and
"upper band of a confidence interval", respectively.

Subject ω SE-ω CIL-ω CIU-ω p-value µ σ

Food Science 0.090 0.0075 0.075 0.105 0.00000 1.82 1.02
Cancer Research 0.119 0.0054 0.108 0.130 0.00000 2.43 1.06
Marketing 0.078 0.0071 0.064 0.092 0.00000 1.98 1.10
Filtration & Separation 0.021 0.0042 0.013 0.029 0.00000 2.58 0.90
Physical & Theoretical Chemistry 0.043 0.0040 0.035 0.051 0.00000 2.28 0.94
Computer Science Application 0.051 0.0114 0.029 0.073 0.00001 1.56 1.29
Management Science & Operations Research 0.089 0.0061 0.077 0.101 0.00000 2.10 1.05
GeoChemistry & Petrology 0.043 0.0040 0.035 0.051 0.00000 2.31 0.96
Economics & Econometrics 0.190 0.0136 0.163 0.217 0.00000 1.34 1.29
Energy Engineering & Power Technology 0.125 0.0087 0.108 0.142 0.00000 1.82 1.15
Computational Mechanics 0.034 0.0126 0.009 0.059 0.00697 1.65 1.06
Global & Planetary Change 0.027 0.0037 0.020 0.034 0.00000 2.49 1.00
Virology 0.045 0.0035 0.038 0.052 0.00000 2.41 0.91
Metals & Alloys 0.116 0.0094 0.098 0.134 0.00000 1.75 1.18
Control & Optimization 0.046 0.0129 0.021 0.071 0.00036 1.57 1.08
Critical Care & Intensive Care Medicine 0.128 0.0070 0.114 0.142 0.00000 2.16 1.20
Developmental Neuroscience 0.037 0.0081 0.021 0.053 0.00000 2.18 1.07
Pharmaceutical Science 0.128 0.0096 0.109 0.147 0.00000 1.66 1.09
Nuclear & High Energy Physics 0.076 0.0063 0.064 0.088 0.00000 2.13 1.13
Neuropsychology & Physiological Psych 0.044 0.0059 0.032 0.056 0.00000 2.21 0.98
Health Social Science 0.201 0.0108 0.180 0.222 0.00000 1.54 1.07
Cultural Studies 0.117 0.0431 0.033 0.201 0.00664 0.10 1.20
Health Information Management 0.035 0.0193 -0.003 0.073 0.06976 1.83 1.24

In Table 5.3 there is the information concerning the AICs, comparing the zero-modified

and standard versions of the discretised lognormal distribution. For all subjects, the values
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Table 5.3: The estimations of log-likelihood and AIC of zero-modified discretised lognormal
and standard lognormal models. ZMDLN, DLN, and Log-lik. are acronyms for “zero-modified
discretised lognormal”, “standard discretised lognormal”, and Log-likelihood, respectively.

Subject Log-lik. ZMDLN Log-lik. DLN AIC ZMDLN AIC DLN
Food Science -15722.29 -15776.33 31448.58 31556.66
Cancer Research -18728.56 -18955.00 37461.12 37914.00
Marketing -16181.17 -16229.17 32366.34 32462.34
Filtration & Separation -6732.75 -6751.91 13469.50 13507.82
Physical & Theoretical Chemistry -18086.01 -18150.07 36176.02 36304.14
Computer Science Application -15775.02 -15783.72 31554.04 31571.44
Management Science & Operations Research -17297.79 -17383.95 34599.58 34771.90
GeoChemistry & Petrology -18331.90 -18392.92 36667.80 36789.84
Economics & Econometrics -13474.52 -13531.93 26953.04 27067.86
Energy Engineering & Power Technology -15918.55 -15989.22 31841.10 31982.44
Computational Mechanics -7780.49 -7783.76 15564.98 15571.52
Global & Planetary Change -14977.96 -15007.57 29959.92 30019.14
Virology -18631.11 -18733.58 37266.22 37471.16
Metals & Alloys -15770.02 -15823.26 31544.04 31650.52
Control & Optimization -9185.73 -9191.42 18375.46 18386.84
Critical Care & Intensive Care Medicine -17731.52 -17851.26 35467.04 35706.52
Developmental Neuroscience -7273.46 -7283.24 14550.92 14570.48
Pharmaceutical Science -14870.82 -14930.08 29745.64 29864.16
Nuclear & High Energy Physics -17796.31 -17856.42 35596.62 35716.84
Neuropsychology & Physiological Psych -10116.05 -10142.76 20236.10 20289.52
Health Social Science -13567.17 -13660.49 27138.34 27324.98
Cultural Studies -8370.73 -8373.70 16745.46 16751.40
Health Information Management -3384.15 -3385.64 6772.30 6775.28

of AIC for zero-modified models are less than those of the standard version, indicating the

superiority of the zero-modified model over the standard version for this base distribution.

5.6.2 Zero-modified hooked power law distribution

In Figure 5.3 the estimates of the zero-modification parameters from the hooked power

law distribution and their 95% confidence intervals for all the 23 subjects are shown.

Relative to a hooked power law distribution both significant positive (13 subjects) and

significant negative (6 subjects) estimates of the zero-modification parameter occur, as

well as 4 non-significant estimates. In Table 5.4 the details of the estimations related

to all parameters are also reported. An extended version of Table 5.4 that contains

estimates and confidence intervals for all parameters is reported in Table B.2.

From Table 5.4, it can be seen that the 4 subjects Computational Mechanics, Control &

Optimization Critical Care & Intensive Care Medicine, Developmental Neuroscience, and

Health Information Management have non-significant estimates of the zero-modification
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parameter. Overall, it is clear that there is both zero-inflation and zero-deflation, and

possibly no evidence for zero-modification based on the data relative to the hooked

power law distribution among the 23 disciplines.

Figure 5.3: Zero-modification parameters and their confidence intervals relative to a zero-
modified hooked power law distribution for 23 Scopus categories.

Table 5.4: Parameter estimates: Zero-modified hooked power law for 23 Scopus categories.
SE, CIL, and CIU are acronyms for "standard error", "lower band of a confidence interval", and
"upper band of a confidence interval", respectively.

Subject ω SE-ω CIL-ω CIU-ω p-value B α

Food Science 0.040 0.0067 0.027 0.053 0.00000 40.21 6.37
Cancer Research 0.079 0.0055 0.068 0.09 0.00000 61.35 5.34
Marketing 0.036 0.0064 0.023 0.049 0.00000 27.28 4.18
Filtration & Separation -0.031 0.0048 -0.04 -0.022 0.00000 190.92 12.52
Physical & Theoretical Chemistry -0.014 0.0042 -0.022 -0.006 0.00086 121.18 10.9
Computer Science Application 0.042 0.0084 0.026 0.058 0.00000 11.31 2.96
Management Science & Operations Research 0.042 0.0059 0.03 0.054 0.00000 40.78 5.15
GeoChemistry & Petrology -0.013 0.0042 -0.021 -0.005 0.00197 93.37 8.47
Economics & Econometrics 0.191 0.0101 0.171 0.211 0.00000 10.05 3.06
Energy Engineering & Power Technology 0.103 0.0073 0.089 0.117 0.00000 26.56 4.38
Computational Mechanics -0.018 0.0103 -0.038 0.002 0.08054 20.28 4.39
Global & Planetary Change -0.022 0.0039 -0.03 -0.014 0.00000 79.88 6.37
Virology -0.013 0.0039 -0.021 -0.005 0.00086 127.17 10.26
Metals & Alloys 0.095 0.0076 0.08 0.11 0.00000 19.76 3.77
Control & Optimization -0.001 0.0102 -0.021 0.019 0.92190 17.34 4.14
Critical Care & Intensive Care Medicine 0.105 0.0064 0.092 0.118 0.00000 31.22 3.86
Developmental Neuroscience -0.007 0.0075 -0.022 0.008 0.35065 45.73 5.21
Pharmaceutical Science 0.092 0.008 0.076 0.108 0.00000 23.23 4.66
Nuclear & High Energy Physics 0.038 0.0058 0.027 0.049 0.00000 31.67 4.15
Neuropsychology & Physiological Psych -0.014 0.006 -0.026 -0.002 0.01963 70.08 7.3
Health Social Science 0.162 0.0091 0.144 0.18 0.00000 17.89 4.33
Cultural Studies 0.161 0.026 0.11 0.212 0.00000 4.25 3.47
Health Information Management 0.004 0.0155 -0.026 0.034 0.79636 13.47 2.94
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Table 5.5: The estimations of log-likelihood and AIC of zero-modified hooked power law and
standard hooked power law models. ZMHPL, HPL, and Log-lik. are acronyms for “zero-modified
hooked power law”, “standard hooked power law”, and Log-likelihood, respectively.

Subject Log-lik. ZMHPL Log-lik. HPL AIC ZMHPL AIC HPL
Food Science -15694.57 -15712.42 31393.14 31428.84
Cancer Research -18710.51 -18841.98 37425.02 37687.96
Marketing -16172.46 -16188.66 32348.92 32381.32
Filtration & Separation -6765.71 -6781.02 13535.42 13566.04
Physical & Theoretical Chemistry -18075.55 -18081.05 36155.1 36166.1
Computer Science Application -15779.17 -15790.78 31562.34 31585.56
Management Science & Operations Research -17286.35 -17314.17 34576.7 34632.34
GeoChemistry & Petrology -18328.91 -18333.36 36661.82 36670.72
Economics & Econometrics -13483.45 -13595.78 26970.9 27195.56
Energy Engineering & Power Technology -15904.64 -15998.36 31813.28 32000.72
Computational Mechanics -7777.71 -7779.19 15559.42 15562.38
Global & Planetary Change -14991.45 -15004.25 29986.9 30012.5
Virology -18682.86 -18688.03 37369.72 37380.06
Metals & Alloys -15761.35 -15833.7 31526.7 31671.4
Control & Optimization -9182.94 -9182.95 18369.88 18369.9
Critical Care & Intensive Care Medicine -17714.16 -17861.1 35432.32 35726.2
Developmental Neuroscience -7261.24 -7261.72 14526.48 14527.44
Pharmaceutical Science -14858.51 -14920.42 29721.02 29844.84
Nuclear & High Energy Physics -17775.43 -17798.31 35554.86 35600.62
Neuropsychology & Physiological Psych -10107.5 -10110.08 20219 20224.16
Health Social Science -13556.99 -13684.35 27117.98 27372.7
Cultural Studies -8373.44 -8385.05 16750.88 16774.1
Health Information Management -3382.23 -3382.27 6768.46 6768.54

Table 5.5 contains the information of AIC corresponding to both zero-modified

and standard versions of hooked power law distribution. The AIC values show the

zero-modified models for all subjects have better fits.

5.6.3 Zero-modified discretised Weibull distribution

In Figure 5.4 the estimates of the zero-modification parameters from the discretised

Weibull distribution and their 95% confidence intervals for all the 23 subjects are shown.

In Table 5.6 the details of the estimations related to all parameters are also reported.

An extended version of Table 5.6 that includes estimates and confidence intervals for

all parameters is reported in Table B.3.

Based on Table 5.6, relative to a discretise Weibull distribution only one estimate of

the zero-modification parameter is significantly positive, 15 being significantly negative

and 7 non-significant. There is both zero-inflation and zero-deflation and possibly
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no evidence for zero-modification based on the data relative to the discretise Weibull

distribution among the 23 disciplines.

Figure 5.4: Zero-modification parameters and their confidence intervals relative to a zero-
modified discretised Weibull distribution for 23 Scopus categories.

Table 5.6: Parameter estimates: Zero-modified Weibull for 23 Scopus categories. SE, CIL,
and CIU are acronyms for "standard error", "lower band of a confidence interval", and "upper
band of a confidence interval", respectively.

Subject ω SE-ω CIL-ω CIU-ω p-value q β

Food Science -0.022 0.0121 -0.046 0.002 0.06904 0.82 0.80
Cancer Research 0.044 0.0076 0.029 0.059 0.00000 0.90 0.81
Marketing -0.068 0.0133 -0.094 -0.042 0.00000 0.80 0.70
Filtration & Separation -0.026 0.0064 -0.039 -0.013 0.00005 0.95 1.00
Physical & Theoretical Chemistry -0.023 0.0059 -0.035 -0.011 0.00010 0.91 0.94
Computer Science Application -0.211 0.0273 -0.265 -0.157 0.00000 0.67 0.56
Management Science & Operations Research -0.014 0.0098 -0.033 0.005 0.15313 0.85 0.78
GeoChemistry & Petrology -0.029 0.0062 -0.041 -0.017 0.00000 0.91 0.90
Economics & Econometrics -0.036 0.0303 -0.095 0.023 0.23479 0.64 0.57
Energy Engineering & Power Technology 0.008 0.0142 -0.02 0.036 0.57318 0.80 0.72
Computational Mechanics -0.156 0.0256 -0.206 -0.106 0.00000 0.74 0.70
Global & Planetary Change -0.044 0.0063 -0.056 -0.032 0.00000 0.91 0.86
Virology -0.016 0.0052 -0.026 -0.006 0.00209 0.93 0.95
Metals & Alloys -0.04 0.0172 -0.074 -0.006 0.02004 0.76 0.66
Control & Optimization -0.178 0.0275 -0.232 -0.124 0.00000 0.71 0.66
Critical Care & Intensive Care Medicine 0.021 0.0113 -0.001 0.043 0.06311 0.83 0.70
Developmental Neuroscience -0.077 0.0146 -0.106 -0.048 0.00000 0.85 0.76
Pharmaceutical Science -0.017 0.0167 -0.05 0.016 0.30870 0.76 0.72
Nuclear & High Energy Physics -0.091 0.0126 -0.116 -0.066 0.00000 0.80 0.66
Neuropsychology & Physiological Psych -0.04 0.0095 -0.059 -0.021 0.00003 0.89 0.87
Health Social Science 0.012 0.0211 -0.029 0.053 0.56955 0.70 0.67
Cultural Studies -0.594 0.1712 -0.93 -0.258 0.00052 0.30 0.49
Health Information Management -0.229 0.0501 -0.327 -0.131 0.00000 0.70 0.56
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Table 5.7: The estimations of log-likelihood and AIC of zero-modified Weibull and standard
Weibull models. ZMWeibull and Log-like. are acronyms for “zero-modified Weibull” and
Log-likelihood, respectively.

Subject Log-lik. ZMWeibull Log-lik. Weibull AIC ZMWeibull AIC Weibull
Food Science -15697.36 -15699.2 31398.72 31402.4
Cancer Research -18765.27 -18780.4 37534.54 37564.8
Marketing -16223.56 -16240.18 32451.12 32484.36
Filtration & Separation -6774.66 -6782.97 13553.32 13569.94
Physical & Theoretical Chemistry -18098.38 -18106.26 36200.76 36216.52
Computer Science Application -15795.34 -15851.87 31594.68 31707.74
Management Science & Operations Research -17315.06 -17316.19 34634.12 34636.38
GeoChemistry & Petrology -18367.3 -18379.48 36738.6 36762.96
Economics & Econometrics -13464.95 -13465.75 26933.9 26935.5
Energy Engineering & Power Technology -15872.35 -15872.53 31748.7 31749.06
Computational Mechanics -7793.84 -7825.23 15591.68 15654.46
Global & Planetary Change -15042.92 -15070.79 30089.84 30145.58
Virology -18722.3 -18726.94 37448.6 37457.88
Metals & Alloys -15754.43 -15757.52 31512.86 31519.04
Control & Optimization -9208.25 -9244.91 18420.5 18493.82
Critical Care & Intensive Care Medicine -17712.35 -17713.92 35428.7 35431.84
Developmental Neuroscience -7287.59 -7305.8 14579.18 14615.6
Pharmaceutical Science -14855.6 -14856.18 29715.2 29716.36
Nuclear & High Energy Physics -17890.97 -17926.29 35785.94 35856.58
Neuropsychology & Physiological Psych -10131.39 -10141.62 20266.78 20287.24
Health Social Science -13589.61 -13589.77 27183.22 27183.54
Cultural Studies -8370.07 -8386.78 16744.14 16777.56
Health Information Management -3403.76 -3425.11 6811.52 6854.22

Table 5.7 includes the information of AIC corresponding to both zero-modified

and standard versions of Weibull distribution. The AIC values indicate the zero-

modified model has superiority over the standard version for all subjects, showing

the better fit to the data.

5.6.4 Assessment of the zero-modified models according to the
different base distributions by applying AIC

In Table 5.8 the details of AIC values and the estimates of zero-modification parameters

relative to the zero-modified models for all 23 subjects are reported. Based on the

information in Table 5.8, none of the models under consideration fits best in all cases, the

zero-modified hooked power law being the “best model” (under the AIC criterion) in 13

cases, the zero-modified Weibull in 6 cases and the zero-modified discrete lognormal in 4

cases. Examination of Table 5.8 does reveal some interesting pointers as to what may be

the best of the models under consideration for a given subject area. For 21 out of the 23

categories, the estimate of the zero-modification parameter for the model with the lowest

AIC is in the interval (−0.04, 0.08). Given the maturity of Scopus, it seems reasonable
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that there will be few categories for which more than 8% of articles are unciteable for

the reason previously outlined, or for which more than approximately 4% of relevant

articles with zero-citations are missing from the database. It is therefore reasonable

to speculate that if the value of the fitted zero-modification parameter is substantially

outside of (−0.04, 0.08) then there are doubts about the suitability of the model. The two

exceptions to this for the models under consideration here are Health Social Science and

Cultural Studies. For the former, the best fitting model was the zero-modified hooked

power law with a zero-modification parameter estimate of 0.16, and for the latter the

zero-modified Weibull with a zero-modification parameter of -0.59.

Table 5.8: AIC values and the estimates of zero-modification parameter for zero-modified
version of discretised lognormal, hooked power law and Weibull for 23 Scopus categories.
Best fitting distributions are in bold. ZMDLN, ZMHPL, and ZMWeibull are acronyms for
“zero-modified discretised lognormal”, “zero-modified hooked power law” and “zero-modified
Weibull”, respectively.

Subject AIC ZMDLN ω AIC ZMHPL ω AIC ZMWeibull ω

Food Science 31450.58 0.09 31395.14 0.04 31400.72 -0.02
Cancer Research 37463.12 0.12 37427.02 0.08 37536.54 0.04
Marketing 32368.34 0.08 32350.92 0.04 32453.12 -0.07
Physical & Theoretical Chemistry 36178.02 0.04 36157.1 -0.01 36202.76 -0.02
Management Science & Operations Research 34601.58 0.09 34578.70 0.04 34636.12 -0.01
GeoChemistry & Petrology 36669.80 0.04 36663.82 -0.01 36740.60 -0.03
Computational Mechanics 15566.98 0.03 15561.42 -0.02 15593.68 -0.16
Control & Optimization 18377.46 0.05 18371.88 0.00 18422.50 -0.18
Developmental Neuroscience 14552.92 0.04 14528.48 -0.01 14581.18 -0.08
Nuclear & High Energy Physics 35598.62 0.08 35556.86 0.04 35787.94 -0.09
Neuropsychology & Physiological Psych 20238.10 0.04 20221.0 -0.01 20268.78 -0.04
Health Social Science 27140.34 0.20 27119.98 0.16 27185.22 0.01
Health Information Management 6774.30 0.04 6770.46 0.00 6813.52 -0.23
Economics & Econometrics 26955.04 0.19 26972.90 0.19 26935.90 -0.04
Energy Engineering & Power Technology 31843.10 0.13 31815.28 0.10 31750.70 0.01
Metals & Alloys 31546.04 0.12 31528.70 0.10 31514.86 -0.04
Critical Care & Intensive Care Medicine 35469.04 0.13 35434.32 0.11 35430.70 0.02
Pharmaceutical Science 29747.64 0.13 29723.02 0.09 29717.20 -0.02
Cultural Studies 16747.46 0.12 16752.88 0.16 16746.14 -0.59
Filtration & Separation 13471.5 0.02 13537.42 -0.03 13555.32 -0.03
Computer Science Application 31556.04 0.05 31564.34 0.04 31596.68 -0.21
Global & Planetary Change 29961.92 0.03 29988.90 -0.02 30091.84 -0.04
Virology 37268.22 0.05 37371.72 -0.01 37450.60 -0.02

Further insights may be gained by examining the nature of the distributions. As is

clear from its probability mass function, the hooked power law distribution is a decaying

distribution, that is zeros have the greatest probability of being observed, (hence a

hooked power law distribution has a zero-mode), the probability of observing a zero being
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increased if zero-inflation is present. Whilst a Weibull distribution may have a mode at

a positive value, this requires a beta parameter > 1, which is not the case for all such

estimates for the data being considered here. A discrete lognormal distribution does in

general have a positive mode but may have a zero mode if the values of its two parameters

are close. Of course, while zero-inflation may result in a zero-inflated discretised lognormal

distribution having a mode at zero, a secondary mode will usually occur at a positive

value. Two of the four subject areas for which the discrete lognormal is the best fitting

model have an observed mode greater than zero; whilst the observed citation counts for

Computer Science Application have a zero mode, from Table 5.2 the estimates of the

parameters of the non-zero part of the model are 1.56 and 1.29, and hence the data are

consistent with a zero-modified discrete lognormal distribution. The remaining subject

area that is best fitted by a zero-modified discrete lognormal distribution is Virology,

whilst here the observed mode is at zero, there is a secondary mode at 4.

For all other categories, the observed citation counts follow a descending pattern and

thus are “candidates” for being best fitted by a zero-modified hooked power law or a

zero-modified Weibull, (for Neuropsychology & Physiological Psychology the number

of observed zeros and 1s are 207 and 213 respectively, but for this subject area there

is zero-deflation relative to a hooked power law distribution, and once this deflation

has been taken into account the observed distribution decays). For the data considered,

in four of the six subject areas for which the zero-modified Weibull is the best fitting

distribution, the estimate of the zero-modification parameter is non-significant, the

exceptions being Metals and Alloys, which is significant at a level of 0.05, but not at

0.02, and Cultural Studies. Whilst the estimated zero-modification parameter of -0.594

relative to a zero-modified Weibull distribution is significant, as discussed above, such

a parameter estimate does not seem feasible. The same is true for the estimates of

0.117 and 0.161 relative to the hooked power law and discrete lognormal, indicating

that this subject area should be further investigated.
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Figure 5.5, 5.6, and 5.7 contain examples of the observed distribution of citation

counts for subject areas best fitted by zero-modified versions of discrete lognormal,

hooked power law, and Weibull distributions.

Figure 5.5: Example of observed data with non-zero-mode: Global and Planetary Change
category; 50 most frequent citation counts. (Best fitted by the zero-modified discrete lognormal
in blue color).
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Figure 5.6: Example of data with a zero-mode: Computational Mechanics; 50 most frequent
citation counts. (Best fitted by the zero-modified hooked power law in blue color).

Figure 5.7: Example of data with a zero-mode: Energy Engineering & Power Technology
category; 50 frequent citation counts. Here the number of zeros is much greater than the
number of any other count, but there is no evidence of zero inflation relative to a Weibull
distribution. (Best fitted by the zero-modified Weibull in blue color).
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Table 5.9 presents (bootstrapped) confidence intervals for the AIC values relative to

the zero-modified models for the various subject areas under the three base distributions

considered. If confidence intervals for the AICs of two different models overlap, then

there is not significant evidence that one model is better than the other. For any given

subject area the confidence intervals of all three distributions overlap, and thus it may not

be claimed that the “best fitting distribution” fits significantly better than the remaining

two. Whilst, say a zero-inflated hooked power law distribution might best fit the observed

data from a given category, it is not possible to claim with certainty that this distribution

will always be the best fitting model for that category.

Table 5.9: The percentile confidence intervals for AIC values for zero-modified versions
of discretised lognormal, hooked power law and Weibull for 23 Scopus categories. ZMDLN,
ZMHPL, and ZMWeibull are acronyms for “zero-modified discretised lognormal”, “zero-modified
hooked power law” and “zero-modified Weibull”, respectively.

Subject ZMDLN ZMHPL ZMWeibull
Lower Upper Lower Upper Lower Upper

Food Science 31090.6 31777.9 31049.8 31734 31053.8 31761.7
Cancer Research 37077.2 37860.3 37027.6 37810.4 37117.2 37909.4
Marketing 32000.7 32741.3 31977.8 32702.5 32065.1 32834.2
Physical & Theoretical Chemistry 35866.7 36448.0 35858.2 36450.6 35904.1 36513.5
Management Science & Operations Research 34222.9 34991.7 34185.5 34925.6 34266.9 34984.1
GeoChemistry & Petrology 36343.0 36979.4 36346.6 36980.8 36392.2 37076.2
Computational Mechanics 15312.7 15804.4 15287.8 15797.5 15306.4 15838.3
Control & Optimization 18104.3 18677.0 18066.2 18665.7 18125.4 18719.7
Developmental Neuroscience 14325.6 14777.2 14308.3 14727.7 14338.1 14812.5
Nuclear & High Energy Physics 35187.9 35995.2 35160.9 35922.2 35262.2 36229.3
Neuropsychology & Physiological Psych 19998.5 20493.9 19953.4 20464.1 20016.0 20514.3
Health Social Science 26742.9 27531.9 26695.2 27560.7 26757.7 27586.6
Health Information Management 6573.4 6958.5 6584.9 6969.7 6626.8 6996.6
Economics & Econometrics 26511.9 27390.0 26488.6 27463.9 26475.0 27386.7
Energy Engineering & Power Technology 31445.6 32256.1 31443.9 32194.0 31344.1 32166.3
Metals & Alloys 31142.5 31951.0 31124.6 31938.1 31102.2 31929.4
Critical Care & Intensive Care Medicine 35038.1 35855.4 35007.6 35837.3 35012.1 35834.5
Pharmaceutical Science 29366.2 30118.5 29336.4 30088.5 29310.2 30109.5
Cultural Studies 16310.2 17146.3 16364.9 17148.2 16339.5 17166.4
Filtration & Separation 13279.3 13641.4 13353.5 13712.8 13375.9 13731.0
Computer Science Application 31125.3 31979.7 31139.7 31988.3 31170.8 32026.9
Global & Planetary Change 29679.6 30260.5 29702.5 30280.7 29771.0 30370.3
Virology 36959.5 37574.0 37064.3 37702.5 37133.6 37754.5
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5.7 Discussion

The principal purpose of this chapter is to introduce and assess procedures for zero

modified models that admit both zero-deflation and inflation, rather than to discuss the

implications of the fitted distributions and estimated parameters for the fields under

analysis. Some results are included that are of interest in themselves, however. The

results show that zero-modification is not an absolute concept, but rather occurs relative

to a given distribution. We use the term “absolute” in its philosophical sense, i.e.

independent, permanent, and not subject to qualification. Clearly this is not the case

here as zero-inflation or deflation is relative to the count model being employed. For

example, the estimated value of the zero-modification parameter for Neuropsychology

and Physiological Psychology is 0.044 relative to the discretised lognormal distribution,

but −0.040 relative to a hooked power law distribution, both estimates being significant.

Thus, with the former distribution as the base-model there is statistical evidence of

zero-inflation and hence “unciteable articles” within the field, but with the latter as

the base distribution there is no such evidence of unciteable articles; instead there is

evidence that some uncited articles may have been excluded.

It is thus important to determine the best fitting base distribution to accurately

determine the presence of zero-inflation or zero-deflation (or the absence of either), and

the presence of zero inflation /deflation relative to one model is insufficient to prove

that there are perfect or omitted zeros. It is also important to consider the reality

of a model, and not just rely on statistics. If for example an estimate of 0.50 for the

zero-inflation parameter occurs, it does not make sense that half of the articles in the

field under consideration are unciteable.

In general, the zero-modified models for the base distributions show better fits to the

data in comparison to their non-modified versions. The zero-modified hooked power law

distribution is the best fitting model for 13 subject areas, the zero-modified Weibull best

fitting for 6 subject areas, the other 4 being best fitted by the zero-modified discrete

lognormal (Table 5.8 ). A zero-modified discrete lognormal tends to be the best fitting
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model when there is a positive mode or secondary mode, the zero-modified Weibull tends

to be the best fitting model when there is no evidence of zero-modification relative to

this distribution, and the zero-modified hooked power law when the observed citation

counts follow a decaying distribution with evidence of zero-modification.

5.8 Conclusion

This chapter introduces zero-modified distributions for citation count data, focussing on

zero-modified hooked power law, discrete lognormal and Weibull distributions. The new

fitting procedure allows the estimation of both positive and negative zero-modification

parameters, enabling the determination of confidence intervals for and statistical tests

of parameter estimates.

The results showed that each distribution fits citation count data better than the

others for some Scopus categories, and so it seems unlikely that there is a single best

distribution for citation count data. The results also show that both zero-inflation and

zero-deflation occur for citation count data but changing a base model can alter one type

to another. As a consequence of this, it is important to be wary of making definitive

statements concerning zero-inflation or zero-deflation. The zero-modified versions of the

distributions show better fits in comparison to their non-modified versions.

The nature of the observed citation counts distribution is also important in determining

which base distribution (of the three mentioned) should be chosen so that its zero-

modified version provides the best fit to the data. For cases with the existence of a

positive mode or secondary mode, a zero-modified discrete lognormal tends to have

the best fit, but for the cases with no evidence of zero-modification relative to the

distribution, the zero-modified Weibull is the candidate with the best fit. For the

cases with a decaying distribution accompanied by evidence of zero-modification, the

zero-modified hooked power law provides the best fit.

Overall, based on the previous research related to the modelling of citation count data,

it seems that the non-zero-modified and more zero-modified versions of the mentioned
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distributions are more compatible with the initial characteristics of citation count data

(mass point at zero, highly-right skewness, and heteroskedasticity).
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6
Bayesian two-part quantile regression models

for citation analysis

6.1 Introduction

As introduced above, quantile regression is a technique to analyse the effects of a set

of independent variables on the entire distribution of a continuous response variable.

Quantile regression presents a complete picture of the effects on the location, scale, and

shape of the dependent variable at all points, not just at the mean. This chapter focuses

on two challenges for the analysis of citation counts by quantile regression: discontinuity

and substantial mass points at lower counts, such as zero, one, two, and three.

A Bayesian two-part quantile regression model was proposed by King and Song

(2019a) as a suitable candidate for modeling count data with a substantial mass point

at zero. Their model allows the zeros and non-zeros to be modeled independently but

simultaneously. It uses quantile regression for modeling the non-zero data and logistic

regression for modeling the probability of zeros versus non-zeros. Nevertheless, in this

chapter, it is shown that substantial mass points also at one, two, and three for citation

counts will almost certainly affect the estimation of parameters in the quantile regression

part of the model in a similar manner to the mass point at zero.

81
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A new update of the King and Song model will be proposed by shifting the hurdle

point from zero to three, past the main mass points. It will be shown that the new

model delivers more accurate quantile regression for moderately to highly cited articles,

especially at quantiles corresponding to values just beyond the substantial mass points,

and enables estimates of the extent to which factors influence the chances that an

article will be low cited. To illustrate the advantage and potential of this method, it is

applied separately to both simulated citation counts and also seven Scopus fields with

collaboration, title length, and journal internationality as independent variables. This

chapter is based on the findings of the article of Shahmandi et al. (2021).

6.2 Asymmetric Laplace distribution

In the following, the (three-parameter) Asymmetric Laplace Distribution (ALD) is

defined. This distribution will be used for development of the Bayesian version of

QR. The Asymmetric Laplace distribution (ALD) (Yu and Zhang, 2005) with three

parameters has the density probability function:

f(yi|µ, σ, τ) =
τ(1 − τ)

σ
exp

{

ρτ

(

yi − µ

σ

)

}

(6.1)

where µ ∈ R, σ > 0, and τ ∈ [0, 1] are respectively location, scale, and skewness

parameters and ρτ (r) = τ max(r, 0) + (1 − τ) max(−r, 0) is the check loss function.

For a random variable W where W ∼ ALD(µ, σ, τ), there is a location-scale mixture

representation which follows a normal distribution with specific parameters (e.g.,

Kozumi and Kobayashi, 2011; Lee and Neocleous, 2010). In fact:

W = θv + ψ
√
σvu

that

W |v ∼ N (µ+ θv, ψ2σv) (6.2)
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where

θ =
1 − 2τ

τ(1 − τ)
, ψ2 =

2

τ(1 − τ)

where u and v are independent variables, u follows a standard normal distribution,

and v is exponentially distributed with mean σ. This valuable feature of ALD enables

the use of QR in the Bayesian framework.

6.3 Bayesian quantile regression

The regression model for quantile level τ of the response is

QYi
(τ |xi) = xi

T βτ (6.3)

where βτ is estimated by solving the minimization of the sample objective function:

min
βτ

n
∑

i=1

ρτ

(

yi − xi
T βτ

)

(6.4)

where ρr is the check loss function.

Because of the distribution-free characteristic of QR, the minimisation of Equation

6.4 can be considered as a non-parametric problem. A challenge for defining the Bayesian

version of the QR is that the Bayesian framework needs the likelihood function of

the model. Different approaches have been suggested to make a working likelihood.

Dunson and Taylor (2005) presented a likelihood term based on Lavine’s (Lavine, 1995)

substitution likelihood, which has the potential of fitting regression on more than one

quantile level at the same time. Reich et al. (2009) focused on an infinite mixture

of normal distributions as an error term in the QR model. An empirical likelihood

for simultaneously modeling multi quantile levels was used by Yang and He (2012).

However, the ALD method proposed by Yu and Moyeed (2001) is the simplest and

most understandable method for this purpose.

Yu and Moyeed (2001) suggested that by considering the location parameter in ALD

as a linear function of the independent variables, µ = xi
T βτ ,
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f(yi|βτ , σ, τ) =
τ(1 − τ)

σ
exp

{

ρτ

(

yi − xi
T βτ

σ

)

}

(6.5)

the maximum likelihood estimator of βτ in Equation 6.5 can also be obtained by min-

imisation of Equation 6.4 for every fixed τ (Yu and Moyeed, 2001). In another word, QR

may be regarded as a linear regression in which the error term follows ALD distribution:

yi = xi
T βτ + ǫi

where ǫ ∼ ALD(µ, σ, τ). The maximum likelihood estimate for βτ is the same as

the estimate obtained by minimising the QR objective function (relationship 6.4). ALD,

as demonstrated in Section 6.2, has a normal-form representation that can be used as

a likelihood function in providing the Bayesian form of QR.

Now, the components, which include a normal-base likelihood and considering non-

informative priors to allow the likelihood base to have a greater influence on building

the posterior, are ready for making the structure of the Bayesian QR:

Yi|vi,βτ , σ ∼ N (xi
T βτ + θvi, ψ

2σvi)

vi ∼ E(σ)

βτ ∼ N (b̃, B̃)

σ ∼ IG(ñ, s̃)

(6.6)

where E denotes the exponential distribution with mean σ, N represents a normal

distribution with hyperparameters b̃ and B̃, and IG denotes an inverse gamma distribution

with the hyperparameters ñ and s̃. The non-informative priors for parameters with

domains in R are typically normal or uniform distribution, whereas priors for parameters

with domains in R+ are typically inverse gamma or Cauchy.

The posterior distribution of the parameters has formula

π(βτ , σ, vi|Y ) ∝
n
∏

i=1

f(Yi|βτ , σ, vi, τ)π(βτ )π(σ)π(vi|σ) (6.7)
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where f(Yi|.) is the normal function specified in Equation 6.6 and π(β), π(σ), π(vi|σ)

are the prior distributions for βτ , σ, vi respectively.

To approximate the posterior distribution, the MCMC method (for more details see

Section 4.7) will be used. MCMC is a computer-intensive method that allows simulation

from the posterior distribution, while the posterior does not need to be calculated.

6.4 What is the problem of QR for citation analysis

and what is the solution?

The continuity of the dependent variable is important for minimisation of the objective

function in QR. A discrete dependent variable leads to non-differentiability of the objective

function, resulting in problems deriving the asymptotic distribution of the conditional

quantiles. A substantial mass point at zero in the data results in all conditional quantiles

less than the proportion of the zeros being equal to zero. In scientometrics, some articles

fit QR models with the assumption of continuity of citation counts and simply ignore

the fact that this is not the case, leading to misspecified estimates for parameters in

the model. In other articles, citation counts were normalised by different methods, or a

random positive value was added to each citation count to account for the discontinuity.

In general, for the case of a discrete variable, jittering proposed by Machado and Silva

(2005) is used. In jittering, random noise in the interval (0, 1) is added to each data point

to make the dependent variable continuous. In the situation of a substantial mass point

at zero, researchers frequently focus on the interpretation of the upper quantiles of the

dependent variable because the apparent variation in the lower tail might be a consequence

of random noise produced by the jittering process (Wu et al., 2014). In practice, some

important parts of the analysis can be lost. For instance, in the case of the citation

counts as a dependent variable, we can lose the information about the effects of factors

(as independent variables in the model) on zero or very low cited articles. Therefore, a

new methodology related to QR should be considered to tackle these challenges.

The approach proposed in this chapter is an extension of the Bayesian two-part QR

model of King and Song (2019a). Having a two-part structure is a fundamental aspect
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of this model. The two-part model of King and Song (2019a) allows zero and non-zero

citations to be modeled separately. The QR part of the model is for modeling the non-

zeros, and logistic regression is used for modeling the probability of zeros versus non-zeros.

The Bayesian structure of the model assists the estimation of model parameters. In

addition, King and Song (2019a) showed another advantage of the application of the

Bayesian technique for this model. By simulation, it was shown that the estimates

of parameters based on the Bayesian method are more precise in comparison to their

classical counterparts even for small sample sizes and when the prior information of

the parameters in the model is non-informative.

In the case of citation count data, through trial and error, we found that the counts

with frequencies around 6% or higher, which mostly correspond to articles with one,

two, or three citations, also influence the estimates of parameters in the QR part of the

two-part model in a similar manner to the substantial mass point at zero. They, for

example, reduce the precision of the estimates. Therefore, a new update of the model

will be proposed to reduce the effect of these substantial mass points (frequencies equal

or greater than about 6%) on the estimation of the model, as mass points less than

this appear to have little effect on subsequent estimation.

6.5 Two-part models

A two-part model was first discussed by Aitchison (1955) for modeling a positive dependent

variable with a mass point at zero. It was a good candidate for modeling a mixed discrete-

continuous (semicontinuous) dependent variable. It was also applied for cases where the

continuous part was replaced by discrete or count data (Mullahy, 1986). The model is a

mixture of a Bernoulli distribution and a positive distribution. All zeros are considered

as count (sampling) zeros and the Bernoulli part focuses on modeling the probability of

observing zeros versus non-zeros and a positive distribution concentrates on modeling

the positive data. In this situation, the parameters in the two components are estimated

independently but simultaneously. The model relies on this assumption that both zeros

and positive count data stem from two different data generating processes.
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Cragg (1971) also used the two-part model for semicontinuous data. A probit

regression was applied for the Bernoulli part and a truncated normal distribution for

the non-zero continuous data. Historically the model fitted to the continuous data was

a conditional mean model, but more recently there has been an interest in modeling

all conditional quantiles of the dependent variable instead of just its conditional mean.

For this objective, Santos and Bolfarine (2015) proposed a Bayesian two-part model for

proportion data with a mass point at zero. The continuous component of the model was

based on the ALD that allows more inference for different quantiles of the dependent

variable instead of just its mean. King and Song (2019a) also applied the model proposed

by Santos and Bolfarine (2015) and updated it for the case of a discrete dependent

variable. By using a special transformation, a semicontinuous variable was provided.

Then logistic regression was used for the Bernoulli part and quantile regression was

also employed for modeling the non-zero continuous data.

6.6 A new update of the Bayesian two-part quantile

regression

King and Song (2019a) introduced a Bayesian two-part QR model with a hurdle at

zero to analyse count data with a substantial mass point at zero. The proposed model

was divided into two parts: one for modelling the probability of zeros vs non-zeros

using logistic regression, and another for modelling different quantiles of the distribution

of the remaining data. The ALD distribution was also used for the purpose of fitting

Bayesian QRs (for more details see Section 6.3). Because quantile regression was originally

proposed for continuous data, the non-zero count data should be converted to meet

this requirement. For the first step, King and Song (2019a) suggested using a jittering

transformation 6.8 with a hurdle point at zero. The proposed transformation separated

mass zeros from the rest of the data, and the rest became continuous by adding random

noise to the counts (jittering method) and then applying the ln function (log function

for base e) to make the domain of the counts compatible with the ALD distribution.
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y∗
i =

{

0 yi ≤ 0
ln (yi − ui) yi > 0

(6.8)

However, for the case of citation counts a new version of this transformation should

be proposed with a different hurdle point c, as in citation counts, there are substantial

mass points at lower counts as well as zero. Our new update on this transformation is:

y∗
i =

{

0 yi ≤ c
ln (yi − c− ui) yi > c

(6.9)

By this transformation, all substantial mass points less than or equal to c are mapped

to zero and the rest of the data are converted to a real number in the domain of

the ALD distribution. The distinction between transformations 6.8 and 6.9 refers

to the different hurdle points.

Then the two-part probability function has the form

f(y∗
i |γ,βτ , σ, vi, τ) = (ωi) . I(y

∗
i = 0)+(1−ωi). N (xi

T βτ +θvi, ψ
2σvi) I(y

∗
i 6= 0) (6.10)

where ωi = P (y∗
i = 0) and I is the indicator function. In the literature, the parameter

ω has been used both to denote the probability of observing a non-zero (for example

King and Song (2019a)), and a zero, (for example Santos and Bolfarine (2015), Ospina

and Ferrari (2012)). Previous research in the area of citation count analysis, for example

Didegah et al. (2013), has used ω to denote the probability of observing a zero, thus

we shall follow this precedent here.

A logit link is usually applied to model ωi based on a linear combination of the

independent variables

logit(ωi) = zi
T γ (6.11)

where zi is a vector of independent variables and γ is a vector of unknown parameters

that correspond to zi and must be estimated. The variables used to model ωi may or

may not be the same as those used to model the non-zero data.
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The two-part model is a linear combination of a continuous normal distribution

(corresponding to QR for modelling the jittered non-zero citation counts) and a point

distribution at zero. ωi and 1 − ωi are respectively the contributions of the point

distribution and the continuous distribution in this mixture. In this model, the zeros

and non-zeros are modelled separately but simultaneously.

The probability function of 6.10 can be rewritten as

f(y∗
i |.) = (1 − ωi)

I(y∗

i
=0)
[

ωi. N (xi
T βτ + θvi, ψ

2σvi)
]I(y∗

i
6=0)

= (1 − ωi)
I(y∗

i
=0)ω

I(y∗

i
6=0)

i

[

N (xi
T βτ + θvi, ψ

2σvi)
]I(y∗

i
6=0)

=

[

1

1 + exp(zi
T γ)

]I(y∗

i
=0)[

1

1 + exp(−zi
T γ)

]I(y∗

i
6=0)

×
[

N (xi
T βτ + θvi, ψ

2σvi)
]I(y∗

i
6=0)

then the likelihood function is

L(y∗
i |.) =

n
∏

i=1

f(y∗
i |.)

=
∏

κ0

[

1

1 + exp(zi
T γ)

]

∏

κ1

[

1

1 + exp(−zi
T γ)

]

×
∏

κ1

[

N (xi
T βτ + θvi, ψ

2σvi)
]

(6.12)

where κ0 = {i|y∗
i = 0} and κ1 = {i|y∗

i 6= 0}. This likelihood function also shows

the hurdle style allowing the logistic and continuous portions to be split. To follow the

Bayesian framework, in Equation 6.7, y∗
i is replaced by yi, 6.12 replaces the likelihood

term, and the prior information of the γ is also added. Then we have:

π(βτ ,γ, σ, vi|y∗) ∝
n
∏

i=1

f(y∗
i |βτ , σ, vi, τ)π(βτ )π(γ)π(σ)π(vi|σ) (6.13)



90 6.6. A new update of the Bayesian two-part quantile regression

where the non-informative priors for all parameters are considered as

π(βτ ) ∼ N (b̃, B̃)

π(vi) ∼ E(σ)

π(σ) ∼ IG(ñ, s̃)

π(γ) ∼ N (g̃, G̃)

where E denotes the exponential distribution with mean σ, N represents a normal

distribution with hyperparameters b̃ and B̃ for βτ , and also g̃ and G̃ for γ. In addition,

IG denotes an inverse gamma distribution with the hyperparameters ñ and s̃. If B̃ = σ2
βI

and G̃ = σ2
γI, then considering larger values for σ2

β and σ2
γ causes less informative prior

distributions. More information related to the priors and posteriors are provided in

Kozumi and Kobayashi (2011), Santos and Bolfarine (2015), and King and Song (2019a).

To approximate the posterior distribution, MCMC method is used.
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6.7 Simulation study

The emphasis in this section is on determining how substantial mass points at lower

counts in citation analysis can influence the estimates of the QR part of the two-part

model. A simulation study is being carried out to achieve this goal.

Samples with sizes 500, 1000 and 3000 are simulated from continuous lognormal

distribution (LN ) with mean (2 − 0.2 ∗ x1 + 0 ∗ x2 + ǫ) and standard deviation 0.4 where

x1 ∼ LN (2, 2) , x2 ∼ N (0.5, 0.5), and ǫ ∼ N (0, 1). The lognormal distribution was

chosen because it approximates the typical distribution of citation counts. The floor

function was used for the simulated values less than 4 to simulate substantial mass points

at 0, 1, 2 and 3. The intercept value of 2 and the coefficient −0.2 of x1 were chosen

so that approximately 45% of the data will be zeros and 75% of the data less than 3,

similar to much citation count data. The coefficient of x2 was chosen as zero to enable

comparison of the proposed models when one of the variables is non-significant.

Bayesian QR and Bayesian two-part QR models with hurdle at 0, and with hurdle

at 3 will be fitted. The objective is to compare Bayesian QR with the QR parts of the

two-part models with hurdles at 0 and 3. For each sample size and for each quantile

level, the Bayesian QR model is fitted to the whole data. Then the quantile level of

the corresponding quantile value is found in the data in which the zeros are excluded

and the Bayesian QR model is fitted, (i.e. the QR part of the two-part model with

hurdle at 0). Next, the quantile value corresponding to the quantile level is found in

the data in which all substantial mass points (including 0,1,2, and 3) are removed and

the Bayesian QR model is fitted for the corresponding quantile (this model is the QR

part of the two-part model with hurdle at 3).

For more clarification, suppose the specific quantile level is 0.85, and the Bayesian

QR model is fitted to the whole data at this quantile. Assume the value corresponding

to this quantile is 7.640. Now the quantile corresponding to 7.640 for the data with zeros

removed is computed; assume it is 0.70. Then the Bayesian QR model is fitted to this

data (> 0) for the 0.70 quantile. This model is the QR part of the two-part model with
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a hurdle at 0. Next, the quantile level corresponding to 7.640 is found in the data with

substantial mass points at 0,1,2, and 3 removed. Assume this is 0.40. The Bayesian QR

model is fitted to this data (≥ 3) at this quantile. The estimates of parameters based

on this model are the QR part of the two-part model with a hurdle at 3.

This process is repeated 100 times for each sample size, and for 4 specific quantiles

of 0.75, 0.85, 0.90, and 0.95 (of the whole data) separately. For each combination, the

prediction error of each model, the mean squared error of the parameters’ estimates

(intercept excluded), and the width of the credible intervals for both independent

variables x1 and x2 are computed.

The function jags from the R-library R2jags, which is based on Gibbs sampler, was

used for MCMC computation corresponding to the Bayesian QR models. In this function,

three chains ran. For each chain, 10000 iterations with burn-in 1000 and thinning number

of 90 were considered. The quality of the obtained MCMC samples was assessed based on

both qualitative (graphical) and quantitative diagnostics. For example, autocorrelation

plots showed by increasing the lag number, the correlation between the samples decreases

sharply and approaches zero, indicating the independence among the samples. In addition,

the PSRF diagnostic and its values near 1 showed achieving convergence in the MCMC

chains. The ESS diagnostic revealed the reasonable number of independent samples for

parameters of each model. R code related to the simulations is available online 1.

Finally, for each model, boxplots of the prediction errors, the mean square errors of

the parameters’ estimates, and the width of the credible intervals are compared. The

results are reported in Figure 6.1, Figure 6.2, Figure 6.3, and Figure 6.4.

Figure 6.1 shows the prediction errors (y − ŷ) where ŷ is calculated for each fitted

model for each quantile and sample size. It shows that the prediction error for the QR

part of the two-part model with hurdle at 3 is smallest, followed by the model with

hurdle at 0, and then followed by the Bayesian QR (no-hurdle model).

1https://github.com/shahmandi/Bayesian-Two-Part-Quantile-Regressions
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Figure 6.1: Prediction errors based on different models and sample sizes

Figure 6.2 displays the mean square errors of the parameters’ estimates computed

based on the formula:

MSE =
1

p

p
∑

i=1

(βi − β̂i)
2

where p is the number of independent variables, not including the intercept, in the

model. All calculations were based on a sample size of 1000 and quantile levels of

0.76, 0.78, and a sequence from 0.81 to 0.99 (of the whole data). The first quantile

was chosen as 0.76 because its corresponding value is just greater than three. This

set of quantile levels are thought to present a complete picture of the trend of the

mean squared errors corresponding to all three models. Smaller values (near zero) of

the mean squared errors are desirable.

The results show that, in general, for quantile levels lower than 0.93, the hurdle

model at 3 outperformed the hurdle model at 0. In addition, the hurdle models present

more precise estimates in comparison to the no-hurdle model. However, for the cases

of quantile levels greater than 0.93, there are examples that show the hurdle model

at 0 has the poorest estimates in comparison to the other two models. Just for one

quantile level (0.99), the hurdle model at 3 shows larger mean squared errors. It can

be deduced that influence of the mass points is greatest at the quantiles shortly after

the mass points (where the hurdle models particularly the hurdle model at 3 show
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more accurate estimates), but by the time we reach the extreme upper quantiles the

influence has waned and the no-hurdle model returns better estimates as it is based

upon a larger sample size. In general, by increasing the quantile, the estimates of the

mean squared errors become larger for all three models.

Figure 6.2: Mean square errors for the parameter estimates (excluding intercept) for different
models with a sample size of 1000
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Figure 6.3 illustrates the width of credible intervals for the estimates of the coefficients

of x1 based on the different models and sample sizes. The credible intervals provided are

based on the percentiles of the posterior probability distribution. Credible intervals are

the Bayesian counterparts of confidence intervals in classical statistics. We see that by

increasing the sample size from 500 to 3000, the width of the credible interval decreases

considerably. Moreover, the QR part of the model with hurdle at 3 has the largest width

for all the quantiles, followed by the QR part of the model with hurdle at 0, followed

with the no-hurdle model. Again, this is as would be expected because less data is

available for the hurdle at 3 model than for the hurdle at 0 model. Similarly, less data

is available for the hurdle at 0 model than for the no-hurdle model.

Figure 6.3: Width of credible intervals for the estimates of x1

Figure 6.4 shows the widths of the credible intervals for the estimates of the coefficients

of x2 based on the different models and sample sizes. The coefficient of x2 in the model

from which the data was simulated was 0. That is, x2 is not significant. The figure

shows that for most of the quantiles and sample sizes, the widths of credible intervals

based on the three models are approximately the same. This approximate equality of

widths of credible intervals across the models is surprising given that the models all have
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different amounts of data available to them. It is unclear whether this phenomenon is

universal, or whether it only applies to specific data, this approximate equality of the

widths of credible intervals has also occurred in other simulations performed, however,

and is worthy of further investigation.

Figure 6.4: Width of credible intervals for the estimates of x2

The results of the simulation show that the model with hurdle at 3 in general returns

more accurate estimates based on the mean squared errors of the estimates of parameters

(excluding the intercept) at quantiles just beyond the hurdle. The hurdle models mostly

present more precise estimates for the parameters for moderate and high levels of quantiles

while for the extremely high quantiles, the no-hurdle model has better estimates due

to waning of the biasing influence of the mass points by this point, and the fact that

the no-hurdle model works off a greater amount of data. In addition, the model with

hurdle at 3 results in smaller prediction errors at the cost of wider credible intervals.

This followed by the model with hurdle at 0, then followed with the no-hurdle model.

Moreover, a larger sample size also decreases the differences between models for the width

of their credible intervals (particularly when the independent variable is not significant in

the model). Overall, the simulation study has the advantage of allowing us to generalise

the findings to reality when we apply these models to real citation data.
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6.8 Citation analysis example

In this section based on real citation datasets, three models including Bayesian QR

(no hurdle model), Bayesian two-part QR with hurdle at zero, and Bayesian two-part

QR with hurdle at three will be fitted and compared.

6.8.1 Data description

The data used in this section consists of citation counts for standard journal articles

(excluding reviews) published in the following seven Scopus fields: Arts and Humanities

(all), Literature and Literary Theory, Religious Studies, Visual Arts and Performing Arts,

Media Technology, Architecture, and Emergency Nursing. The articles were published in

the year 2010 and their information was extracted at the end of the year 2019, giving the

citation counts time to mature. These seven fields were selected because after discarding

the records with missing cells for computation of the dependent and possible independent

variables, they have the highest proportions of zeros and also they have maximum records

of 3000. The effect of sample size on computation time is a method limitation because

MCMC based on Gibbs sampler is time-consuming.

The number of citations for each article is the dependent variable. The independent

variables available were the number of keywords, the number of pages, title length, abstract

length, collaboration (the number of authors of an article), international collaboration,

abstract readability and journal internationality. Collaboration, length of title, and

journal internationality were selected as independent variables because with this selection

fewer records with missing data had to be discarded and the percentage of zeros in the

data remained high. The selected variables have a reasonably strong correlation with

the corresponding citation counts for most of the seven fields.

The highest proportions of zeros are related to both Literature and Literary Theory

and Arts and Humanities respectively (Table 6.1). The proportions of ones, twos, and

threes in comparison to the proportion of zeros are not huge but they are still noticeable.

There are no substantial mass points greater than 3 for the fields. The percentage of
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substantial mass points greater than zero in the fields varies from approximately 20% for

Media Technology up to 37% for Religious Studies. The total percentages of substantial

mass points for the fields of Literature and Literary Theory and Media Technology

are the largest (85%) and smallest (47%) respectively.

Collaboration, title length, and journal internationality were included in the models as

independent variables. Collaboration is a discrete variable, and the natural log function

of it was used in the models to provide a closer to linear relationship with the citation

counts. Media Technology and Architecture, respectively, have collaboration modes of 3

and 2. This number is 1 for the remaining fields. Another variable is title length that is

discrete as well. For the fields of Arts and Humanities (all), Emergency Nursing, and

Architecture, the most frequent title length is 11, for Literature and Literary Theory

and Media Technology, 10, for Religious Studies, 9, and for Visual Arts and Performing

Arts, 8. Journal internationality is a continuous variable on the interval [0, 1]. Journal

internationality was measured by the Gini coefficient (Gini, 1997), which is an absolute

measure of the geographic dispersion of authors in a journal. A value of 0 indicates the

highest level of internationality of the journal related to the article, and a value of 1

indicates the least internationality. Literature and Literary Theory, Arts and Humanities

(all), Visual Arts and Performing Arts, Architecture, Religious Studies, Emergency

Nursing, and Media Technology, respectively, have internationality ranges of [0.88, 0.99],

[0.81, 0.99], [0.86, 0.98], [0.84, 0.99], [0.89, 0.99], [0.820.98], and [0.75, 0.98]. The ranges

demonstrate that the internationality of the journals in the fields is low.

Table 6.1: Details of the citation count data for the seven fields from 2010 analysed

Field Number of articles Percentage of zeros Percentage of ones Percentage of twos Percentage of threes
Percentage of Total percentage of

substantial mass points substantial mass points
in 1 ≤ y ≤ 3

Literature and Literary Theory 3126 51 18 11 5 34 85
Arts and Humanities 1460 41 16 8 7 31 72
Visual Arts and Performing Arts 1799 39 16 10 6 32 71
Architecture 2215 36 16 10 7 33 69
Religious Studies 2176 32 18 11 8 37 69
Emergency Nursing 1299 39 10 6 5 21 60
Media Technology 1889 27 8 6 6 20 47
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Figure 6.5: The observed distributions of citation counts related to the articles of the different
fields

The observed distributions of the citation counts for all fields are compared in

Figure 6.5. The citation counts for all fields are limited to the interval [0, 50] to present

a better view. The observed distributions show highly right skewness in citation count

trends in different fields.
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6.8.2 The MCMC characteristics of the models

For estimating the parameters of the models including usual Bayesian QR, Bayesian

two-part QR with hurdle at 0, and Bayesian two-part QR with hurdle at 3, the MCMC

method with Gibbs sampling is applied. Based on a trial and error process for determining

the proper values of iterations, burn-in and thinning rate of the MCMC chains, it was

deduced that the autocorrelation plot as one convergence indicator for the parameters

corresponding to the journal internationality in both parts of the proposed model showed

a slowly decreasing pattern by increasing the lag number, indicating slow mixing in the

chain. To address this problem, large numbers of these hyperparameters are selected.

Three chains separately with iteration 100000, 50000 burn-in samples, and the thinning

rate of 160 are provided to approximate the posterior distributions of the parameters

and then their means are considered as the estimates of the parameters in the models.

MCMC is performed with the jags function of the package R2jags in R. A sequence of

quantiles from 0.05 to 0.95 is considered. As non-informative priors, normal distributions

are considered for the parameter vectors β and γ as well as an inverse gamma distribution

for σ. Qualitative (graphical) and quantitative convergence diagnostics, were applied

for checking the quality of the MCMC samples. The autocorrelation plots (explained in

Subsection 4.9.2) decreased and approached zero by increasing the lag number, showing

convergence in the chains. There are also reasonable values for the ESS and also PSRFs

near 1 for all parameters in the models.

In practise, running the Gibbs sampler with such large hyperparameter values is

computationally expensive. It prompted us to switch to the HMC algorithm (see

Subsection 4.7.3), which is a common sampler in cases where autocorrelation plots show

slow mixing and slow convergence corresponding to model parameters. HMC uses the

derivative of the logarithm of the target posterior distribution. The discontinuity of

the two-part model at hurdle point c creates no issues when using HMC as HMC is

sensitive to discontinuity in the parameter space rather than the data space. In the

model, all parameters are continuous and HMC differentiates and explores the posterior
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distribution of the parameters rather than the data. There are no derivatives of the

data because the data are fixed.

Four chains were run based on the HMC sampler, and for each chain, 2000 iterations,

1000 warm-ups and a thinning number of 2 are considered. MCMC computation is done

with the rstan function of the package rstan in R. The non-informative priors for both

β and γ are normal distribution and for σ, it is a Cauchy distribution. The MCMC

convergence indicators show a fast decreasing pattern for the autocorrelation plots and

higher ESS for HMC just by running a small number of iterations versus the Gibbs

sampler. The estimates of parameters based on both HMC and Gibbs samplers were

approximately the same. See Appendix C for more details about MCMC convergence

indicators corresponding to HMC. In addition, R code related to the MCMC computation

for both samplers is available online 2.

6.8.3 Model fitting results

6.8.3.1 Comparison of the QR part of the two-part models with the Bayesian
QR model

In the following, the results related to the QR parts of the Bayesian two-part QR models

with hurdle at 0, and 3 are compared to the results of the Bayesian QR.

In Figure 6.6, the linear effect of collaboration and its 95% credible intervals over all

the quantiles of the citation counts in different fields are shown. The credible intervals

provided based on the percentiles of the posterior probability distribution in Bayesian

statistics are counterparts of confidence intervals in classical statistics. The upper and

lower boundaries of the 95% credible intervals are represented by dashed lines. A narrower

band illustrates a smaller variance for the estimated parameter. When a band includes

zero, it indicates a non-significant effect related to the variable.

2https://github.com/shahmandi/Bayesian-Two-Part-Quantile-Regressions
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Figure 6.6: The parameter estimates for collaboration (β1) over the quantiles of the citation
count distribution separated by types of models
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The effects of collaboration on citation counts in Bayesian QR are significantly positive

at all quantiles for all fields. In comparison with two-part models with hurdle at 0 and

3, in the Bayesian QR model, the impact size of the collaboration for Literature and

Literary Theory and Emergency Nursing was the smallest over the quantiles while for

Architecture, Media Technology, Religious Studies, and Arts and Humanities, the effect

size is the greatest. Particularly for the field of Arts and Humanities that has substantial

mass points at lower counts, the difference in impact size based on the Bayesian QR

model against the hurdle models is considerable.

For the field of Visual Arts and Performing Arts for the first half of the quantiles,

the effect size of collaboration for the Bayesian QR model is the smallest, but for

the second half of the quantiles, it is the greatest. By discarding the substantial

mass points of the citation counts and fitting the models with hurdle at 0 and 3, the

collaboration effect stabilises over the quantiles for most of the fields (except Literature and

Literary Theory and Arts and Humanities), indicating collaboration equally influences

the moderately-cited and highly-cited articles.

For Literature and Literary Theory, the effect still follows an increasing trend based

on the hurdle models the same as the no-hurdle model, showing the most benefit of

collaboration for the highly-cited articles. However, for Arts and Humanities, based on

all three models, collaboration experiences a downward trend.

We can also see that the credible intervals for the model with hurdle at 3 are slightly

wider than those for the model with hurdle at 0 and the Bayesian QR model, which

was shown based on the simulation study (see Section 6.7).

In previous studies, collaboration has sometimes (but not always) been shown to be

related to citation counts. Previous research has used different datasets and statistical

methods to assess the relationship between citation counts and collaboration with differing

results. For example, Bornmann et al. (2012) used a negative binomial regression

model (with a log link) for approximately 2000 manuscripts that were submitted to the

journal Angewandte Chemie International Edition (AC-IE). The estimated coefficient

of collaboration was 0.023 (i.e. for each unit increase in collaboration, the log of the
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citation count increases by 0.023 on average) with a p-value greater than 0.05. However,

Borsuk et al. (2009) used ordinary least squares (OLS) regression to analyse data of

six journals in ecology from 1997 to 2004 and estimated that the effect size and p-value

were 0.196 and 0.005 respectively.

By applying the negative binomial hurdle model, Didegah (2014) also showed that

the collaboration has a significantly positive impact on citation counts for all subjects

of the Web of Science except Physics.

Figure 6.7 displays the linear impact of the length of title on the citation count

distribution across the quantiles in the various fields. Based on the Bayesian QR model,

in general, the effect is mostly positive but really small in size and just statistically

significant for some quantiles in some fields. According to this model, this effect fluctuated

gradually over the quantiles, illustrating that low, moderately, and highly cited articles

are equally influenced by this effect. The impact size of the length of title based on the

Bayesian QR is greatest for most of the fields and quantile levels in comparison to the

two-part QR models with hurdle at 0, and hurdle at 3. This effect is a significant factor

for just a few numbers of fields and quantiles based on the two-part models with hurdle

points of 0 and 3. By skipping the zero mass point and fitting the Bayesian two-part QR

model with hurdle at 0, the effect shows a flatter pattern in comparison to the Bayesian

QR model particularly for the fields of Emergency Nursing and Media Technology.

The effect based on the two-part model with hurdle at 3 shows a slightly different

pattern but still with small size for some quantiles in some fields. For example, it shows

the least effect size for lower quantiles of the citation counts for the fields of Visual Arts

and Performing Arts and Religious Studies that have high percentages of mass points in

1 ≤ y ≤ 3. Based on the above explanation, it can be seen that different models being

more suitable depending upon the quantile under consideration.

According to the previous study of Haslam et al. (2008) which used correlations

tests and regression analyses, longer title lengths displayed a negative impact on citation

counts in psychology. In addition, by applying negative binomial hurdle models in

different subjects of Web of Science, Didegah (2014) showed that the mean length of
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title associated negatively to non-zero citation counts in some fields of Web of Science

such as Economics & Business, Computer Science, and Chemistry, but non-significantly

in the fields of Clinical Medicine, Multidisciplinary and Physics.
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Figure 6.7: The parameter estimates for title length (β2) over the quantiles of the citation
count distribution separated by types of models
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Figure 6.8 illustrates how journal internationality influences the citation counts at all

quantiles in the different fields. As was mentioned, a lesser value for the Gini coefficient

corresponds to greater journal internationality, indicating that the journals in this field

published articles from a broad range of countries. Based on the Bayesian QR, the

Gini coefficient has significantly negative influences on the citation counts over all the

quantiles for all the fields except Visual Arts and Performing Arts where its impact is

not significant for the majority of the quantiles. The negativity of the effect reflects the

direct relationship between journal internationality and citation counts.

Fitting the Bayesian two-part QR models with hurdle at 0 and hurdle at 3 results in

the trend of the effect becoming smoother and of noticeably smaller magnitude, especially

for the model with hurdle at 3, for the quantiles in all fields except Visual Arts and

Performing Arts and Arts and Humanities where the estimates based on the various

models intersect. This is possibly due to the existence of large proportions of mass points

in these two fields that influenced the estimates of the effect in the Bayesian QR model.

For the case of Visual Arts and Performing Arts, the Bayesian QR model shows that

journal internationality is not significant at most quantiles, whereas the model with

hurdle at 3 indicates that it is, and the model with hurdle at 0 being somewhere in

between. This is a good example that shows the importance of using the appropriate

model. Based on the Bayesian QR model, the effect follows mostly a decreasing trend by

increasing the quantiles for most of the fields, indicating higher impact size on highly

cited articles, but mostly a stabilised trend for the two-part models, showing the equal

importance of the effect on moderately and highly cited articles.

Previous literature has also found a significantly positive association between journal

internationality and citation impact with application of Structural Equation Modelling

and simple correlation coefficient by Yue (2004) and Kim (2010) respectively. Didegah

(2014) applied the negative binomial hurdle model to show both negative and positive

relationships between journal internationality and non-zero citation counts in different

fields. For example, a positive association occurred in Psychiatry/Psychology but

a negative one in Social Sciences.
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Figure 6.8: The parameter estimates for journal internationality (β3) over the quantiles of
the citation count distribution separated by types of models
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6.8.3.2 Analysing the logistic parts of the two-part models with hurdle at
zero and three

The estimates in the logistic part, their credible intervals and standard errors are reported

in Table 6.2 and illustrated in Figure 6.9. It is seen that shifting the hurdle from 0 to 3

can influence the significance status and mostly the size of the effects corresponding to

the independent variables for the fields with high substantial mass points at 1,2, and

3. For example, for the fields of Literature and Literary Theory, Religious Studies, and

Visual Arts and Performing Arts, the absolute effect size of the collaboration gets larger

and also, title length ceases to be significant. In general, in all fields except Architecture

and Media Technology, collaboration shows smaller absolute impact size on zero citation

in comparison to its impact on low citation (e.g., 0-3 citations). For title length, this

trend is reversed over the fields except for Emergency Nursing. The absolute impact size

of the longer title on zero citation is slightly larger than on low citation. In addition,

for some of the fields, the influence of journal internationality on zero citation is slightly

larger than on low citation, but for other fields, it is slightly smaller.

Collaboration has a significant positive impact on both zero and low cited articles.

For example for Emergency Nursing based on the model with hurdle at 0, with greater

collaboration, the odds of zero citations increases on average by 41% (more detail:

(exp(0.345)−1)∗100 = 41%). In the same field but for the model with hurdle at 3, the odds

of low citation increases on average by 96% (more detail: (exp(0.674) − 1) ∗ 100 = 96%).

Collaboration has its largest absolute impact in the field of Arts and Humanities based

on the model with hurdle at 0, while it occurs in the field of Literature and Literary

Theory for the model with hurdle at 3. Based on the previous studies, for example,

Didegah (2014) used the negative binomial hurdle model and showed that collaboration

negatively impacts zero citation in most Web of Science subjects.

Title length in comparison to collaboration and journal internationality has the

smallest absolute impact size in all the fields. This effect also shows wider credible

intervals for all models with hurdles at 0 and 3 compared to the effects of collaboration

and journal internationality. The cases of non-significant status related to this effect
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are more in comparison to other factors, particularly for the hurdle model at 3. For

both hurdle models, the title length has a negative impact on zero citation and also on

the low citation for the field of Architecture, while for other fields this effect is positive

with the small size of the impact. The negativity means the longer title decreases the

odds of zero citations based on the model with hurdle at 0 and decreases the odds

of low citation in the model with hurdle at 3. In addition, the positivity means the

longer title increases zero or low citations.

The largest and smallest impact sizes for title length are in Media Technology and

Architecture respectively for the model with hurdle at 0, while for the models with hurdle

at 3, they are Emergency Nursing and Architecture. Didegah (2014) showed that title

length is a non-significant factor for zero citation for most Web of Science subjects, but

for Agricultural Sciences, Geosciences, Materials Science, Mathematics, and Physics title

length has a significant positive impact on the odds of zero citation.

Journal internationality has the largest absolute impact on both zero citation and low

citation, and also has shorter credible intervals in comparison with collaboration and title

length for all models with hurdle at 0 and 3 for all fields. The impact of a greater Gini

coefficient (smaller journal internationality) has a significantly negative effect on the odds

of zero citation and low citation for most of the fields, indicating the direct relationship

between journal internationality and zero or low citation. Didegah (2014) showed that

greater journal internationality increases the odds of zero citation for most of the subjects

in Web of Science except in Space Science where the effect has a decreasing pattern.
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Table 6.2: Estimates of the vector γ and credible intervals and standard deviations from
the logistic part of the Bayesian two-part QR model with hurdle at 0, and 3. γ0, γ1, γ2,γ3

are parameters corresponding respectively to intercept, collaboration, title length, and journal
internationality in the models

Field Parameters
BTPQR with hurdle at 0 BTPQR with hurdle at 3

Lower band Mean Upper band Standard deviation Lower band Mean Upper band Standard deviation

Literature and Literary Theory

γ0 6.465 8.918 10.875 1.072 4.444 7.265 10.082 1.457
γ1 0.460 0.716 0.992 0.134 1.185 1.485 1.766 0.150
γ2 0.001 0.016 0.030 0.008 -0.017 0.006 0.026 0.011
γ3 -11.563 -9.527 -7.007 1.105 -12.844 -9.908 -6.922 1.511

Arts and Humanities

γ0 -1.703 0.519 2.574 1.100 3.821 5.628 7.635 0.965
γ1 0.884 1.160 1.412 0.133 0.940 1.187 1.422 0.123
γ2 0.003 0.027 0.051 0.012 -0.009 0.019 0.048 0.015
γ3 -2.931 -0.835 1.484 1.137 -10.108 -8.030 -6.167 1.011

Emergency Nursing

γ0 11.437 14.064 16.804 1.399 10.035 12.087 14.206 1.081
γ1 0.158 0.345 0.533 0.095 0.446 0.674 0.902 0.115
γ2 0.020 0.048 0.078 0.014 0.026 0.057 0.087 0.015
γ3 -18.095 -15.235 -12.592 1.425 -17.345 -15.120 -13.115 1.094

Visual Arts and Performing Arts

γ0 -3.712 -1.421 0.833 1.177 -2.207 -0.113 2.056 1.133
γ1 0.399 0.622 0.854 0.115 0.837 1.056 1.287 0.111
γ2 0.010 0.029 0.050 0.010 -0.018 0.005 0.028 0.010
γ3 -0.881 1.490 3.900 1.245 -3.822 -1.506 0.655 1.198

Architecture

γ0 10.485 12.687 14.943 1.149 11.566 13.424 15.209 0.947
γ1 0.433 0.595 0.774 0.088 0.309 0.472 0.664 0.092
γ2 -0.027 -0.009 0.010 0.010 -0.034 -0.012 0.012 0.011
γ3 -15.367 -13.068 -10.704 1.211 -17.418 -15.538 -13.524 1.024

Religious Studies

γ0 1.500 4.112 6.813 1.366 -2.269 0.746 3.664 1.497
γ1 0.457 0.711 0.963 0.127 0.984 1.210 1.410 0.111
γ2 0.004 0.027 0.045 0.011 -0.015 0.006 0.028 0.011
γ3 -6.772 -3.945 -1.183 1.423 -5.328 -2.314 0.809 1.556

Media Technology

γ0 19.359 21.461 23.415 1.033 14.719 16.389 17.779 0.791
γ1 0.499 0.685 0.867 0.098 0.099 0.297 0.488 0.096
γ2 0.029 0.062 0.097 0.017 0.010 0.043 0.074 0.016
γ3 -25.749 -23.635 -21.471 1.089 -20.710 -19.177 -17.353 0.867

Figure 6.9: Parameter estimates from the logistic part of the two-part QR models. γ0, γ1,
γ2,γ3 are parameters corresponding respectively to intercept, collaboration, title length, and
journal internationality in the models
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6.9 Discussion and conclusion

Quantile regression enables a deep description of the relationship between indepen-

dent variables and a dependent variable. It is a useful technique for analysing the

entire citation count distribution corresponding to low, moderately, and highly cited

articles. Discontinuity and the presence of substantial mass points at lower counts

are characteristics of citation counts that make the application of the “standard” QR

inappropriate. In this chapter, an update of a Bayesian two-part QR model was introduced

to scientometrics to address these problems.

The original Bayesian two-part QR model was introduced for the case of count data

with a substantial mass point at zero. It allows the zeros and non-zero data to be modeled

separately but simultaneously. For citation count data, as well as a substantial mass

point at zero in some fields there can be substantial mass points at lower counts, such

as ones, twos, and threes, that influence the estimation of the model. Therefore, we

introduced a method to shift the hurdle forward to discard the effect of the substantial

mass points on the estimation of the model for fields with many low cited articles.

Articles with fewer citations than the hurdle are regarded as “low cited articles”. In

this new update, the model enables analyses of the citation counts of low cited articles

simultaneously but separately from those of the moderately and highly cited articles.

It uses jittering for the citation counts greater than the hurdle to render such data

continuous. The model benefits from the power of its QR portion for modeling the

different quantiles of the jittered citation counts, and its logistic portion for analysing

the influence of factors such as collaboration, title length, and journal internationality

on the chances of an article receiving few citations.

The usefulness and applicability of the method were illustrated based on both

simulated and real citation count data. The simulation showed that the QR part

of the two-part model with a hurdle point past the substantial mass points in the data,

gives more accurate estimates at quantiles just beyond the hurdle based on the indicator

of the mean squared error of the estimates of the coefficients corresponding to the
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independent variables in the model. Moreover, the QR part of the two-part QR models

provides smaller prediction errors at the cost of slightly wider credible intervals for the

parameter estimates in comparison to the Bayesian QR. Citation data from seven Scopus

fields were also considered and three models including Bayesian QR, Bayesian two-part

QR with hurdle at 0, and Bayesian two-part QR with hurdle at 3 were fitted to the data.

The results of the Bayesian QR model based on the whole data show a pattern

with more fluctuations for the independent variables over the quantiles. However, the

two-part models with hurdle at 0 and 3, generally show a smoother trend of the estimates

over the quantiles for most of the fields. Shifting the hurdle from 0 to a larger point

and passing the substantial mass points in the data influence the impact size, the

significance status, and the width of the credible intervals illustrating the importance

of choosing the hurdle appropriately.

In summary, we have shown that the proposed hurdle-at-three model has many

advantages over the hurdle-at-zero model of King and Song (2019a) for the modelling of

citation count data for fields with large percentages of articles with few citations.
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7
Conclusions

7.1 Introduction

This chapter focuses on findings, the answers to research questions, the novel research

contributions, limitations, and recommendations for future studies.

7.2 Findings of the research

This thesis contains two principal contributions to the literature: a new procedure for

fitting zero-modified models, and a modified version of a Bayesian two-part QR for

citation analysis. These are considered in detail in Chapter 5 and Chapter 6, respectively.

The new procedure

When introducing new citation-based metrics and re-evaluating existing metrics, it is

necessary to study citation counts, consider their unique characteristics, and select a model

that is compatible with these characteristics. Because zeros are an important component

of citation counts, excluding them from an analysis results in an inaccurate picture of how

citation counts behave. In this thesis, we saw that for citation counts, there are two kinds

of zeros: perfect zeros and count zeros that associate with zero-inflation or zero-deflation

(i.e., a zero-modification), causing the observed number of zeros to differ from what would

be expected under a well-fitting model. Zero-inflated or zero-deflated models have the

115
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ability to accurately model the zeros as well as the positive counts. Although zero-inflated

models have previously been used for citation analysis, no research in scientometrics has

taken into account zero-deflated or zero-modified models. This thesis bridged that gap

by introducing a new procedure for fitting zero-modified models. The procedure requires

a base distribution, and we considered the discretised lognormal, hooked power law, and

Weibull distributions because they approximate the typical citation count distribution.

It was shown that the procedure is capable of approximating both positive and negative

zero-modification parameters, which correspond to zero-inflation and zero-deflation,

respectively. For example, based on analysing real citation datasets of 23 subjects

in Scopus, there is mostly zero-inflation corresponding to the discretised lognormal

distribution (for 22 of the 23 subjects), zero-inflation corresponding to the hooked power

law (for 13 of the 23 subjects), and zero-deflation corresponding to the Weibull distribution

(for 15 of the 23 subjects). The procedure also provides comprehensive statistical inference

such as standard errors, confidence intervals, and p-values for parameters in the model as

well as the zero-modification parameter. This means it is possible to check the significance

status of the zero-modification parameter in a dataset using a statistical hypothesis test.

It was revealed that the type of zero-modification is dependent on the base distribution.

For example, the Physical and Theoretical Chemistry citation dataset was zero-inflated in

relation to a discretised lognormal model but zero-deflated in relation to a hooked power

law model. This demonstrates how critical it is to choose a proper base distribution

in order to draw valid statistical conclusions.

We also looked at the critical role played by the observed citation count distribution

in determining the best base distribution. As a result, the discretised lognormal

distribution is the best choice for the base distribution in cases where there is a positive

or secondary mode, the hooked power law distribution is ideal in cases where there is a

decaying distribution accompanied by the evidence of zero-modification, and the Weibull

distribution is preferable in cases where there is no zero-modification. In the following,

the questions about the new procedure, as our first contribution, are answered.
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1. Is zero-modification beneficial for citation analysis?

Evans et al. (2012), Garanina and Romanovsky (2016), and Radicchi et al. (2008)

analysed citation data while the zeros were excluded from the analysis and the focus

of the applied models was only on the upper tail of the citation count distribution.

The existence of perfect zeros, caused by inherently uncitable articles, in citation

counts has been demonstrated by Thelwall (2016a). There are also count zeros in

citation data, caused by uncited articles. Zeros may also be “missing” from data if

the relevant article has not been indexed on the database in question. These two

scenarios correspond to zero-inflation and zero-deflation. Neglecting zeros in an

analysis or not paying attention to the reality of zero-inflation or zero-deflation (i.e.,

a zero-modification) in citation analysis can undermine the validity of the obtained

statistical results. Therefore, it is critical to consider zero-modification in citation

analysis. The concept of zero-modification also demonstrates its importance for

research assessment in scrutinising citation-based metrics such as field normalised

citation indicators and percentile-based metrics. Suppose we want to have the field

normalised citation indicator for a university. If the university published articles in

a field with zero-inflation, as this indicator has the average citation of the field in its

denominator, so for a field with zero-inflation, the average citation tends to zero, and

the indicator can be artificially inflated, whereas for a zero-deflated field, the average

citation increases, and the corresponding indicator can be artificially deflated. As

a result, we can no longer rely on the conclusions reached by this indicator. The

same problem exists for percentile-based metrics. For example, comparing the 90th

percentile of citation count distribution of a field with zero-inflation to the same

percentile of citation count distribution of a field with zero-deflation is not desirable.

In the first field, we will get stuck in zeros, and percentile values corresponding

to moderate or high percentile levels may still be zero, whereas in the field with

zero-deflation, zeros can be easily passed, and percentile values corresponding to

moderate and high percentile levels will not be zero. As a result, making this

comparison is unfair. In this thesis, the topic of zero-modification was dealt with
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by proposing a new procedure for fitting zero-modified models. More details of

zero-modification concept in citation counts is also available in Section 5.2.

2. What are the advantages and disadvantages of this procedure?

The main advantage of the procedure is that it estimates both positive and negative

zero-modification parameters corresponding to zero-inflation and zero-deflation.

The procedure also allows performing statistical hypothesis tests to determine the

significance status of all parameters as well as the zero-modification parameter

in the model. More details of other benefits of the procedure were explained

above and also in Chapter 5. A disadvantage of the procedure occurs in the

optimisation process, where the Nelder-Mead technique is applied. Besides its

simplicity, flexibility, and ease of use, there is occasionally a lack of convergence in a

few cases, even when the objective function is smooth and well-behaved. To address

this issue, the algorithm sometimes needs to be frequently restarted manually and

set different initial values for the parameters, which can be a bit time-consuming.

3. Which distributions should be used as a base distribution for this pro-

cedure for citation analysis?

The base distribution should be chosen in such a way that it is compatible

and consistent with the nature of the citation count distribution. Discretised

lognormal, hooked power law and Weibull distributions are suitable candidates for

approximating the distribution of the highly right-skewed count data with a mass

point at zero. Previous research has demonstrated the suitability of discretised

lognormal and hooked power law distributions for the case of citation analysis, and

in this thesis, we showed that the Weibull distribution is also a suitable candidate. It

should be clear why we chose the hooked power law distribution over the power law

distribution as the base distribution. When compared to the power law distribution,

the hooked power law has an advantage. The power law distribution has been used

in scientometrics to analyse the tail of the citation count distribution, as articles

with low citation counts are excluded due to the presence of the lower boundary for
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the model. The power law proposes that a new citation for an article is motivated

solely by its existing citations, rather than by other factors. It means that the

likelihood of being newly cited is determined by the current citations. If this is

true, it may challenge the use of citation counts for research evaluation. Another

distribution, the hooked power law is a version of the power law with an extra

parameter. The hooked power law is not also limited by the lower boundary, and

all articles with a wide range of citations can be included in the model. The idea

behind this model is that an article receives a new citation for two reasons: one

because of previous citations and the second because of other factors such as its

inherent value. In practice, the extra parameter in the hooked power law serves to

cover these “other factors”. As a result, by preferring and applying this distribution

over the power law, there should be no conflict regarding the use of citation counts

in research assessment.

4. Which base distribution gives the zero-modified model the best fit?

Citation count data from 23 different Scopus categories from 2012 were analysed. By

fitting zero-modified models with three base distributions of discretised lognormal,

hooked power law and Weibull and also considering AIC for model comparison,

the analyses revealed that for some subjects, each distribution fits citation count

data better than the others. It means there is no universal best model for the 23

categories. This highlighted specific attention to the reality of the models based

on the estimates of zero-modification parameters for choosing the proper model if

clearly a model does not "make sense" in a given context it should not be used.

5. How important is the nature of citation count distribution for determin-

ing the best zero-modified model?

The nature of the observed citation count distribution plays a significant role in

identifying the most likely candidate of the mentioned base distributions whose

zero-modified model will have the best fit to the data. It was deduced that for cases

with a positive mode or secondary mode, a zero-modified discrete lognormal is prone
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to have the best fit, but for the cases with a decaying distribution that appeared

with evidence of zero-modification, the zero-modified hooked power law shows the

best fit. For the cases with no indication of zero-modification, the zero-modified

Weibull is the best candidate.

The Modified Bayesian two-part QR model

QR is a statistical technique that uses a set of independent variables to model every

conditional quantile of a dependent variable. Applying QR enables us to discover if an

independent variable has a different impact at different points of the citation distribution.

QR was first proposed for continuous dependent variables. Two distinct features of citation

counts are discontinuity and the presence of substantial mass points at lower counts (most

notably at zero, one, two, and three), which makes the use of standard QR inadvisable.

Although QR has been applied frequently in scientometrics, normalising or jittering

techniques have rarely been used to make the citation counts continuous. Articles also

exist where the discontinuity was neglected and a QR model was fitted. The characteristic

of substantial mass points at lower counts has previously not been considered.

This thesis addressed this gap by proposing a new modification of the Bayesian

two-part QR model of King and Song (2019a). The model originally was suggested for

the case of count data with a mass point at zero. The model is hurdle with a base at zero.

It lets zeros and non-zeros be modelled separately but simultaneously. QR was used for

non-zeros and logistic regression for modeling the probability of zeros versus non-zeros.

In our modification, jittering and pushing the hurdle point forward were considered

to make the King and Song model appropriate for the case of citation analysis. The

hurdle point was moved forward to pass the substantial mass points, decreasing the

negative impact of mass points on the QR part of the model. The rest of the data was

then jittered to become continuous. Logistic regression was used for modeling low cited

articles while QR was applied for modeling the jittered citation counts corresponding

to moderately and highly cited articles.
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Based on simulations, the superiority of our model was shown. Our modification

highlighted how QR in citation analysis can be improved by separately modeling

substantial mass points other than those at zero. According to real citation counts

from 7 fields of Scopus and compared to the King and Song model, it was also illustrated

that by analysing low cited articles separately from others, how the impact size of

independent variables, their significance status, and the width of their credible intervals

in both parts of the proposed model changed, emphasising the importance of choosing a

proper model. In addition, in comparison to the standard Bayesian QR model with the

fluctuating pattern across different quantiles, the model of King and Song as well as our

proposed model showed a flatter pattern. The answers to the questions corresponding

to our second contribution are provided below.

1. What are the advantages and disadvantages of the proposed solution?

Simulated citation counts were used to illustrate the advantages and disadvantages

of the proposed model, clarifying and determining the mechanisms underlying the

outcomes. The objective was to compare the QR part of our proposed hurdle

at 3 model with the hurdle at 0 model of King and Song, and also the standard

Bayesian QR (no-hurdle model). Three indicators of parameters: prediction errors,

the mean square errors of the parameter estimates, and the width of the credible

intervals were considered for model comparison. Three different sample sizes of

500, 1000 and 3000 were considered and for each sample size, the process of the

simulation was repeated 100 times. In each iteration, three mentioned indicators

were computed.

Our proposed model returned the smallest prediction errors, followed by the hurdle

model at 0, and then the no-hurdle model. Based on the mean squared error, our

model presented more accurate estimates for quantile levels just beyond the hurdle

point (at 3). A disadvantage of our proposed model is that it returned the widest

credible interval estimates, followed by the hurdle at 0 model, then followed by the

no-hurdle model. This is a consequence of there being less data available for our
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model than the model with hurdle at 0. Similarly, for the hurdle at 0 model, less

data is available than for the no-hurdle model.

2. What is the most effective method for estimating the parameters of the

proposed model?

Applying standard log-likelihood based optimisation techniques for estimating

the parameters of the proposed model is computationally expensive because such

techniques struggle to solve intractable integrals. Therefore, the Bayesian version

of the model was used which allows the application of MCMC techniques for the

estimation of parameters. Two popular MCMC sampling methods: Gibbs and

HMC samplers were applied. King and Song (2019a) also showed another advantage

of using the Bayesian technique for their proposed model. It was demonstrated

through simulation that parameter estimates based on the Bayesian method are

more precise than their classical counterparts, even for small sample sizes and when

the prior information of the parameters in the model is non-informative.

7.3 Novel contributions

There are several novel contributions contained in this thesis. The fitting of a zero-inflated

or a zero-deflated (i.e., a zero-modified) model, enables the predicted number of zeros

to closely approximate the observed number of zeros in the data, and similarly for the

positive data. Although zero-inflated models previously have been used for citation

analysis, fitting of zero-deflated or zero-modified models to citation data is novel.

The procedure also provides a comprehensive statistical inference not only for the

zero-modification parameter but for all parameters in the model. It is possible to have a

comparison between zero-modified models with differing base distributions. Any other

base distribution can be replaced in the procedure to fit the zero-modified version of the

distribution of interest. Such a comparison enabled us to find features of the observed

citation count distribution which aid recognition of the most likely candidate among the

mentioned distribution for its zero-modified version to best fit the data.
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Furthermore, it was showed that zero-modification is not fixed for a dataset and

changing the base distribution can alter it, emphasising the importance of selecting the

best fitting base distribution to accurately determine the presence of zero-inflation or

zero-deflation (or the absence of either). We wrote our own code and shared it online

(on GitHub), along with all of the citation datasets used in the analyses. The code

is adaptable and annotated to help authors reuse it.

We also concentrated on the application of QR for citation analysis. QR has the

capability of analysing the entire citation count distribution depending on a set of

independent variables, which makes it a powerful tool. Substantial mass points at lower

counts, as well as discontinuity of citation counts, as special characteristics of citation

counts, have not been fully considered or completely overlooked in many scientometrics

studies which fitted QR models. Our modification of the Bayesian two-part model

of King and Song (2019a) enabled us to tackle these challenges, resulting in more

accurate and precise statistical inference.

The proposed model is a valuable combination of important statistical concepts such

as two-part models, Bayesian statistics, QR, and MCMC (for parameter estimation). In

addition, for parameter estimation, the most popular MCMC samplers such as HMC

and Gibbs were applied and also it was shown that the HMC sampler is faster and more

effective for the case of citation analysis. The written code based on both samplers as

well as data for all fields used in Chapter 6 are available online (in GitHub). The code for

the simulation study was also shared. All the codes are annotated to be easy to reuse.

7.4 Limitations and recommendations for future stud-

ies

For the first strategy, introducing a new procedure for fitting zero-modified models

(with no independent variables), we applied citation counts of articles corresponding to

the 23 different Scopus categories, submitted in 2012 and extracted in November 2017.

The results demonstrated that the zero-modification can vary depending on the base



124 7.4. Limitations and recommendations for future studies

distribution and is not an absolute concept. In addition, by considering three proper

base distributions, we suggested circumstances in which one of the zero-modified models

corresponding to the base distributions under consideration may be the best fitting

model. These results are not clear-cut, however, and the incorporation of independent

variables such as individual, institutional and international collaboration, journal and

reference impacts, abstract readability, reference and keyword totals, paper, abstract and

title lengths may lead to more precise conclusions. The results comparing distributions

are limited to small samples of Scopus categories. The citation distributions may also

be affected by articles published in January having almost a year longer to be cited

than articles published in December. Therefore, it is useful to focus on other years

and categories, which may give differing results. It would also be beneficial to develop

the code further into an R package.

For the second strategy, introducing a new version of the Bayesian two-part QR model,

we showed the appropriateness of the model by applying citation counts of articles for 7

fields of Scopus published in 2010 and extracted in 2019. The largest sample size of the

datasets considered was approximately 3000. The sample size was limited to 3000 records

due to the time-consuming process of MCMC based on the Gibbs sampler for parameter

estimation. Therefore, it would be interesting to apply the model to larger windows of

citation counts in more representative fields of science, such as medicine and hard sciences,

by using the HMC sampler for MCMC computation. The term “hard science” used here

refers to life science and physical science. In addition, a few factors (collaboration, title

length, and journal internationality) were used as independent variables in the model.

We focused on just these three variables because we could lose less zero citations in the

process of their computations in the data. It would be advantageous to apply a wide

variety of factors to assess their impacts on the distribution of citation counts.

The Bayesian two-part QR model proposed for citation analysis is also applicable

in academic/scholarly search and recommender systems for predicting citation counts

or evaluating the scientific impact of an article. For example, it is now essential for the

publishers of scientific journals to select high-quality articles that will attract as many
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readers as possible from a pool of articles. In practice, rapid identification of promising

articles could hasten research and the dissemination of new knowledge. We can improve

the predictive power of our proposed model by including more important factors (see

Didegah (2014) and Fu and Aliferis (2008)) as independent variables in the model and

by training the model for larger citation count windows. To estimate how accurately the

model will predict in practice, methods such as cross-validation should also be used.

Another viewpoint on citations is that they tend to measure the quality of research,

so some small citation counts may have been coded as zero (called false zeros), resulting

in left censoring at zero. This type of zero differs from the zeros that refer to articles

that have not yet been cited (true zeros). It is also impossible to tell them apart. An

interesting strategy for modeling citation data from this perspective is to use the Bayesian

two-part QR model with hurdle at zero while adding Tobit regression to cover the concept

of left censoring. Finally, as approximated by MCMC samplers, the obtained model

would allow us to investigate the impact of the probability of being censored on the

effects of independent variables on citation counts.

When we pool all citation data sets corresponding to different subjects in one file

and look at them as one data set, one adjustment that can be made in both proposed

strategies in this thesis is to consider the subject or field of citation dataset in the model

as a random variable (random effect). The concept of a random effect refers to the

fact that citations in different subjects have different patterns, which can impose extra

unexpected variations in the model. By considering the subject as a random effect, this

variation can then be modeled through the variance in the model, preventing inaccurate

estimates of parameters and their standard errors. This work has the advantage of

determining the impact of different subjects in citation analysis. The scenario is useful

when you do not want to fit the models for each subject individually (as was done in this

thesis) and instead want to fit a single model to all data from different subjects.

The analyses of this thesis were restricted to citation counts of standard journal

articles (excluding reviews), but the proposed strategies could be useful for other forms of
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citation counts, such as textbook citation counts or readership counts in reference

managers such as Mendeley.
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B
Statistical inference for parameters in the

standard and zero-modified versions of the

base distributions

In this chapter, the details of parameters estimations, confidence intervals, and p-values

corresponding to all parameters in both standard and zero-modified versions of base

distributions including discretised lognormal, hooked power law, and Weibull are reported.
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Table B.1: The estimations of parameters and their standard errors (SE), confidence intervals (CIL,CIU), and p-values based on
zero-modified discretised lognormal distribution and the standard one

Subject ω SE-ω CIL-ω CIU-ω p-value µ SE-µ CIL-µ CLU-µ p-value σ SE-σ CIL-σ CLU-σ p-value Log-likelihood
Food Science 0.0900 0.0075 0.0750 0.1050 0.0000 1.8200 0.0219 1.7770 1.8630 0.0000 1.0200 0.0168 0.9870 1.0530 0.2339 -15722.290
Food Science 1.5900 0.0188 1.5530 1.6270 0.0000 1.1700 0.0152 1.1400 1.2000 0.0000 -15776.330
Cancer Research 0.1190 0.0054 0.1080 0.1300 0.0000 2.4300 0.0183 2.3940 2.4660 0.0000 1.0600 0.0145 1.0320 1.0880 0.0000 -18728.560
Cancer Research 2.0700 0.0211 2.0290 2.1110 0.0009 1.3500 0.0169 1.3170 1.3830 0.0000 -18955.000
Marketing 0.0780 0.0071 0.0640 0.0920 0.0000 1.9800 0.0235 1.9340 2.0260 0.3947 1.1000 0.0181 1.0650 1.1350 0.0000 -16181.170
Marketing 1.7700 0.0204 1.7300 1.8100 0.0000 1.2500 0.0165 1.2180 1.2820 0.0000 -16229.170
Filtration & Separation 0.0210 0.0042 0.0130 0.0290 0.0000 2.5800 0.0227 2.5360 2.6240 0.0000 0.9000 0.0174 0.8660 0.9340 0.0000 -6732.750
Filtration & Separation 2.5200 0.0233 2.4740 2.5660 0.0000 0.9600 0.0169 0.9270 0.9930 0.0179 -6751.9100
Physical & Theoretical Chemistry 0.0430 0.0040 0.0350 0.0510 0.0000 2.2800 0.0152 2.2500 2.3100 0.0000 0.9400 0.0121 0.9160 0.9640 0.0000 -18086.010
Physical & Theoretical Chemistry 2.1700 0.0150 2.1410 2.1990 0.0000 1.0400 0.0114 1.0180 1.0620 0.0005 -18150.070
Computer Science Application 0.0510 0.0114 0.0290 0.0730 0.0000 1.5600 0.0404 1.4810 1.6390 0.0000 1.2900 0.0266 1.2380 1.3420 0.0000 -15775.020
Computer Science Application 1.4000 0.0259 1.3490 1.4510 0.0000 1.3800 0.0204 1.3400 1.4200 0.0000 -15783.720
Management Science & Operations Research 0.0890 0.0061 0.0770 0.1010 0.0000 2.1000 0.0200 2.0610 2.1390 0.0000 1.0500 0.0158 1.0190 1.0810 0.0016 -17297.790
Management Science & Operations Research 1.8600 0.0192 1.8220 1.8980 0.0000 1.2300 0.0154 1.2000 1.2600 0.0000 -17383.950
GeoChemistry & Petrology 0.0430 0.0040 0.0350 0.0510 0.0000 2.3100 0.0156 2.2790 2.3410 0.0000 0.9600 0.0124 0.9360 0.9840 0.0013 -18331.900
GeoChemistry & Petrology 2.2000 0.0154 2.1700 2.2300 0.0000 1.0600 0.0117 1.0370 1.0830 0.0000 -18392.920
Economics & Econometrics 0.1900 0.0136 0.1630 0.2170 0.0000 1.3400 0.0522 1.2380 1.4420 0.0000 1.2900 0.0319 1.2270 1.3530 0.0000 -13474.520
Economics & Econometrics 0.5300 0.0568 0.4190 0.6410 0.0000 1.6500 0.0346 1.5820 1.7180 0.0000 -13531.930
Energy Engineering & Power Technology 0.1250 0.0087 0.1080 0.1420 0.0000 1.8200 0.0283 1.7650 1.8750 0.0000 1.1500 0.0209 1.1090 1.1910 0.0000 -15918.550
Energy Engineering & Power Technology 1.4300 0.0260 1.3790 1.4810 0.0000 1.3900 0.0205 1.3500 1.4300 0.0000 -15989.220
Computational Mechanics 0.0340 0.0126 0.0090 0.0590 0.0070 1.6500 0.0366 1.5780 1.7220 0.0000 1.0600 0.0266 1.0080 1.1120 0.0241 -7780.4900
Computational Mechanics 1.5700 0.0247 1.5220 1.6180 0.0000 1.1200 0.0199 1.0810 1.1590 0.0000 -7783.7600
Global & Planetary Change 0.0270 0.0037 0.0200 0.0340 0.0000 2.4900 0.0179 2.4550 2.5250 0.0000 1.0000 0.0141 0.9720 1.0280 1.0000 -14977.960
Global & Planetary Change 2.4200 0.0175 2.3860 2.4540 0.0000 1.0700 0.0131 1.0440 1.0960 0.0000 -15007.570
Virology 0.0450 0.0035 0.0380 0.0520 0.0000 2.4100 0.0142 2.3820 2.4380 0.0000 0.9100 0.0111 0.8880 0.9320 0.0000 -18631.110
Virology 2.3000 0.0148 2.2710 2.3290 0.0000 1.0300 0.0110 1.0080 1.0520 0.0064 -18733.580
Metals & Alloys 0.1160 0.0094 0.0980 0.1340 0.0000 1.7500 0.0311 1.6890 1.8110 0.0000 1.1800 0.0223 1.1360 1.2240 0.0000 -15770.020
Metals & Alloys 1.3900 0.0267 1.3380 1.4420 0.0000 1.4000 0.0210 1.3590 1.4410 0.0000 -15823.260
Control & Optimization 0.0460 0.0129 0.0210 0.0710 0.0004 1.5700 0.0369 1.4980 1.6420 0.0000 1.0800 0.0260 1.0290 1.1310 0.0021 -9185.7300
Control & Optimization 1.4600 0.0241 1.4130 1.5070 0.0000 1.1500 0.0195 1.1120 1.1880 0.0000 -9191.4200
Critical Care & Intensive Care Medicine 0.1280 0.0070 0.1140 0.1420 0.0000 2.1600 0.0252 2.1110 2.2090 0.0000 1.2000 0.0195 1.1620 1.2380 0.0000 -17731.520
Critical Care & Intensive Care Medicine 1.7300 0.0264 1.6780 1.7820 0.0000 1.4900 0.0211 1.4490 1.5310 0.0000 -17851.260
Developmental Neuroscience 0.0370 0.0081 0.0210 0.0530 0.0000 2.1800 0.0305 2.1200 2.2400 0.0000 1.0700 0.0242 1.0230 1.1170 0.0038 -7273.4600
Developmental Neuroscience 2.0800 0.0268 2.0270 2.1330 0.0028 1.1500 0.0208 1.1090 1.1910 0.0000 -7283.2400
Pharmaceutical Science 0.1280 0.0096 0.1090 0.1470 0.0000 1.6600 0.0284 1.6040 1.7160 0.0000 1.0900 0.0205 1.0500 1.1300 0.0000 -14870.820
Pharmaceutical Science 1.3000 0.0245 1.2520 1.3480 0.0000 1.3000 0.0194 1.2620 1.3380 0.0000 -14930.080
Nuclear & High Energy Physics 0.0760 0.0063 0.0640 0.0880 0.0000 2.1300 0.0220 2.0870 2.1730 0.0000 1.1300 0.0172 1.0960 1.1640 0.0000 -17796.310
Nuclear & High Energy Physics 1.9100 0.0201 1.8710 1.9490 0.0000 1.2800 0.0161 1.2480 1.3120 0.0000 -17856.420
Neuropsychology & Physiological Psych 0.0440 0.0059 0.0320 0.0560 0.0000 2.2100 0.0219 2.1670 2.2530 0.0000 0.9800 0.0174 0.9460 1.0140 0.2504 -10116.050
Neuropsychology & Physiological Psych 2.1000 0.0207 2.0590 2.1410 0.0000 1.0700 0.0159 1.0390 1.1010 0.0000 -10142.760
Health Social Science 0.2010 0.0108 0.1800 0.2220 0.0000 1.5400 0.0319 1.4770 1.6030 0.0000 1.0700 0.0223 1.0260 1.1140 0.0017 -13567.170
Health Social Science 0.9000 0.0346 0.8320 0.9680 0.0000 1.4100 0.0248 1.3610 1.4590 0.0000 -13660.490
Cultural Studies 0.1170 0.0431 0.0330 0.2010 0.0066 0.1000 0.1590 -0.212 0.4120 0.0000 1.2000 0.0592 1.0840 1.3160 0.0007 -8370.7300
Cultural Studies -0.350 0.0823 -0.511 -0.189 0.0000 1.3400 0.0385 1.2650 1.4150 0.0000 -8373.7000
Health Information Management 0.0350 0.0193 -0.0030 0.0730 0.0698 1.8300 0.0688 1.6950 1.9650 0.0135 1.2400 0.0496 1.1430 1.3370 0.0000 -3384.1500
Health Information Management 1.7300 0.0479 1.6360 1.8240 0.0000 1.3100 0.0385 1.2350 1.3850 0.0000 -3385.6400
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Table B.2: The estimations of parameters and their standard errors (SE), confidence intervals (CIL,CIU) and p-values based on
zero-modified hooked power law distribution and the standard one.

Subject ω SE-ω CIL-ω CIU-ω p-value B SE-B CIL-B CLU-B p-value α SE-α CIL-α CLU-α p-value Log-likelihood
Food Science 0.040 0.0067 0.027 0.053 0.00000 40.21 4.7958 30.810 49.610 0.00000 6.37 0.5392 5.313 7.427 0.01106 -15694.57
Food Science 29.52 2.8362 23.961 35.079 0.00000 5.30 0.3459 4.622 5.978 0.38578 -15712.42
Cancer Research 0.079 0.0055 0.068 0.090 0.00000 61.35 5.7173 50.144 72.556 0.00111 5.34 0.3332 4.687 5.993 0.30753 -18710.51
Cancer Research 35.68 2.7814 30.228 41.132 0.00000 4.06 0.1879 3.692 4.428 0.00000 -18841.98
Marketing 0.036 0.0064 0.023 0.049 0.00000 27.28 2.2869 22.798 31.762 0.00000 4.18 0.2054 3.777 4.583 7.00E-05 -16172.46
Marketing 22.09 1.6192 18.916 25.264 0.00000 3.80 0.1602 3.486 4.114 0.00000 -16188.66
Filtration & Separation -0.031 0.0048 -0.040 -0.022 0.00000 190.92 54.944 83.230 298.61 0.04351 12.52 3.0571 6.528 18.51 0.01390 -6765.710
Filtration & Separation 272.77 97.492 81.685 463.85 0.04801 16.59 5.2611 6.278 26.90 0.02760 -6781.020
Physical & Theoretical Chemistry -0.014 0.0042 -0.022 -0.006 0.00086 121.18 19.314 83.324 159.04 0.03300 10.90 1.4349 8.088 13.71 4.00E-05 -18075.55
Physical & Theoretical Chemistry 139.61 23.092 94.350 184.87 0.00984 12.12 1.7001 8.788 15.45 3.00E-05 -18081.05
Computer Science Application 0.042 0.0084 0.026 0.058 0.00000 11.31 0.8351 9.6730 12.947 0.00000 2.96 0.0974 2.769 3.151 0.00000 -15779.17
Computer Science Application 9.120 0.5410 8.0600 10.180 0.00000 2.76 0.0751 2.613 2.907 0.00000 -15790.78
Management Science & Operations Research 0.042 0.0059 0.030 0.054 0.00000 40.78 3.9096 33.117 48.443 0.00000 5.15 0.3226 4.518 5.782 0.64195 -17286.35
Management Science & Operations Research 30.58 2.4892 25.701 35.459 0.00000 4.43 0.2250 3.989 4.871 0.01130 -17314.17
GeoChemistry & Petrology -0.013 0.0042 -0.021 -0.005 0.00197 93.37 11.797 70.247 116.49 0.25708 8.47 0.8344 6.835 10.11 3.00E-05 -18328.91
GeoChemistry & Petrology 103.46 13.148 77.688 129.23 0.07439 9.08 0.9249 7.267 10.89 1.00E-05 -18333.36
Economics & Econometrics 0.191 0.0101 0.171 0.211 0.00000 10.05 0.8809 8.3230 11.777 0.00000 3.06 0.1216 2.822 3.298 0.00000 -13483.45
Economics & Econometrics 3.490 0.1969 3.1040 3.8760 0.00000 2.23 0.0479 2.136 2.324 0.00000 -13595.78
Energy Engineering & Power Technology 0.103 0.0073 0.089 0.117 0.00000 26.56 2.6971 21.274 31.846 0.00000 4.38 0.2650 3.861 4.899 0.01930 -15904.64
Energy Engineering & Power Technology 12.35 0.8954 10.595 14.105 0.00000 3.11 0.1123 2.89 3.330 0.00000 -15998.36
Computational Mechanics -0.018 0.0103 -0.038 0.002 0.08054 20.28 2.4640 15.451 25.109 0.00000 4.39 0.3190 3.765 5.015 0.05585 -7777.710
Computational Mechanics 22.36 2.4478 17.562 27.158 0.00000 4.61 0.3239 3.975 5.245 0.22856 -7779.190
Global & Planetary Change -0.022 0.0039 -0.030 -0.014 0.00000 79.88 8.9282 62.381 97.379 0.98928 6.37 0.5109 5.369 7.371 0.00733 -14991.45
Global & Planetary Change 92.72 10.585 71.972 113.46 0.22951 6.98 0.5957 5.812 8.148 0.00089 -15004.25
Virology -0.013 0.0039 -0.021 -0.005 0.00086 127.17 17.961 91.966 162.37 0.00863 10.26 1.1834 7.941 12.58 1.00E-05 -18682.86
Virology 142.83 20.846 101.97 183.69 0.00258 11.17 1.3636 8.497 13.84 1.00E-05 -18688.03
Metals & Alloys 0.095 0.0076 0.080 0.110 0.00000 19.76 1.7158 16.397 23.123 0.00000 3.77 0.1783 3.421 4.119 0.00000 -15761.35
Metals & Alloys 10.77 0.7266 9.3460 12.194 0.00000 2.96 0.0962 2.771 3.149 0.00000 -15833.70
Control & Optimization -0.001 0.0102 -0.021 0.019 0.92190 17.34 1.8753 13.664 21.016 0.00000 4.14 0.2573 3.636 4.644 0.00083 -9182.940
Control & Optimization 17.40 1.6254 14.214 20.586 0.00000 4.14 0.2360 3.677 4.603 0.00027 -9182.950
Critical Care & Intensive Care Medicine 0.105 0.0064 0.092 0.118 0.00000 31.22 2.6814 25.964 36.476 0.00000 3.86 0.1849 3.498 4.222 0.00000 -17714.16
Critical Care & Intensive Care Medicine 14.49 1.0170 12.497 16.483 0.00000 2.83 0.0913 2.651 3.009 0.00000 -17861.10
Developmental Neuroscience -0.007 0.0075 -0.022 0.008 0.35065 45.73 6.4055 33.175 58.285 0.00000 5.21 0.4819 4.265 6.155 0.66300 -7261.240
Developmental Neuroscience 47.90 6.3948 35.366 60.434 0.00000 5.35 0.4862 4.397 6.303 0.47161 -7261.720
Pharmaceutical Science 0.092 0.0080 0.076 0.108 0.00000 23.23 2.3509 18.622 27.838 0.00000 4.66 0.2901 4.091 5.229 0.24119 -14858.51
Pharmaceutical Science 47.90 6.3948 35.366 60.434 0.00000 5.35 0.4862 4.397 6.303 0.47161 -7261.720
Nuclear & High Energy Physics 0.038 0.0058 0.027 0.049 0.00000 31.67 2.5168 26.737 36.603 0.00000 4.15 0.1934 3.771 4.529 1.00E-05 -17775.43
Nuclear & High Energy Physics 25.35 1.7982 21.826 28.874 0.00000 3.76 0.1520 3.462 4.058 0.00000 -17798.31
Neuropsychology & Physiological Psych -0.014 0.0060 -0.026 -0.002 0.01963 70.08 10.431 49.634 90.526 0.34164 7.30 0.8128 5.707 8.893 0.00466 -10107.50
Neuropsychology & Physiological Psych 77.32 11.409 54.958 99.682 0.81429 7.77 0.8858 6.034 9.506 0.00177 -10110.08
Health Social Science 0.162 0.0091 0.144 0.180 0.00000 17.89 1.6791 14.599 21.181 0.00000 4.33 0.2399 3.860 4.800 0.00522 -13556.99
Health Social Science 6.790 0.4496 5.9090 7.6710 0.00000 2.89 0.0921 2.709 3.071 0.00000 -13684.35
Cultural Studies 0.161 0.0260 0.110 0.212 0.00000 4.250 0.5009 3.2680 5.2320 0.00000 3.47 0.1888 3.100 3.840 0.00000 -8373.440
Cultural Studies 2.580 0.1521 2.2820 2.8780 0.00000 2.91 0.0897 2.734 3.086 0.00000 -8385.050
Health Information Management 0.004 0.0155 -0.026 0.034 0.79636 13.47 1.9434 9.6610 17.279 0.00000 2.94 0.1923 2.563 3.317 0.00000 -3382.230
Health Information Management 13.21 1.6662 9.9440 16.476 0.00000 2.93 0.1784 2.580 3.280 0.00000 -3382.270
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Table B.3: The estimations of parameters and their standard errors (SE), confidence intervals (CIL,CIU), and p-values based on
zero-modified Weibull distribution and the standard one.

Subject ω SE-ω CIL-ω CIU-ω p-value q SE-q CIL-q CLU-q p-value β SE-β CIL-β CLU-β p-value Log-likelihood
Food Science -0.022 0.0121 -0.046 0.002 0.06904 0.82 0.0083 0.804 0.836 0.00000 0.80 0.0157 0.769 0.831 1.00000 -15697.36
Food Science 0.83 0.0043 0.822 0.838 0.00000 0.83 0.0096 0.811 0.849 0.00178 -15699.20
Cancer Research 0.044 0.0076 0.029 0.059 0.00000 0.90 0.0049 0.890 0.910 1.00000 0.81 0.0130 0.785 0.835 0.44176 -18765.27
Cancer Research 0.87 0.0037 0.863 0.877 0.00000 0.75 0.0087 0.733 0.767 0.00000 -18780.40
Marketing -0.068 0.0133 -0.094 -0.042 0.00000 0.80 0.0088 0.783 0.817 0.00000 0.70 0.0136 0.673 0.727 0.00000 -16223.56
Marketing 0.84 0.0042 0.832 0.848 0.00000 0.76 0.0087 0.743 0.777 0.00000 -16240.18
Filtration & Separation -0.026 0.0064 -0.039 -0.013 5.00E-05 0.95 0.0044 0.941 0.959 0.00000 1.00 0.0225 0.956 1.044 0.00000 -6774.660
Filtration & Separation 0.96 0.0029 0.954 0.966 0.00000 1.05 0.0186 1.014 1.086 0.00000 -6782.970
Physical & Theoretical Chemistry -0.023 0.0059 -0.035 -0.011 1.00E-04 0.91 0.0041 0.902 0.918 0.01473 0.94 0.0142 0.912 0.968 0.00000 -18098.38
Physical & Theoretical Chemistry 0.92 0.0026 0.915 0.925 0.00000 0.97 0.0106 0.949 0.991 0.00000 -18106.26
Computer Science Application -0.211 0.0273 -0.265 -0.157 0.00000 0.67 0.0143 0.642 0.698 0.00000 0.56 0.0137 0.533 0.587 0.00000 -15795.34
Computer Science Application 0.77 0.0050 0.760 0.780 0.00000 0.67 0.0077 0.655 0.685 0.00000 -15851.87
Management Science & Operations Research -0.014 0.0098 -0.033 0.005 0.15313 0.85 0.0068 0.837 0.863 0.00000 0.78 0.0139 0.753 0.807 0.15019 -17315.06
Management Science & Operations Research 0.86 0.0039 0.852 0.868 0.00000 0.80 0.0091 0.782 0.818 1.00000 -17316.19
GeoChemistry & Petrology -0.029 0.0062 -0.041 -0.017 0.00000 0.91 0.0042 0.902 0.918 0.01727 0.90 0.0136 0.873 0.927 0.00000 -18367.30
GeoChemistry & Petrology 0.92 0.0026 0.915 0.925 0.00000 0.94 0.0102 0.920 0.960 0.00000 -18379.48
Economics & Econometrics -0.036 0.0303 -0.095 0.023 0.23479 0.64 0.0174 0.606 0.674 0.00000 0.57 0.0165 0.538 0.602 0.00000 -13464.95
Economics & Econometrics 0.66 0.0062 0.648 0.672 0.00000 0.58 0.0076 0.565 0.595 0.00000 -13465.75
Energy Engineering & Power Technology 0.008 0.0142 -0.020 0.036 0.57318 0.80 0.0098 0.781 0.819 0.00000 0.72 0.0155 0.690 0.750 0.00000 -15872.35
Energy Engineering & Power Technology 0.79 0.0050 0.780 0.800 0.00000 0.71 0.0086 0.693 0.727 0.00000 -15872.53
Computational Mechanics -0.156 0.0256 -0.206 -0.106 0.00000 0.74 0.0154 0.710 0.770 0.00000 0.70 0.0207 0.659 0.741 0.00000 -7793.840
Computational Mechanics 0.83 0.0061 0.818 0.842 0.00000 0.82 0.0128 0.795 0.845 0.11817 -7825.230
Global & Planetary Change -0.044 0.0063 -0.056 -0.032 0.00000 0.91 0.0044 0.901 0.919 0.02304 0.86 0.0143 0.832 0.888 3.00E-05 -15042.92
Global & Planetary Change 0.93 0.0026 0.925 0.935 0.00000 0.93 0.0111 0.908 0.952 0.00000 -15070.79
Virology -0.016 0.0052 -0.026 -0.006 0.00209 0.93 0.0034 0.923 0.937 0.00000 0.95 0.0136 0.923 0.977 0.00000 -18722.30
Virology 0.93 0.0023 0.925 0.935 0.00000 0.98 0.0105 0.959 1.001 0.00000 -18726.94
Metals & Alloys -0.040 0.0172 -0.074 -0.006 0.02004 0.76 0.0112 0.738 0.782 0.00000 0.66 0.0147 0.631 0.689 0.00000 -15754.43
Metals & Alloys 0.78 0.0051 0.770 0.790 0.00000 0.69 0.0083 0.674 0.706 0.00000 -15757.52
Control & Optimization -0.178 0.0275 -0.232 -0.124 0.00000 0.71 0.0156 0.679 0.741 0.00000 0.66 0.0187 0.623 0.697 0.00000 -9208.250
Control & Optimization 0.80 0.0059 0.788 0.812 0.00000 0.78 0.0111 0.758 0.802 0.07158 -9244.910
Critical Care & Intensive Care Medicine 0.021 0.0113 -0.001 0.043 0.06311 0.83 0.0079 0.815 0.845 0.00000 0.70 0.0134 0.674 0.726 0.00000 -17712.35
Critical Care & Intensive Care Medicine 0.82 0.0046 0.811 0.829 0.00000 0.68 0.0080 0.664 0.696 0.00000 -17713.92
Developmental Neuroscience -0.077 0.0146 -0.106 -0.048 0.00000 0.85 0.0100 0.830 0.870 0.00000 0.76 0.0199 0.721 0.799 0.04443 -7287.590
Developmental Neuroscience 0.89 0.0051 0.880 0.900 0.04990 0.84 0.0140 0.813 0.867 0.00427 -7305.800
Pharmaceutical Science -0.017 0.0167 -0.050 0.016 0.30870 0.76 0.0111 0.738 0.782 0.00000 0.72 0.0160 0.689 0.751 0.00000 -14855.60
Pharmaceutical Science 0.77 0.0052 0.760 0.780 0.00000 0.73 0.0088 0.713 0.747 0.00000 -14856.18
Nuclear & High Energy Physics -0.091 0.0126 -0.116 -0.066 0.00000 0.80 0.0081 0.784 0.816 0.00000 0.66 0.0114 0.638 0.682 0.00000 -17890.97
Nuclear & High Energy Physics 0.84 0.0039 0.832 0.848 0.00000 0.72 0.0075 0.705 0.735 0.00000 -17926.29
Neuropsychology & Physiological Psych -0.040 0.0095 -0.059 -0.021 3.00E-05 0.89 0.0066 0.877 0.903 0.12973 0.87 0.0182 0.834 0.906 0.00012 -10131.39
Neuropsychology & Physiological Psych 0.91 0.0038 0.903 0.917 0.00850 0.92 0.0133 0.894 0.946 0.00000 -10141.62
Health Social Science 0.012 0.0211 -0.029 0.053 0.56955 0.70 0.0136 0.673 0.727 0.00000 0.67 0.0164 0.638 0.702 0.00000 -13589.61
Health Social Science 0.70 0.0059 0.688 0.712 0.00000 0.66 0.0083 0.644 0.676 0.00000 -13589.77
Cultural Studies -0.594 0.1712 -0.930 -0.258 0.00052 0.30 0.0315 0.238 0.362 0.00000 0.49 0.0272 0.437 0.543 0.00000 -8370.070
Cultural Studies 0.46 0.0068 0.447 0.473 0.00000 0.63 0.0097 0.611 0.649 0.00000 -8386.780
Health Information Management -0.229 0.0501 -0.327 -0.131 0.00000 0.70 0.0271 0.647 0.753 0.00000 0.56 0.0272 0.507 0.613 0.00000 -3403.760
Health Information Management 0.82 0.0099 0.801 0.839 0.00000 0.69 0.0168 0.657 0.723 0.00000 -3425.110



C
MCMC convergence diagnostics for the

modified Bayesian two-part models

In this chapter, the convergence diagnostics for parameters of the Bayesian two-part

model with hurdle at 3 are reported for some quantiles and some fields, showing that

the related chains reached stationary (the target distribution of interest).

∗ Convergence diagnostics for the model with hurdle at 3 at quantile 0.05

based on citation data of the Emergency Nursing field

In the following, the MCMC results of the two-part model with hurdle at 3 at

quantile 0.05 for the Emergency Nursing are explained briefly to make a better

view.

The time-series plots of the parameters β and γ are reported in Figure C.1. The

samples distribute randomly around the constant number. There are no frequent

flat bits, showing the corresponding chain did not get stuck in the special areas of

the corresponding parameter space. The four running chains are really close and

follow a straight line. All theses are the sign of convergence.
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Figure C.1: Trace plot diagnostic for parameter estimates of β and γ related to the quantile
0.05 of the citation count distribution in the field of Emergency Nursing

Figure C.2 and Figure C.3 display respectively the autocorrelation functions related

to both parameters γ and β. All the functions show by increasing the lag number,
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the amount of correlation between the chain values and their neighbours decreased,

and approached zero pretty quickly, indicating the algorithm has reached stationary.

Figure C.2: Plot of Autocorrelation functions of the MCMC chains for parameter estimates
of β related to the quantile 0.05 of the citation count distribution in the field of Emergency

Nursing

Figure C.3: Plot of Autocorrelation functions of the MCMC chains for parameter estimates
of γ related to the quantile 0.05 of the citation count distribution in the field of Emergency

Nursing

In the following, in Table C.1, another two convergence diagnostics including the

ESS and PSRF are reported. The values for the ESS, reflecting the summary of

all information in the chains corresponding to the parameters, are at least a few

thousand for all parameters β and γ that are reasonable. Moreover, All PSRFs

near one as the desirable value show the MCMC algorithm has converged.
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Table C.1: The ESS and PSRF convergence diagnostics for the quantile 0.05 of the citation
count distribution in the field of Emergency Nursing

Parameter ESS PSRF
β0 1076 1.00
β1 540 1.01
β2 716 1.00
β3 1073 1.00
γ0 4521 1.00
γ1 6461 1.00
γ2 7904 1.00
γ3 4500 1.00
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∗ Convergence diagnostics for the model with hurdle at 3 at quantile 0.15

based on citation data of the Religious Studies field

Figure C.4: Trace plot diagnostic for parameter estimates of β and γ related to the quantile
0.15 of the citation count distribution in the field of Religious Studies
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Figure C.5: Plot of Autocorrelation functions of the MCMC chains for parameter estimates of
β related to the quantile 0.15 of the citation count distribution in the field of Religious Studies

Figure C.6: Plot of Autocorrelation functions of the MCMC chains for parameter estimates of
γ related to the quantile 0.15 of the citation count distribution in the field of Religious Studies

Table C.2: The ESS and PSRF convergence diagnostics for the quantile 0.15 of the citation
count distribution in the field of Religious Studies

Parameter ESS PSRF
β0 1367 1.00
β1 680 1.00
β2 761 1.00
β3 1347 1.00
γ0 1981 1.00
γ1 3972 1.00
γ2 4523 1.00
γ3 1980 1.00
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∗ Convergence diagnostics for the model with hurdle at 3 at quantile 0.35

based on citation data of the Media Technology field

Figure C.7: Trace plot diagnostic for parameter estimates of β and γ related to the quantile
0.35 of the citation count distribution in the field of Media Technology
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Figure C.8: Plot of Autocorrelation functions of the MCMC chains for parameter estimates of
β related to the quantile 0.35 of the citation count distribution in the field of Media Technology

Figure C.9: Plot of Autocorrelation functions of the MCMC chains for parameter estimates of
γ related to the quantile 0.35 of the citation count distribution in the field of Media Technology

Table C.3: The ESS and PSRF convergence diagnostics for the quantile 0.35 of the citation
count distribution in the field of Media Technology

Parameter ESS PSRF
β0 1183 1.00
β1 994 1.01
β2 1018 1.00
β3 1093 1.00
γ0 3425 1.00
γ1 4177 1.00
γ2 7063 1.00
γ3 3541 1.00
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∗ Convergence diagnostics for the model with hurdle at 3 at quantile 0.45

based on citation data of the Arts and Humanities field

Figure C.10: Trace plot diagnostic for parameter estimates of β and γ related to the quantile
0.45 of the citation count distribution in the field of Arts and Humanities
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Figure C.11: Plot of Autocorrelation functions of the MCMC chains for parameter estimates
of β related to the quantile 0.45 of the citation count distribution in the field of Arts and

Humanities

Figure C.12: Plot of Autocorrelation functions of the MCMC chains for parameter estimates
of γ related to the quantile 0.45 of the citation count distribution in the field of Arts and

Humanities
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Table C.4: The ESS and PSRF convergence diagnostics for the quantile 0.45 of the citation
count distribution in the field of Arts and Humanities

Parameter ESS PSRF
β0 1488 1.00
β1 1616 1.00
β2 1298 1.00
β3 1485 1.00
γ0 3985 1.00
γ1 5517 1.00
γ2 7580 1.00
γ3 4206 1.00
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∗ Convergence diagnostics for the model with hurdle at 3 at quantile 0.60

based on citation data of the Literature and Literary Theory field

Figure C.13: Trace plot diagnostic for parameter estimates of β and γ related to the quantile
0.60 of the citation count distribution in the field of Literature and Literary Theory
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Figure C.14: Plot of Autocorrelation functions of the MCMC chains for parameter estimates
of β related to the quantile 0.60 of the citation count distribution in the field of Literature and

Literary Theory

Figure C.15: Plot of Autocorrelation functions of the MCMC chains for parameter estimates
of γ related to the quantile 0.60 of the citation count distribution in the field of Literature and

Literary Theory
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Table C.5: The ESS and PSRF convergence diagnostics for the quantile 0.60 of the citation
count distribution in the field of Literature and Literary Theory

Parameter ESS PSRF
β0 1605 1.00
β1 849 1.00
β2 882 1.00
β3 1653 1.00
γ0 2761 1.00
γ1 6651 1.00
γ2 4304 1.00
γ3 2783 1.00
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∗ Convergence diagnostics for the model with hurdle at 3 at quantile 0.75

based on citation data of the Visual Arts and Performing Arts field

Figure C.16: Trace plot diagnostic for parameter estimates of β and γ related to the quantile
0.75 of the citation count distribution in the field of Visual Arts and Performing Arts
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Figure C.17: Plot of Autocorrelation functions of the MCMC chains for parameter estimates
of β related to the quantile 0.75 of the citation count distribution in the field of Visual Arts

and Performing Arts

Figure C.18: Plot of Autocorrelation functions of the MCMC chains for parameter estimates
of γ related to the quantile 0.75 of the citation count distribution in the field of Visual Arts

and Performing Arts
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Table C.6: The ESS and PSRF convergence diagnostics for the quantile 0.75 of the citation
count distribution in the field of Visual Arts and Performing Arts

Parameter ESS PSRF
β0 1114 1.00
β1 859 1.00
β2 924 1.00
β3 1150 1.00
γ0 2924 1.00
γ1 5878 1.00
γ2 7213 1.00
γ3 2971 1.00
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∗ Convergence diagnostics for the model with hurdle at 3 at quantile 0.85

based on citation data of the Architecture field

Figure C.19: Trace plot diagnostic for parameter estimates of β and γ related to the quantile
0.85 of the citation count distribution in the field of Architecture



C. MCMC convergence diagnostics for the modified Bayesian two-part models153

Figure C.20: Plot of Autocorrelation functions of the MCMC chains for parameter estimates
of β related to the quantile 0.85 of the citation count distribution in the field of Architecture

Figure C.21: Plot of Autocorrelation functions of the MCMC chains for parameter estimates
of γ related to the quantile 0.85 of the citation count distribution in the field of Architecture

Table C.7: The ESS and PSRF convergence diagnostics for the quantile 0.85 of the citation
count distribution in the field of Architecture

Parameter ESS PSRF
β0 1057 1.00
β1 840 1.00
β2 1031 1.00
β3 1164 1.00
γ0 3596 1.00
γ1 7037 1.00
γ2 7576 1.00
γ3 3519 1.00
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